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Production of Radioisotopes 


A. F. Rupp anp F. T. Bryrorp 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 


INTRODUCTION 


INCE the start of the program in 1946, the produc- 
tion of radioisotopes has grown into a business that 
amounts to more than 10000 individual shipments a 
year. At the present time, the bulk of the material is 
used in medical therapy or in research in the biological 
sciences; however, more than 20 percent of the ship- 
ments has been directed to work concerned with pure 
or applied physical research. The production of radio- 
isotopes, developed as a by-product of nuclear research, 
therefore makes some small contribution to furthering 
the science that made it possible. This paper is designed 
to present a few of the practical problems encountered 
in radioisotope production; certainly no rigorous treat- 
ment of the physical or chemical details is intended. 
Radioisotopes, other than the naturally occurring 
ones, are produced by irradiation of target materials 
in a nuclear reactor or particle accelerator. Production 
in the reactor is of main concern in the radioisotope 
program, although some processing of cyclotron targets 
is done at Oak Ridge National Laboratory ; processing 
of cyclotron targets has been well described by Garrison 
and Hamilton! and others. 


METHODS OF IRRADIATION 


Target materials that have been selected for stability, 
chemical purity, and production of a minimum of un- 
desirable radioactivities are enclosed in grade 2S (high- 
purity) aluminum containers for insertion into the 
reactor. Because of volatility or possible reaction with 
aluminum, it is often necessary to seal the target 
material in a quartz ampoule; the quartz ampoules are 
then sealed in aluminum tubes and are protected from 
mechanical shock with quartz-wool wadding. Glass is 
not used because of its high neutron absorption. Most 


po M. Harrison and J. G. Hamilton, Chem. Revs. 49, 237 
951). 


of the target containers used for radioisotope produc- 
tion are extruded aluminum tubes, which are closed 
with a crimped cover (Fig. 1). Larger objects (such as 
pieces of machinery), with dimensions of less than 3.5 
by 3.5 by 10 in., may be irradiated in special, rectangu- 
lar, aluminum containers. The small containers are 
irradiated in holes in long, rectangular, graphite blocks 
or stringers, that are pushed into the side of the reactor; 
the larger containers are pushed into special holes from 
which part of the graphite has been removed. No 
elaborate tools are used for manipulating the graphite 
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0.75-in INSIDE 
DIAMETER 





Fic. 1. Aluminum irradi- 
ation can. (Type 2S alumi- 
num with 0.035-in. wall. 
Length given is working 
dimension; actual length is 
3 inches.) 
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stringers; they are merely pushed in with poles and 
pulled out into long lead coffins after irradiation (Fig. 2). 
Special short-term irradiations may also be made in 
capsules that are moved by gas pressure in and out of 
the reactor through a smooth aluminum tube. 

Since decomposition often results in excessive gas 
pressure in the container, target materials that have 
reasonably good thermal stability and those that show 
little decomposition under irradiation should be used. 
The targets should not volatilize or produce forms of 
elements that would attack the container; for example, 
mercuric oxide will decompose and the mercury will 
attack an aluminum container. When they can be ob- 
tained with acceptable purity, solid metallic elements 
are usually used, and stable oxides and carbonates are 
also employed. Compounds containing elements that 
are activated to produce undesired nuclides such as 
chloride (which yields S**, P®, C]**) are usually avoided 
unless multiple production is desired. Salts such as 
nitrates (which decompose to nitrite and oxygen) are 
also usually avoided when possible. Organic compounds 
can be irradiated, but may char at reactor temperatures 
and are often broken down by reactor irradiation, thus 
producing gas pressure and an unusable mixture of 
compounds. In general, materials that are thermally 
stable are also fairly stable under neutron irradiation. 

The generation of excessive heat in samples under 
irradiation is generally not a problem in the Oak Ridge 
National Laboratory graphite reactor unless some fis- 
sionable material is present; gamma heating at this 
flux is insufficient to materially raise the temperature 
above that of the surrounding graphite. 
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Fic. 2. Schematic diagram of the ORNL graphite reactor. 
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PRODUCTION RATES AND RELATED MATTERS 


Radioisotopes are produced in the reactor mainly by 
simple neutron capture, neutron capture followed by 
decay to another species, neutron-proton reaction, 
occasionally by a neutron-alpha reaction, and fission 
of uranium. In each case, the production process may 
be described by an equation of the form, 


A(t)=P([1-—e™], 


where A is the activity produced, expressed as a func- 
tion of exposure time /, \ is the decay constant of the 
nuclide produced, and P is the rate of production, which 
is dependent upon the nuclear characteristics of the 
target and the neutron flux. The maximum activity 
obtainable as (> is P, the “saturation activity.” 

A useful form of the production equation is 


A (m) = PL1—(3)], 


where A is the activity in disintegrations per second, 7 
is ¢/t;, t is the exposure time, ¢; is the half-life, and P is 
the rate of formation in atoms per second. A plot of 
A(n)/P vs 7 is given in Fig. 3. 

If the neutron-activation cross section is known, the 
activation of elements being irradiated may be com- 
puted from 


A (t)= (1.63 fop- 10) [1 —exp(—2d) ], 


where A (?) is equal to curies per gram-atom of target 
material at time #, f is the isotopic abundance of target 
isotope in the target element, o is the isotopic activa- 
tion cross section in cm?, ¢ is the neutron flux in neu- 
trons/cm*-sec, A is the decay constant of the radio- 
isotope, and the factor (1.63fop-10") is equal to P, 
the production rate. 

In this equation, it is assumed that the amount of 
target material remains the same throughout the irra- 
diation. However, some isotopes such as Eu’! and 
Sm™* have cross sections of several thousand barns, 
and the burnup of the primary target material in long 
or very intense irradiations must be considered. 

The burnup of the radioisotope itself must also be 
considered in the few cases where the radioisotope 
produced has a large neutron-capture cross section. 
The production equation can be corrected for the 
effect of product burnup as follows: 


Pr 
A (t)=——— (1—exp[ — (A+¢")é]), 
A+¢0’ 

where o’ is the capture cross section of the radioisotope 
being formed. It is apparent that this effect need be 
considered only when ¢o’ is significant compared with 
A, the decay constant of the product. 

The production of radioisotopes by fission, covering 
the range of elements Zn to Eu with mass 72 to 158, 


21 barn=10™ cm?, 
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n, IRRADIATION TIME /HALF LIFE 


Fic. 3. Growth of a primary radioactive product during irradiation. 


has been well documented.’ The quantity of a given 
radioisotope formed directly from fission can be easily 
computed. The production rate (P) is obtained in 
several ways, most often from power output data, as 
shown by 

A (t)=0.866Wr[1—exp(aAd) J, 


where A(t) is the curies per kilogram of fuel at time #, 
W is the power output in watts per kilogram of fuel 
in the region under consideration, and r is the fractional 
fission yield of the radioisotope. 

A desired radioisotope is sometimes produced by the 
decay of a primary radioisotope that is formed by one 
of the processes discussed. The activity produced _ is 
given by 


P 


A,(t)= 





[A 1—exp(—A.t) ]—Ai[1—exp(—A-f) ]], 


2 Al 


where subscripts 1 and 2 refer to the primary and 
secondary products. When A;>>A2, so that A2x—Ai~—Ay 
and [1—exp(—A,/) }~1, the primary product may be 
considered as an intermediate step of such short dura- 
tion that it has no appreciable effect on the growth of 
the secondary product and can be ignored. When 
ADA, so that A2x—Ai~Ae and 1—exp(—Ad2é/)~1, the 
opposite condition prevails, and the activity of the 
secondary product is identical with the activity of the 
primary product. 

>C. D. Coryell and N. Sugarman, Radiochemical Studies: The 


Fission Products, National Nuclear Energy Series (McGraw-Hill 
Book Company, Inc., New York, 1951). 


The general case occurs when both the half-lives are 
of a magnitude that is comparable to the irradiation 
time. The ratio of the activities then becomes 


Ax) 1 a da =| 
P ‘Li—exp(—Ax) 


Ax(t) \2—ab 
which approaches unity as an upper limit when ¢ be- 
comes large compared with the longer half-life. In Fig. 
4, the reciprocal (R) of this expression is plotted against 
irradiation time for the production of Zr**— Nb®. 

It often happens that more than one radioisotope of 
the same element is formed during irradiation. For 
example, 46-d Fe® and 2.9-y Fe® are produced by 
irradiation of natural iron. Similarly, 53-d Sr® and 
25~y Sr® are produced in fission. These relations are 
plotted in Fig. 5, as determined from 


Ai) oi fi1—exp(—Av) ] 
A2(t) o2fol1—exp(— rdf) ] 


which approaches o1/1/o2f2 as a limit with increasing /. 











SOME PRACTICAL ASPECTS OF RADIOISOTOPE 
PRODUCTION IN THE REACTOR 


The calculated production rates are often in error 
because of self-absorption of neutrons by relatively 
large pieces of target material.‘ Large absorbers in the 
vicinity of the sample under irradiation may also have 


4R. Keyes, “Estimation of Self-Absorption in Neutron-Irradi- 
ated Samples,” AECD—3000 (1950). 
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Fic. 4. Ratio of Zr® activity to Nb*® activity as a 
function of irradiation time. 


a great effect on the activation because of a localized 
flux depression. Therefore, even though calculations 
can be used as a guide, it is often necessary to chart 
the flux zones in the reactor with monitors (for ex- 
ample, thin films of Co) and to determine activation 
rates experimentally with the actual material under 
consideration. 

From a practical standpoint, the radioactive products 
of a nuclear reactor fall into two broad classes: those 
that occur alone, free from significant contamination 
with other radioisotopes of the product element and 
free from daughter products, and those that occur in 
conjunction with radioisotopes of the product element 
other than the sought-after activity or that have one 
or more daughter activities ; many of the fission products 
are in this second class. 

In the first class are found those radioisotopes that 
are produced from monoisotopic targets, those that have 
significant cross section for only one radioisotope- 
producing reaction, those in which any extraneous 
activities are extremely short-lived, and those that are 
the last radioactive product of short-lived parents in 
a decay chain. Separation of such product is not too 
difficult, and ordinary chemical means suffice. 

Separation of products in the second class, however, 
has certain intrinsic difficulties—as an example, the 
system Sr®—Sr®, in which both components are 
produced in fission. As shown in Fig. 5, the ratio 
Sr: Sr® is small for periods of irradiation that are short 
compared with the half-life of Sr®. Thus, after a 12- 
month irradiation period, the ratio is only about 0.03, 
while the Sr® has reached more than 99 percent of the 
saturation value. The mixture thus contains virtually 
the maximum amount of Sr® that can be produced 
under the given conditions and contains less than 
3 percent Sr®. Three months after the target has been 
removed from the reactor, however, the ratio Sr®:Sr® 
has increased to about 0.1. In fact, the ratio increases 
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by a factor of 10 in approximately six months so that 
after 18 months, the ratio Sr®:Sr® is approximately 30 
and the proportions are about 96.5 percent Sr® and 
3.5 percent Sr®. This illustrates one method of sepa- 
rating two isotopic products. It is applicable only when 
the half-lives differ greatly ; the short half-lived material 
can be economically separated only if it is produced at 
a much faster rate than the material with the long 
half-life. 

In the case of the Fe'—Fe® system, the circum- 
stances are not so favorable for the separation of the 
short-lived product. Because Fe™ is approximately 


18 times as abundant as Fe**, the ratio of the long-lived . 


Fe® to the short-lived Fe® is fairly high, even for short 
periods of irradiation, as can be seen in Fig. 5. It is still 
possible to obtain Fe®® relatively free from Fe® by 
performing a long irradiation and then allowing the 
Fe® to decay. It is difficult, however, to obtain Fe® 
that is low in Fe®® without resorting to electromagnetic 
enrichment of the target in Fe®*. Some fair results can 
be obtained by irradiating normal iron for an extremely 
short period of time at a high flux, thus minimizing the 
ratio Fe: Fe® but still producing appreciable amounts 
of Fe®. 

In the case of the product itself decaying to a radio- 
active daughter, the two can be separated chemically; 
however, the daughter will eventually grow back. If the 
daughter is very short-lived compared with the parent, 
the two activities will be essentially the same, and the 
mixture will decay with approximately the half-life 
of the parent. On the other hand, if the daughter is long- 
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Fic. 5. Ratios of radioisotopes of same element 
formed during irradiation. 
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lived compared with the parent, the parent will even- 
tually decay completely and leave only the daughter 
activity. 

The case of the daughter and the parent having com- 
parable half-lives, but the daughter being shorter lived 
than the parent, is illustrated in Fig. 6, which shows 
the fraction of Zr® in a mixture of Zr®—Nb® as a 
function of decay time. Several different starting mix- 
tures are shown. It will be noted that regardless of the 
fraction of Zr® present in the mixture at the beginning, 
all mixtures approach the limit of 0.317 as ¢ increases. 
Figure 7 shows the actual growth and decay of a 
mixture during and after irradiation. 

In addition to interferences caused by simultaneous 
production of radionuclides of the same elements, 
stable elements are also produced during the fission 
process as a result of decay chains that end in stable 
isotopes. The presence of the stable isotopes materially 
affects the specific activity of the separated radio- 
isotopes, even though no carrier is added during 
separation. Thus, I'*' with very high specific activity 
cannot be made from long-irradiated uranium because 
of the accumulation of I and I'?’, Cs!" is encumbered 
with comparable amounts of Cs and Cs"®®, and Sr® 
contains comparable amounts of Sr*®*. Some stable 
isotopes produced by fission and decay are also reacti- 
vated by neutron capture. 


CHEMICAL PROCESSING 


The purpose of chemical processing is to isolate the 
product element, free from radioactive and inactive 
chemical contaminants, and to put it into a readily 
usable form. One or more of the following chemical 
processes are usually used for separating and purifying 
radioisotopes: distillation, gasification, ion exchange, 
precipitation and coprecipitation, solvent extraction, 
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Fic. 6. Fraction Zr® present in Zr*>— Nb* mixture. 
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Fic. 7. Growth and decay of Zr®* and Nb*® during 
and after irradiation. 


adsorption, electrochemical separation, and paper 
chromatography. In general, only the simplest chemical 
compounds are made at ORNL; further processing to 
make specific preparations needed for particular applica- 
tions is done by the user or by a commercial supplier. 
Most preparations are simple solutions that may be 
easily and accurately dispensed; chloride in a slight 
excess of hydrochloric acid is the type of product solu- 
tion usually made. The chemistry of chlorides of most 
elements is well known; excess hydrochloric acid may 
be removed by volatilization or neutralized to produce 
NaCl, which is required in many solutions used for 
injection into the body. 

Target materials that are apparently quite often pure 
are found to have contaminating radioactivities after 
neutron irradiation, caused by the unsuspected presence 
of impurities with large neutron cross sections. An 
example would be the large amount of Co found upon 
irradiation of reagent-grade nickel, which is pure 
enough for ordinary chemical work. Although it is 
preferable and often possible to purify target materials 
before irradiation, induced activities are often removed 
from the targets after irradiation in order to use the 
isotopic-dilution techniques in which inactive carriers 
are added and to easily detect the contaminating ele- 
ments by means of their radioactivity. 

Separation and purification of carrier-free radio- 
elements require special precautions because the product 
element may be present in only microgram amounts 
and must be separated from gram amounts of target 
material and milligram amounts of extraneous im- 
purities; for example, P® weighs 3.5ug/curie and must 
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be separated from a kilogram of sulfur. A large part 
of a carrier-free product undergoing processing may 
easily be lost by adsorption on the walls of the vessels 
and filters or on an inconspicuous bit of “crud.” How- 
ever, by utilizing techniques such as ion exchange, 
solvent extraction, or controlled adsorption, quite pure 
products can be obtained. Small amounts of chemical 
contaminants are necessarily picked up from processing 
chemicals and equipment and are usually those ever- 
present elements found in most solutions: Ca, Mg, Si, 
Al, Na, and Fe. Occasionally Pb is found, but most 
preparations to which the specification could apply 
are kept below 10 ppm of heavy metals, as detected by 
standard tests. 

The total nonvolatile solids in carrier-free prepara- 
tions of short half-life materials (which have very 
little mass per unit of activity) may be kept down to 
between 0.001 and 0.1 percent in most cases. When 
striving to obtain carrier-free materials of high activity 
per unit weight, which are useful in studying radiation 
characteristics of radioisotopes, fairly large amounts of 
activity (for example, several curies) should be proc- 
essed, because experience has shown that about the 
same amount of extraneous solids per batch is obtained, 
whether the amount of activity is small or large. Brief 
descriptions of the chemical processing used at ORNL 


for some of the more important radioisotopes are given 
below. 


CARBON-14 


C* is produced by the irradiation of beryllium nitride 
that is first compressed into dense pellets. The nitrogen 
atom is the target for the N™“(m, p)C™ reaction, and 
beryllium nitride was chosen because it contains a large 
proportion of nitrogen and because the beryllium 
absorbs few neutrons; chemical stability is also some- 
what better than that of other nitrides that might be 
used. The target is dissolved in sulfuric acid and 
hydrogen peroxide, and the gases that contain the C™ 
are swept out in a stream of pure nitrogen. The gas 
evolved has a variable composition and contains organic 
compounds such as methane, as well as CO2; these 
compounds are oxidized to CO, over hot CuO and then 

-absorbed in highly purified NaOH solution. BaC™O; is 
precipitated by the addition of Ba(OH)2, washed, dried, 
and assayed for shipment. The average isotopic ratio, 
(C/totalC) X 100, of the product is ~12 percent, with 
a Maximum at the present time of 26 percent. Process- 
development work currently is largely directed toward 
the isolation of the various organic compounds from the 
gas stream and the reduction of carbon contamination 
in the target material in order to produce C“ with 
higher isotopic ratios. 


PHOSPHORUS-32 


Kilogram amounts of highly purified elemental 
sulfur are irradiated to produce P®[S*(n, p)P*]. The 
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carrier-free P® is extracted from molten sulfur by weak 
HNO;. Because sulfur melts above 120°C, this opera- 
tion is necessarily done under pressure in an autoclave 
to prevent boiling of the aqueous phase. The extract 
must be purified to separate P®O,-—— from sulfate, 
nitrate, silicate, and contaminating cations such as 
Fe, Cr, Ni, Mg, Pb, Ca, and many other lesser com- 
ponents. Even highly purified sulfur contains organic 
matter that is also very troublesome when it is ex- 
tracted. The purification steps are carried out entirely 
in Pyrex glass or quartz equipment. The extract liquor 
is first evaporated to near dryness and then boiled with 
aqua regia to oxidize organic matter. After a second 
evaporation, the residue is taken up in very weak acid 
and the solution is then passed through a cation- 
exchange column to remove most of the interfering 
cations. The effluent is collected in a Stang precipitator. 
Lanthanum carrier is added and La(OH); is precipi- 
tated with ammonium hydroxide; PO,-— coprecipi- 
tates as LaPO,. The precipitate is dissolved in weak 
acid and passed through another cation exchanger to 
remove La***, thus leaving only Ht, Cl-, and PO,-—— 
ions in the effluent. The effluent is evaporated to dryness 
and taken up in weak HCI as a product. Although 
carrier-free P® can be made in this way, it is the usual 
practice to add 25ug of inactive phosphorus carrier 
per mc P*® in the first evaporation step to reduce losses 
by adsorption. 


IODINE-131 


The first I'* distributed in the radioisotope program 
was made by irradiating tellurium metal (Te™(n, y) 


8. 
Te'*'\—]"*!), The demand increased rapidly beyond the 
production practical by this method, and fission-product 
I's! (2.8 percent fission yield) is now separated from 
uranium metal. . 

Uranium that has had a short residence in the reactor 
(~60 days) is dissolved, and the iodine is volatilized 
under controlled conditions by steam-air sparging. The 
condensate and alkaline-scrub liquor capture the iodine; 
then the liquors are further processed to concentrate 
and purify the I'*' by distilling iodine from an acid- 
hydrogen peroxide solution and receiving the distillate 
in an alkaline solution. The distillate is then treated 
in another distilling apparatus by first oxidizing the 
iodine to iodate with KMnQ,. The oxidation step is 
followed by distillation, in which the volatile impurities 
are removed, and the iodine remains in the distilling 
flask as the nonvolatile iodate. The iodate is then re- 
duced to elemental iodine by phosphorous acid, and the 
iodine is quickly distilled over into alkaline sodium 
sulfite. This concentrated product is diluted, assayed, 
and prepared for shipment. 


SULFUR-35 


S** is produced by fast-neutron irradiation of KC 
Cl**(n, p)S*. The KCl is dissolved in water that col, 
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tains a trace of hydrogen peroxide to ensure oxidation 
of all sulfur to SO,—. A trace of P® is present (as a 
result of Cl**(m,y)P*) and is removed by passage 
through a bed of bright aluminum shavings. The 
solution is passed through a cation-exchange bed where 
the potassium is removed and the HCl and H,S*O, 
are allowed to pass into the effluent. The effluent is 
distilled to remove HCI; the S**O,--, which remains 
adsorbed on the walls of the distillation flask, is removed 
by boiling with weak HCl. 


FISSION PRODUCTS 


After uranium and plutonium have been removed, 
fission-product mixtures are fractionated by ion-ex- 
change or precipitation procedures into the following 
groups: alkaline earth (Sr®-, Ba™), rare earth (Ce!!-4, 
Nd7, Pr, Pm’, Y®, and Eu!®), alkali (Cs'%”), 
anionic (Ru'-°6) and radiocolloidal (Zr®*>— Nb”). The 
gases I'*!, Xe'3, and Kr** are removed during previous 
processing. 

The rare-earth fraction is further fractionated by 
using ammonium citrate complexing agent on long, 
heated, ion-exchange columns that have 500 to 1000 
theoretical plates. The citrate fraction containing the 
pure radioelements is metathesized to the chloride by 
ion-exchange techniques. The alkaline earths are also 
fractionated by ion-exchange methods or purified by 
classical separations in concentrated nitric and hydro- 
chloric acids. Cs"*’ is purified by ion exchange or succes- 
sive cocrystallizations with ammonium alum. 

The Zr®*— Nb® system, which exists in colloidal form 
in strong acid solution, is separated by adsorption on 
silica gel and elution in oxalic acid complexing agent. 
Further purification is accomplished by ion-exchange 
methods, in which oxalic acid in various strengths is 
used as the complexing agent. 

Ru" is separated and purified primarily by oxidation 
with sulfuric acid and KMnQ,. The oxidation is 
followed by distillation ir *o HCl and hydrogen peroxide 
solution. A number of distillations might be necessary 
to achieve the desired purity. 


n-GAMMA-ACTIVATED PRODUCTS 


An example of -gamma-activated products is Ca* 
produced by irradiation of CaCO;(Ca“(n, y)Ca*); 
since gram amounts are used, fairly common purification 
methods can be used. After the irradiated compound 
is dissolved in HCl, the solution is first scavenged with 
iron and rare-earth hydroxides and then the heavy 
metals are removed by sulfide precipitation. The 
calcium is precipitated from 80 percent HNOs, dis- 
solved, and then reprecipitated as the carbonate. The 
carbonate is dissolved in dilute HCl, and the solution is 
analyzed and assayed for shipment. To produce high 
specific-activity material, target CaCO;, electromag- 
netically enriched in Ca“, is used. 

The foregoing is typical of the chemical processing 
methods used in this work—that of following classical 
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methods whenever possible and introducing newer 
methods, such as ion exchange and solvent extraction 
with selective chelation, when necessary. The purifica- 
tion procedure selected depends upon the basic 
chemistry of the element involved, the nature of the 
target compound, the probable kind and amount of 
impurities, and the amount of radiation to be en- 
countered in processing. 

Some of the impurities usually found with several 
radioisotopes are: Co™ in Fe®5.5, Co in Ni®, Fe® in 
Cr®!, Ba! in Ca*®, Hf! in Zr®, Sm'®! in Eu’, 154, 
Rb* in K®, rare earths in Sc**, S* in P®, and Rb* 
in Cs", 

Table I gives some data on many of the other radio- 
isotopes produced at ORNL.® The specific activities 
indicated are not necessarily the best ones obtainable, 
but they represent the maximum that has been attained 
for materials distributed in the radioisotope program. 


PROCESSING FACILITIES 


Other than the nuclear reactor itself, the main parts 
of the radioisotope production plant are the facilities for 
chemical processing, storing, and packaging radioactive 
material (Figs. 8-12). Also included are the facilities for 
the disposal or decontamination of radioactive wastes 
or chemical equipment. 

Equipment for processing ranges from the simplest 
laboratory bench apparatus to complex, heavily 
shielded, remote control equipment, and the type used 
usually depends on the amount of material being proc- 
essed, the intensity, and the kind of radiation en- 
countered. Radioisotopes for which the demand is small 
and the radiation level is low are processed in temporary 
setups of standard laboratory equipment, the so-called 
“beaker and tong” method. On the other hand, I'*, 
which is produced on a regularly scheduled multicurie 
basis and involves processing large quantities of 
highly radioactive material, requires a fairly large, in- 
dustrial type of unit. Radiochemical processing is based 
upon three types of radiation: low, intermediate, and 
high level. Within these general groups are many sub- 
groups for which several of the criteria are: production 
requirements, toxicity of the radiochemical, type and 
complexity of the process, general safety considerations, 
and relation to other processes. 

The main Radioisotope Processing Area at ORNL 
consists of a group of buildings that comprise a total of 
about 20 000 ft? of floor space and that are designed 
especially for the processing, handling, and shipping of 
radioisotopes. Within the area, the various facilities are 
roughly divided into several subareas. One building con- 
tains no processing equipment but only such services 
as lockers, toilet facilities, and area stores, and every 
effort is made to keep it completely free from contam- 
ination. Analyzing, storing, packing, and shipping of 
radioisotope preparations are performed in another 


5 Isotopes—Catalog and Price List, Oak Ridge National Labora- 
tory, July, 1952. 
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TABLE I. Review of radioisotope preparations and methods. 








Specific activity 








' Production Present (units per gram) 
Nuclide Half-life method status* attained at ORNL Principal purification methods used 
H® 12.1 y Li-n-a R Gasification and absorption 
Be’ 52.9 d Li-p-n R Carrier-free Coprecipitation (Fe***) 
Be” 2.4X 108 y Be-n-y O uc Precipitation 
Cu 5700 y N-n-p R 1.2 curies Gasification 
Na®™ 2.6 y Mg-d-a R 195 mc Ion exchange and precipitation 
Na-p-d D 1 mc Precipitation (chloride) 
Na™ 14.8 h Na-n-y R 115 me Precipitation (chloride) 
p2 14.3 d S-n-p R Carrier-free Precipitation [La(OH);] and ion exchange 
P-n-> R 50 mc Unprocessed unit 
Cl-n-a O Carrier-free Precipitation [La(OH);] and ion exchange 
pes 23 d S-n-p D Carrier-free (Occurs with P® from S) 
S$ 87.1d Cl-n-p R Carrier-free Ion exchange 
S-n-y O 0.3 mc Unprocessed unit 
Ch 4.7X10° y Cl-n-y R 0.48 mc Distillation (HCl) 
A” 34.1 d Ca-n-a I Carrier-free Adsorption, distillation 
A® Long K-n-p D 
K® 1.5X10° y K-n-y O Precipitation (chloride) 
K® 12.4h K-n-y R 154 mc Precipitation (chloride) 
Ca* 180 d Ca-n-y R _ 6.5 curies Precipitation (nitrate, carbonate) 
Sc-n-p R Carrier-free Chelation, solvent extraction 
Sc 85 d Sc-n-y R 60 curies Chelation, solvent extraction 
vs 16d Cr-d-a O Carrier-free Ion exchange (citrate) 
Ti-p-n D 
Cr®! 26.5 d Cr-n-7 R 4 curies Precipitation 
V-p-n D 
Mn® 5.8 d Cr-d-2n O Carrier-free Ion exchange (citrate) 
Cr-p-n D . 
Mn* 310 d Cr-d-n O Carrier-free Ion exchange (citrate) 
Cr-p-n D : ; 
Fe 3y Fe-n-y R 4 curies Solvent extraction (dichloro-ether) 
Mn-p-n D 
Fe® 47d Fe-n-y R 4 curies Solvent extraction (ether) 
Co-n-p D 100 mc Solvent extraction (ether) 
Co-d-2p D 1 curie Solvent extraction (ether) 
Co*? 270 d Fe-d-n O Carrier-free Ton exchange (citrate) 
Co* 72d Fe—-d-n O Carrier-free Ion exchange (citrate) 
Ni-n-p D Carrier-free Solvent extraction (SCN~-hexone) 
Co 5.3 y Co-n-y R 8 curies Precipitation , 
Ni® 2X105 y Ni-1-y R Low Solvent extraction 
Ni® 85 y Ni-1-y R 86 mc Solvent extraction 
Cu* 12.8 h Cu-n-y R 300 mc Unprocessed unit 
Zn* 250 d Zn-n-y R 900 mc 
Cu-p-n I Carrier-free Dithizone—CN~ complexing 
Ga®? 78.3 h Zn-p-n D Carrier-free 
Ga” 14.3 h Ga-n-y O 170 mc Unprocessed unit 
Ge™ lid Ge-n-y D Unprocessed unit 
Ge”? 12h Ge-n-y D Unprocessed unit 
As”8 90 d Ge-d-n O Carrier-free Distillation 
As" 17.5d Ge-d-n O Carrier-free Distillation 
Ge-p-n D Carrier-free Distillation 
As?6 26.8 h As-n-y D 550 mc Unprocessed unit 
As™ 40h Ge-n-7-8 D Carrier-free Distillation 
*Se75 127d Se-n-y R 1300 mc 
As-p-n D 
Br® 34h Br-n-y R 120 mc Unprocessed unit 
Se-p-n D 
Kr* 10 y U-f D Carrier-free Low-temperature fractionation 
Kr-n-y D 
. Rb*® 19.5 d Rb-n-y R 20 mc Unprocessed unit 
U-f D Carrier-free 
Sr*5 65 d Rb-d-2n O Carrier-free Precipitation (in HNOs;) 
Rb-p-n D Carrier-free Precipitation (in HNO;) 
Sr® 53 d Sr-1-y O 0.1 mc Precipitation 
U-f R Carrier-free Ion exchange 
Sr® 25 y U-f R Carrier-free Precipitation (in HNO;) 
y* 62h Sr®, B R Carrier-free Daughter of Sr® 
Y-n-> R 115 mc Unprocessed unit 
y" 57 d U-f R Carrier-free Ion exchange 
Zr 65 d U-f R Carrier-free Adsorption and ion exchange 
Zr-n-y R 0.05 mc Unprocessed unit 
Nb®5 35d Zr®, B R Carrier-free Precipitation (MnO2) 
Te 56d Mo-p-n D Carrier-free 
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TABLE I.—Continued. 
Specific activity 
Production Present (units per gram) 
Nuclide Half-life method status* attained at ORNL Principal purification methods used 
Te” 9.4X105 y U-f D Carrier-free 
Ru'® 42d U-f R Carrier-free Distillation (RuO,) 
Ru-n-}7 R 3 mc Unprocessed unit 
Ru! ly U-f R Carrier-free Distillation (RuO,) 
Ru-n-7 R 3 me Unprocessed unit 
Pd 17d Pd-n-y R Unprocessed unit 
Pdi? 2X 108 y U-f D Carrier-free © 
ge Ag'® 45d Pd—p-n D Carrier-free 
Agt® 225 d Ag-n-y R 380 me 
ge Ag"! 7.5d Pd, 8 D Carrier-free Electrolytic 
Cd" 43 d Cd-n-y R 115 mc 
In'™4 48 d In-n-7 R 70 mc Precipitation 
Cd-p-n D Carrier-free 
Sn'3 105 d Sn-n-y R 72 mc Precipitation 
In-p-n D Carrier-free 
Sb"4 60 d Sb-n-y R 2587 mc 
Sb®5 2.7 y Sn®5, 8 ] Carrier-free Distillation 
U-f D Carrier-free 
Te'5 60 d Sb”, 8 O Carrier-free Precipitation 
Te™ 32 d U-f D Carrier-free 
Te-n-y R 0.16 mc Unprocessed unit 
Te'# 77h U-f D Carrier-free 
ys 56 d Te-d I Carrier-free Distillation 
ys Very long U-f D Carrier-free Distillation 
ya 8d U-f R Carrier-free Distillation 
Te, B R Carrier-free Unprocessed unit 
Xe 5.3 d U-f D Carrier-free Low-temperature fractionation 
Xe-n-y D 
Cs}3! 9.6d Ba-n-y-8 D Carrier-free 
Cs 2.3 y Cs-n-y R 13 curies 
Cg!37 37 y U-f R Carrier-free Cocrystallization (alum) 
Bal! 12d Ba-n-7 D 0.26 mc Precipitation 
Ba} >20 y Ba-n-y D Precipitation 
Bal” 12.8 d U-f R Carrier-free Ion exchange 
La'® 40.4 h Ba, 8 O Carrier-free Ion exchange 
La-n-y R 525 mc Unprocessed unit 
Cel! 28 d U-f I Carrier-free Ton exchange 
Ce-n-y R 75 me Unprocessed unit 
Ce™ 275d U-f R Carrier-free Ion exchange 
Pri48 13.8 d U-f I Carrier-free Ion exchange 
Ce', 8 R Carrier-free Unprocessed unit 
Prié 18.9 h Pr-n- R 550 mc Unprocessed unit 
Nd? lid U-f R Carrier-free Ion exchange 
Nd-n-7 R 3.5 me Unprocessed unit 
Pm"? 3.7 y U-f R Carrier-free Ion exchange 
Nd"7, B R Carrier-free Unprocessed unit 
Sm!5 20 y J—f D Carrier-free Ion exchange 
Eyi2—154 13-16 y Eu-n-y R 5 curies 
Eul55 2-3 y U-f I Carrier-free Ion exchange 
Sm!55, g R Carrier-free Unprocessed unit 
Gd!53 155 d Gd-n-y D 
Td! 73.5 d Td-n-} D 
Er'69 94d Er-n-+ D 
Tm!” 127d T'm-n-> D 
Hf'*! 46d Hf-n-+ Ze 60 mc Unprocessed unit 
Ta!® 117d Ta-n-y R 1700 mc 
W!85 73d W-n-y R 622 mc 
Os!85 97 d Os-n-> R Unprocessed unit 
Os'*! 15d Os-n-y R 73 mc Unprocessed unit 
Ir? 70d Ir-n-y R 6 curies Chlorination 
Au! 2.7 d Au-n-y R 3 curies Unprocessed unit 
Hg?8.205 43.5 d Hg-n-7 R 830 mc Precipitation 
TI™ 2.7 y Tl-n-y R 702 mc Precipitation 
UX, 24.1 d Natural O Carrier-free Ion exchange 
* Symbols refer to work within the ORNL Radioisotope Production group. R =routine production. ] =produced at irregular intervals. O =occasionally 
produced on special orders. D =of interest in development program. 
large building. Six small buildings are used for various used as the supply and control point for the various 
types of radioisotope production and development. A _ services for the area, such as electricity, distilled water, 
similar building, which is kept contamination-free, is etc. A somewhat larger building with garage-type doors, 
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Fic. 8. Shielded carrier being lowered into high-level barricade. 


big enough to accommodate the largest trailer trucks, 
is provided for washing and decontaminating heavy 
equipment. A 250-ft stack is provided, together with 





Fic. 9. High-level cell with mechanical manipulators. 
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associated fans, blowers, jets, filter, precipitators, and 
ductwork, for decontaminating and discharging the 
ventilating air and exhaust gases from the area. The 
buildings and associated areas are interconnected by 
a system of concrete roads and utility services. 

The use of separated, small, processing buildings (Fig. 
13) to minimize the effects of fire, explosion, or poison- 
ous gases resulting from chemical processing is not new 
in industry; various forms of the basic design pattern 
have been used for many years in processing explosives, 
organic chemicals, and toxic biological preparations. 
The experience gained during a number of years of 
processing large and small amounts of radiochemicals 
indicates that the arrangement possesses a number of 
advantages. 

The concrete roadways in the area are 20 ft wide and 
large enough to accommodate large trucks or ordinary 
two-way traffic. The roads have slightly cupped sides 
so that all water will flow to drains in the center. The 








Fic. 10. Typical view of cell for radioisotope chemical processing 
(during construction). 


entrances to the various buildings are slightly sloped 
ramps, about 8ft wide with raised edges that are a 
continuation of those of the main road. The slopes of 
the ramps and the elevations of the road and building 
floor prevent wash water from the building floors from 
draining down the ramp to the road; drain water from 
the road, of course, cannot enter the buildings. 

All space not occupied with buildings, concrete road- 
way, or concrete pads is graded and planted in grass. Al 
underground lines, service lines, etc., have blanked-off 
branches so that the number of process buildings may be 
increased with no further service, ventilation, or waste 
facilities added. 

There are three liquid-waste systems in the area, ex- 
cluding the sanitary waste. The ground drainage, drink- 
ing fountains, steam condensate, and some condenser 
waste are discharged to a tile line, that empties into a 
small stream on the east of the area. All other drains 
in the area, except the hot drains, empty into the semi- 
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hot waste system, which culminates in a chemical-ware 
line that leads to the retention pond. The concrete road- 
ways also drain into the semihot system, because any 
spills of radioactive material on the roadway must be 
washed up and the wash water should go into the semi- 
hot waste. The hot waste from hot sinks, hoods, and 
equipment connections passes into an underground 
system of stainless steel lines, which empty into a 
2500-gal, stainless steel, underground waste tank. Waste 
from this tank is periodically transferred to the main 
tank farm for disposal. 

The process buildings are one-story (except the one 
used for column work) structures 25 by 30 ft long that 
are built of aluminum sheet on a structural steel frame- 





Fic. 11. View inside high-level fission product purification cell. 


work. The floors are concrete, topped with a special, 
low-porosity concrete, and are sloped slightly toward 
the several semihot floors drains in the middle area of 
the building. A 1-ft concrete curb surrounding the floor, 
except at the entrance to the building, makes it possible 
to vigorously hose the floor for decontamination. The 
sides of the building are placed on this concrete curbing, 
and all equipment in the buildings is also placed on 
4-in. high concrete pads that prevent wash water from 
running under the equipment. Entrance to the building 
is through a 5-ft wide by 10-ft high doorway, which is 
large enough for the electric truck-hoist to pass through 
with large objects. 

Ventilating air is passed into the room by a heater, 
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Fic. 12. Fractionation of fission product rare earths, showing 
transfer carrier at cell port. 


fan, and filter unit located in a plenum chamber above 
a perforated ceiling. The air is exhausted through hoods 
and other partly enclosed equipment held at reduced 
pressure. Passage of air is always away from the worker 
in the room and toward the exhaust hoods. 

Air, electrical, steam, and vacuum lines come into 
the building from a steel trestle, which runs from the 
distribution center into the service building, and then 
pass into the plenum chamber above the ceiling. Gas, 





Fic. 13. View of radioisotope production area, showing small, 
separate, processing buildings. 
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water, and distilled-water lines run underground but are 
also piped to the overhead-plenum distribution area. 
The ventilating (hood exhaust) duct also passes into the 
building underground and extends into the space above 
the ceiling. The layout of the buildings is as follows. 
A 5-ft wide aisle runs through the middle of the entire 
building, and the space on each side is divided into three 
zones, each 10 ft wide and 10 ft long. Each zone is 
supplied with a hot-drain connection and a hot off-gas 
connection that come up through the floor and.an over- 
head ventilating-duct connection. All services at the 
aisle and overhead are capped off in readiness for 
connection. 

Although each building has somewhat different 
fixtures and functions (the column building differs 
most), the design is standardized, as has been briefly 
described. The keynote of the design is maximum utility 
and flexibility. Units of processing equipment and asso- 
ciated laboratory equipment are placed in the various 
zones of the buildings and connected as desired. For 
example, in the buildings used in the preparation of 
C™ and P®, one zone is used for primary separations 
equipment, one for purification equipment, two for 
laboratory furniture, one open area for developmental 
work, and another for cleaning and storing equipment 
and chemicals. 

The base dimensions (25 by 30 ft) and the floor con- 
struction of the building used for column work are the 
same as those of the process buildings, but the height is 
32 ft from the floor to the ceiling. A steel superstructure, 
open except for three levels of floor that are 8 ft apart 
and are covered by steel grating, is constructed of 
heavy I-beams in the middle of the building. The total 
height of this structure is 24 ft, and it serves as a frame- 
work to hold lead-shielded, especially ion-exchange 
and solvent-extraction equipment. 

Standard laboratory furniture, including fume hoods, 
is used wherever possible. However, some alterations 
were made; for example, stainless steel tops with a 1-in. 
curb are used on a number of the tables and sinks. 

Three types of hood-barricades are provided, de- 
pending upon the amount of shielding required : semihot 
hoods, high-level barricades, and product-storage barri- 
cades. The hoods used for beta work are the same as 
those used for ordinary radio-chemical laboratory work. 

The semihot hoods are made up of ordinary Transite 
hoods that are painted with a strippable coating have 
3-in. thick lead floors and 6-in. curbs and are mounted 
on heavy supporting pedestals made of concrete. The 
hood contains an off-gas connection, a hot drain, and a 
semihot drain. The services—air, gas, electricity, 
vacuum, and water—are placed in a recess on the out- 
side front of the hood. The drains and semihot trap are 
enclosed and shielded below, but are accessible for 
cleaning and repair. 

The high-level barricades (Fig. 8) (sometimes referred 
to as “‘caves’’) are made of 6-in. lead in front and on the 
side and 3-in. lead on the back and bottom. The tops are 
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6 ft from the floor level, and the barricade interior is 
about 3 ft deep and 3 ft wide. The entire structure is 
supported on heavy concrete pedestals. There are two 
barricades (each in a separate high-level building) 
20 ft long that may be divided by movable partitions 
into separate cubicles, six per unit. Each unit has a 
front slot 8 in. wide (one lead brick length) and 23 ft 
long, in which controls, instruments, zinc bromide 
windows, etc., may be placed; the space can also be 
completely closed with lead bricks. A movable lid fits 
over each cell unit; the lids are adjustable and have a 
mirror fitted on the underside that serves the triple 
purpose of regulating air flow, providing cell vision, and 
cutting down minor scattering out of the top of the cell. 
Since the cell is open on top, the portable electric hoist 
can move to the front and lift heavy casks in and out. 
The hoist can also move complete equipment units of 
apparatus that have been built on framework so they 
can be constructed outside and then set in place. Heavy, 
steel, scatter-shields may also be placed over the tops 
of the cell units. Each cell unit is equipped with a hot 
off-gas line, a hot drain, and a semihot drain. All 
services are supplied in front of each cell, and connec- 
tions can be passed in through the front slot. The entire 
barricade is ventilated by ducts at the back. 

After radioisotope preparations are made and ana- 
lyzed, they must be stored until aliquots are removed 
for shipment. A product-storage barricade, approxi- 
mately 50 ft long, 4 ft deep, and 3 ft wide is placed 
across the south-middle wall of the largest building 
in the area. It is constructed of concrete, 1 ft thick at 
the back and 2 ft thick in front and on the sides. The 
inside is heavily painted with white plastic paint. 
Movable, compartmented trays, which slide from under 
horizontally placed scatter shields, are used to contain 
up to 1000 preparations. Each compartment is num- 
bered and lettered according to row and position, and 
the identification of the sample is recorded on a plot- 
plan sheet. A mechanical manually operated tong that 
runs on rails on the top front edge of the barricade is 
used for picking up product bottles, placing them in 
the grid, or transporting them to the east end of the 
barricade, where the packing machinery is located. At 
ceiling height over the middle of the barricade is a 
3-ton monorail that is used for bringing in lead casks 
containing products and for general utility lifting work 
in the barricade. Air is drawn out of the barricade by 
ducts at the back. Mirrors at the back of the barricade 
provide viewing of the operations. 

At the end of the storage barricade, backed up 
against a heavy concrete wall that isolates this section 
from the rest of the building, is the packing barricade. 
The remote control equipment for packaging radio- 
isotope solutions is placed behind this barricade. The 
barricade is 6 ft in height, and the structure is of lead 
rather than concrete because of the numerous holes for 
controls needed for the remote equipment and the 
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desirability of minimizing the distance from the controls 
to the equipment. 

A variety of remote-control equipment is installed 
in the packing barricade to permit transportation of 
the stock solution from the storage barricade, sampling 
for analysis, visual inspection through windows filled 
with dense (80 percent) zinc bromide solution, accurate 
measurement of radioisotope-solution volume, filling 
various-sized glass containers, placing and tightening 
plastic caps on bottles, placement in the lead shipping 
shield, and handling various parts of the shipping con- 
tainer. Monitoring instruments of various kinds are 
placed so that gross checks can be made on shipments 
in order to reduce errors in quantities shipped. Final- 
survey instruments are used to ensure that radiations 
are below the safe levels specified in shipping regulations. 

The packing barricade is well ventilated by ducts in 
the back and is powerfully illuminated. In addition to 
the zinc bromide windows, mirrors and optical equip- 
ment are used to provide a good view of all equipment 
inside. 

Shipping containers are stored under two large mono- 
rails in one large area that takes up most of the room. 
The boxes are placed on a portable, roller conveyor and 
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pushed into a lead cave at the end of the packing 
barricade. The lead door to this compartment is oper- 
ated by a hydraulic mechanism. After the radioisotope 
is placed in the shipping container, it is pulled out onto 
another roller conveyor where shipping labels are put 
on and a final inspection is made. At the end of the 
conveyor, the container is lifted by a power belt-loader 
onto the shipping truck. 

Many of the radioisotopes are pure beta emitters 
such as S* or P®. A low-level packing load with Lucite 
shielding and relatively simple packing tools, together 
with a plain table for holding small concrete containers, 
are provided to speed the handling of these materials. 
Some materials, such as BaC™“O;, are weighed and 
shipped in a dry form; therefore a dry-box type of hood 
containing a balance and other simple tools is used. 

In addition to the equipment located in the main 
radioisotope processing area, several of the larger units, 
such as the plants used for processing I'*! and separating 
fission products from waste, are located in various 
other sections of the laboratory. Services and specialized 
equipment, such as that required for analysis, testing, 
maintenance, and equipment fabrication, are also avail- 
able in other divisions of the Laboratory. 
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The Formation of Black Carbon 


R. O. GRISDALE 
Bell Telephone Laboratories, Inc., Murray Hill, New Jersey 
(Received March 16, 1953) 


Electron microscopic evidence is presented in support of the hypothesis that black carbon resulting from 
pyrolysis of gaseous hydrocarbons is produced through the intermediate formation of droplets of complex 
hydrocarbons. Electron diffraction studies further confirm this hypothesis if, as has been found for particles 
of carbon blacks, the droplets consist in part of graphitic nuclei arranged with their basal planes tangential 
to the droplet surface. The carbonization of small solid spherules of highly cross-linked organic polymers is 
described, and it is shown that the morphology of the carbonization products is wholly analogous to those for 
pyrolytic carbon and carbon blacks. It is suggested, therefore, that the formation of carbon by the carboniza- 
tion of solids and by deposition from the gas phase occurs through similar mechanisms and that the two 
processes are simply two extremes in an infinite series of processes which are all fundamentally alike. 





INTRODUCTION 


HE mechanism by which carbon is formed during 

pyrolysis of a hydrocarbon gas, whether in a flame 
or in an oxygen-free enclosure, has not been clearly 
established; and, in addition, it is generally believed 
that the formation of carbon by gas pyrolysis takes 
place in a manner essentially different from that oc- 
curring during carbonization of an organic solid. How- 
ever, study of microphone carbon produced both by 
deposition and by carbonization has provided physical 
data which clarify certain features of the mechanism 
of carbon deposition and suggest that the processes of 
deposition and carbonization may be similar and differ 
only quantitatively. 

Previous studies of carbon deposition have been con- 
cerned with chemical aspects of the problem or with the 
crystalline structure of the material. While the morphol- 
ogy of carbon black has been widely studied, that of the 
more dense and coherent forms of deposited carbon has 
not. Further, detailed correlation of the properties of 
pyrolytic carbon with its crystal structure and geom- 
etry has not been available. Investigation of the be- 
havior of microphonic carbon contacts has necessitated 
correlation of this behavior with the structure, com- 
position, geometry, and properties of the carbon sur- 
faces,! and from these correlations has evolved an 
understanding of the mechanism by which carbon is 
produced. 

Small spherules of silica are coated with carbon to 
produce microphonic materials by introducing a mass 
of them into a rotating furnace heated to temperatures 
near 1000°C into which is injected a mixture of pure 
methane and oxygen-free nitrogen.? In early work 
rotation of the furnace, which ensures equal exposure 
of all spherule surfaces to the furnace atmosphere, was 
maintained at constant speed, and the microphonic 
characteristics of the carbon-coated particles then 
depend in a systematic fashion on the temperature of 


'R. O. Grisdale, J. Appl. Phys. (to be published). 

2 The techniques of pyrolysis and the properties of pyrolytic 
carbon are discussed by Grisdale, Pfister, and van Roosbroeck in 
Bell System Tech. J. 30, 271 (1951). 


the furnace, on the concentration of methane in the 
furnace atmosphere, and on the thickness of the carbon 
film.' The characteristics of these microphonic materials 
also depend on the nature of the hydrocarbon from 
which the carbon is obtained; and, under otherwise 
identical conditions, carbons produced from methane, 
ethane, benzene, toluene, and a variety of other hydro- 
carbons possess different microphonic characteristics. 

Polished silica plates coated with carbon at the same 
time as the silica spherules were employed in an electron 
diffraction determination of the carbon structure. The 
carbon consists of graphite-like crystallites which are 
more or less preferentially oriented with their basal 
planes parallel to the surface on which they are deposi- 
ited, both the size of the crystals and their degree of 
orientation depending on the conditions under which 
the carbon is produced.’ In virtue of the anisotropy in 
properties of the crystals, variations in degree of pref- 
erential orientation are reflected in systematic varia- 
tions in certain properties of contacts between such 
carbon surfaces.' However, there is no observable 
correlation between the extent of preferred orientation 
and the microphonic sensitivity of the contacts, which 
depends on the surface geometry as determined largely 
by the rate at which the carbon is deposited. 

The first step in pyrolysis of a hydrocarbon to yield 
carbon probably is the removal of a hydrogen atom from 
the hydrocarbon molecule in the gas phase.? Reaction 
of the resultant hydrocarbon fragments and continua- 
tion of this process of dehydrogenation leads to the 
production of molecular fragments which polymerize 
to molecular species ranging in complexity and molec- 
ular weight from methane and acetylene to anthracene 
and far more complex oils, tars, and solids, some with 
exceptionally high melting points. An essential step in 
the formation of pyrolytic carbon is probably the ad- 
sorption and continuing dehydrogenation of these 
complex substances on the surfaces of objects in the 
pyrolyzing chamber. Not only are these materials 
essential intermediates in the formation of carbon but, 


3 A. H. White and L. H. Germer, J. Chem. Phys. 9, 492 (1941). 
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Fic. 1. Electron shadowgraphs of surfaces of pyrolytic microphone carbon showing variations in surface roughness. 
Correlation of roughness with microphonic behavior and with rate of carbon deposioion is shown in the following table: 


Sample A 
Methane concentration, percent 30 
Pyrolyzing Temperature, °C 975 
Rate of carbon deposition, 
gm/cm?/hr X105 1.5 
Modulation efficiency, AR/R X10? 14.6 


by suitable solvent extraction or heating in vacuum, 
they have been isolated from it.? 

Because of the unsaturated valences at the edges 
of pure graphite-like crystals the hydrogen in pyrolytic 
carbon is probably largely chemically bound through 


B es D 
30 30 30 
1000 1050 1100 
2.9 7.5 14 
13.1 8.7 7.7 


these valences, thus, in effect, providing each graphitic 
crystal with a hydrocarbon skin separating it from its 
neighbors.? Elimination of this hydrogen through 
heating results in an increase in average crystal size 
and a decrease in intercrystal resistance. At sufficiently 
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Fic. 2. Edge silhouet- 
tes of carbon coated 
silica filaments 

















high temperatures this leads to graphitization of the 
specimen. 

While the average crystal size in pyrolytic carbons 
is systematically variable, it does not appear to be 
altered in crystal size which accounts for the pro- 
gressive increase of modulation efficiency with decrease 
in rate of deposition.' The “‘carbon”’ as first deposited 
appears to possess a certain “mobility,” and the balance 
between the rate at which “carbon” is brought to the 
surface and its ability to “orient” itself determines the 
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surface geometry. The nature of the mechanism by 
which carbon is produced through pyrolysis of hydro- 
carbons is thus important in determining the geometri- 
cal nature of the carbon surface and hence the micro- 
phonic sensitivity of carbon contacts. 


THE ELECTRON MICROSCOPIC EVIDENCE 


The small-scale geometry of carbon surfaces can be 
determined from transmission electron micrographs 
of thin films of pyrolytic carbon stripped from their 
supporting bases. One disadvantage of this procedure 
is that it requires films of carbon thinner than those 
normally employed in microphonic materials; a second 
is that the results obtained represent an integration of 
roughnesses on both sides of the film, only one of which 
is important to microphonic action. A second method 
of investigation, free from this latter disadvantage, 
involves the production of suitable replicas of the carbon 
surfaces and electron microscopic investigation of these 
replicas, while a third method is to obtain shadowgraphs 
or silhouettes of the surfaces of carbon-coated particles. 
Each of these methods has been successfully employed 
in the present study, but the most significant informa- 
tion has been obtained from the silhouettes. 

Typical silhouettes of carbon-coated silica spheres 
are shown in Fig. 1which indicates that with increasing 
rate of deposition, as determined by the pyrolyzing 
temperature, the apparent surface roughness increases. 
The several micrographs shown for each sample in 
Fig. 1 were selected to give a representative picture of 
the distribution of rough and smooth regions on any 
one sample. Over the surface of any particle the degree 
of roughness varies, and those portions of the surface 
which are convex on a gross scale are, in general, 
smoother than those which are concave. Further, on 
any scale the surfaces are composed of smoothly curved 
segments, and in some micrographs gross globular 
projections from the surface can be seen. 

The modulation efficiency or microphonic sensitivity 
of the four specimens of Fig. 1 was determined by meas- 
uring, in a standard telephone transmitter filled with 
the material and in a given sound field, the fractional 
change of transmitter resistance, AR/R.' The measured 
values are given in the figure and they illustrate the 
relationship between surface geometry and modulation 
efficiency. 

Granules of microphone carbon are small and diffi- 
cult to handle, their average radius being about 0.01 
cm, and to decrease the radius of curvature of the base 
and to obtain specimens which could easily be placed 
across the aperture in the microscope, silica filaments 
having diameters of about 0.005 cm were placed in the 
furnace together with silica spherules, and carbon 
deposition was carried out as usual. The electron micro- 
scopic silhouettes of these carbon coated filaments in 
Fig. 2 exhibit a range of surface roughness far greater 
than that illustrated in Fig. 1. In all, about ten lots of 
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microphonic materials and fibers were produced under 
identical conditions. Measurements on these carbon- 
coated spherules indicated that within the limits of 
experimental error the microphonic characteristics of 
all lots were the same, whereas the surface roughnesses 
of the fibers were extremely varied. However, edge 
silhouettes of the corresponding spherules are given 
in Fig. 3 which show that there is no wide variation in 
the roughnesses of the microphonic materials. Indeed 
from them and an examination of Fig. 1, it might be 


Fic. 3. Edge silhou- 
ettes of carbon coated 
silica spherules 
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Fic. 4. Photomicrographs of carbon coated spherules produced 
at low speed of furnace rotation: (a) carbon film from furnace 
wall, (b) layers of spherules bonded to carbon film, (c) very 


rough spherule, (d) fragments of carbon shells embedded in film, 
(e) spherules bonded together with carbon. 














predicted that these materials would exhibit the same 
microphonic properties. 

Figures 2 and 3 indicate a very great difference 
between the surface geometries of carbon on silica 
fibers and on silica spherules, even though produced 
under identical conditions. It was felt that the fibers, 
being subject to less rubbing action during the deposi- 
tion, might have floated on top of the mass of spherules 
during rotation of the furnace, and that this might 
affect the surface geometry. The influence of this 
rubbing was investigated by preparing a series of 
microphonic materials in the production of which the 
rate of furnace rotation was varied while all other 
variables in the deposition were maintained constant. 
Initially, a smaller-than-normal charge of silica spher- 
ules was placed in the furnace which was rotated to 
less than one-fifth the normal speed, but on completion 
of the deposition it was impossible to remove this 
charge. Admission of oxygen to the heated furnace 
burned out the carbon, and it was thereafter possible 
to remove the silica spherules. In a subsequent run 
performed under identical conditions the furnace was 
allowed to cool after deposition while an atmosphere 
of oxygen-free nitrogen was maintained in it. By scrap- 
ing the furnace core it was then possible to remove a 
mass of carbon-coated silica spherules together with 
large flakes of pyrolytic carbon. Examination of this 
material indicated that a continuous film of carbon 
had been formed over the furnace walls and that in 
this film, imbedded in a close-packed array, were the 
carbon coated silica spherules. These spherules ex- 
hibited the most varied appearances and all were on 
the average far rougher than microphonic material 
made under the same conditions with higher speed of 
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furnace rotation, as is shown in the photomicrographs 
of Fig. 4. Even at this low magnification the globular 
character of the surface is apparent, with the spherules 
bonded to each other and to the furnace wall. During 
pyrolysis, the furnace wall and the spherule surfaces 
apparently were coated with a tacky layer of complex 
organic material, and with the small furnace charge 
employed the tumbling action was insufficient to free 
the spherules from it. 

Additional lots of microphonic material were then 
produced, one employing the normal rate of furnace 
rotation, the second a rate more than twice as great. 
These materials, together with that discussed above, 
showed a regular increase in microphonic sensitivity 
as the rate of furnace rotation increased. Silhouettes 
obtained from these specimens are shown in Fig. 5, 
which illustrates a progressive increase in the smooth- 
ness of the surface with rate of rotation. 

These complex hydrocarbon materials are deposited 
on the surfaces in a discontinuous fashion in the form of 
minute globules as is illustrated in the silhouette of 
Fig. 6. The average surface of the carbon is especially 
smooth, but extending from it in chains are aggregates 
of almost perfect spheres of widely varied sizes. These 
are spheres of complex organic materials, and by suit- 
able mechanical action they can be smeared smoothly 
over the surface. That they are not carbon as such was 
shown by electron diffraction analysis of a clean gold 
surface over which they had been smeared. Such a 
surface showed only the diffuse features characteristic 
of an amorphous material, provided that the deposition 
temperature was not excessive. At high deposition 
temperatures the amorphous material was still present, 
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Fic. 5. Effect of speed of furnace rotation on surface geometry. 
The percentage of the surfaces having roughnesses as shown are 


; 4 rpm 6 rpm 25 rpm 
Rough 35. 20 8 
Medium 35. 39 29 
Smooth 10. 41 63 
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but there were also features characteristic of graphitic 
carbon. 


THE ELECTRON DIFFRACTION EVIDENCE 


As noted above, pyrolytic carbon is composed of very 
small graphite-like crystals which are, like graphite, 
highly anisotropic both in structure and shape. Electron 
diffraction analysis has shown that these crystallites 
can, under certain circumstances, be preferentially 
oriented so that their flat basal faces lie more or less 
parallel to the surface on which the carbon film is 
formed.* The specimens employed in the diffraction 
studies consisted of carbon films deposited on surfaces 











Fic. 6. Spherical droplets of hydrocarbon extending from the 
carbon surface in chains. 


of almost optically flat plates of fused silica. Diffraction 
patterns taken by reflection at almost grazing incidence, 
as well as those obtained by transmission at 45° 
through the film stripped from its substrate, exhibited 
the preferred orientation of the crystallites.’ 

To assess the degree of this orientation, a series 
of diffraction patterns was selected and arranged in 
order of increasing orientation as judged primarily 
by the angular intensity distribution or the degree of 
“arcing” of the features. The first of these showed 
no detectable preferential orientation and was assigned 
the identifying numeral 0, while the last, numbered 10, 
showed the highest degree of orientation observed. 
Three of these patterns, illustrating the variation in 
degree of orientation, are shown in Fig. 7. The linearity 
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Fic. 7. Electron diffraction patterns obtained by reflection from pyrolytic carbon showing the “arcing” resulting 
from preferential orientation of the graphitic crystals. Numbers represent positions of the patterns on the arbitfary scale 


of orientation. 


of the scale of orientation thus established is unknown, 
but its use has enabled semiquantitative estimates of 
relative orientation to be made with a precision of 0.5 
unit on the scale. It was estimated that in scale specimen 
10 more than 90 percent of the crystals were oriented 
with their basal planes within 20° of parallelism with 
the surface of the specimen. Oxidation of the surfaces 
of these carbon films in air invariably increased the 
degree of preferred orientation, and scale specimen 10 
was prepared in this way. In view of the rapid oxidation 
of the edges of graphite crystals relative to their basal 
surfaces, it appears that those crystals in pyrolytic 
carbon whose edges are exposed in the surface are pref- 
erentially removed by oxidation. 

When pyrolytic carbon is deposited at constant 
methane concentration, the degree of orientation at its 
surface passes through a maximum value as the pyrolyz- 
ing temperature is increased. Figure 8 gives the degree 
of orientation on the above scale as a function of furnace 
temperature for films produced at a methane concentra- 
tion of 30 percent by volume. Results similar to these 
have been obtained repeatedly at other methane con- 
centrations, and the maximum degree of orientation 
occurs at about 1025°C regardless of the methane con- 
centration. For higher methane concentrations, how- 
ever, the degree of orientation at any given tempera- 
ture is greater than that shown in Fig. 8 since the 
orientation increases regularly with increase in methane 
concentration as illustrated in Fig. 9 for carbon films 
prepared at 1000°C. 

The degree of preferred orientation increases to an 
asymptotic limiting value when the film thickness 
increases as a function of time under otherwise constant 
pyrolyzing conditions. This asymptotic value is reached 
at a film thickness of about 3X10-° cm, and the data 
of Figs. 8 and 9 are for films whose thicknesses exceed 
this value.” 

The preferred orientation of the crystallites re- 
vealed by diffraction studies is confirmed by measure- 
ments of the properties of pyrolytic carbon* and of 
contacts between carbon surfaces.! The properties of 
microphonic carbon contacts depend systematically 
on the conditions under which the carbon is produced, 
and these properties are well correlated with the extent 
of preferential orientation in the contact region. 


THE DROPLET MECHANISM OF CARBON 
DEPOSITION 


The surfaces shown in Figs. 1 and 2 appear to have 
been formed from molten substances, and Fig. 6 shows 
that these substances are deposited in the form of 
minute spheroids. During pyrolysis of a gaseous hydro- 
carbon there appears to be formed, through multiple 


4.5 





4.0 





3.5 








3.0 


i FF, 
2.5 


a t NX 
2.0 b ua 


“~~ 











OEGREE OF PREFERRED 
ORIENTATION OF CRYSTALS 


~ 

1.5 [ 

925 950 975 1000 1025 1050 1075 100 1125 
PYROLYZING TEMPERATURE IN °C 
































Fic. 8. Preferential orientation of pyrolytic carbon crystallites 
as a function of the temperature of pyrolysis at constant methane 
concentration (30 percent). 
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Fic. 9. Preferential orientation of pyrolytic carbon crystallites 
as a function of the methane concentration at constant tempera- 
ture (1000°C). 
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collision or condensation; a suspension of droplets of 
complex organic materials which impinge on surfaces 
in the pyrolyzing chamber and provide nuclei for the 
formation of films of pyrolytic carbon. Their spherical 
shapes suggest that they are liquid or plastic, and the 
rubbing action of the spherules tumbling over each 
other in the furnace may smear them uniformly over 
the spherule surfaces, thus producing a smooth layer 
which further polymerization converts to carbon. 
On this basis, therefore, this rubbing action is of funda- 
mental importance in the production of the “smooth”’ 
surfaces necessary for the highest microphonic efficiency. 
It is significant that, as noted above, those portions of 
the spherule surfaces which are convex are smooth, 
while those which are concave are rough and exhibit 
a more globular structure, because it is predominantly 
on convex portions of the surface that rubbing can 





Cc 


Fic. 10. (a) A spherical droplet of hydrocarbon (or of carbon) 
showing the graphite-like crystallites oriented tangential to its 
surface, (b) droplets as in (a) “smeared” over the surface without 
rupturing their skins, (c) a droplet such as in (a) which has wet 
the surface and spread over it, (d) rigid droplets as in (a) which 
do not wet the surface and which cannot be smeared over it as 
in (b) and (c). The preferential orientation of the crystallites 
parallel to the substrate surface is apparent in (b) and (c). 


These droplets are not all of the same size nor are 
they all of the same age, or, what is equivalent, of the 
same composition. In the case of methane, for example, 
there is at any moment in the pyrolyzing atmosphere 
an entire series of molecular species ranging from 
methane and hydrogen through acetylene, benzene, 
and napthalene to very complex materials of low hydro- 
gen content and high molecular weight which are 
virtually indistinguishable from carbon itself. The 
greater the complexity of these materials, the higher 
are their melting points, and the greater is their “vis- 
cosity” at any given temperature. It is possible that, 
until a high degree of complexity has been achieved, 
nuclei of the droplets are not formed, but once nucleated 
the drops probably increase in size and viscosity with 
time. The two processes—nucleation and growth— 
proceed ‘simultaneously, and on their relative rates 
depend the properties of films formed by aggregation 
of the droplets. 


Generally, of course, droplets of widely varied de- 
grees of rigidity are present in the furnace atmosphere, 
and the more rigid ones can be incorporated in a fluid 
or semifluid matrix formed from droplets of lower 
viscosity, much as the rigid silica spheres of Fig. 4 are 
bonded in an otherwise virtually continuous “carbon’’ 
matrix. The bond between such rigid droplets and their 
matrix is not equivalent in strength either to the matrix 
or to the solid droplets themselves owing to an ap- 
parent inability of the solid phase to cross-link with 
the relatively fluid phase of lower molecular weight. 

If the droplets are sufficiently fluid and are de- 
posited at a relatively rapid ‘rate on the surface, they 
merge and tend to form a continuous film of uniform 
composition over the surface. This merging of indi- 
vidual droplets is facilitated by forces tending to distort 
them, such as are provided by the rotation of a batch 
type of furnace. Actually, the older and generally larger 
droplets appear to be encased in skins which are rela- 
tively rigid in comparison with their interiors, and these 
skins prevent their coalescence unless the forces oper- 
ating are sufficient to rupture them and to permit 
escape of their relatively fluid interiors. The skins 
represent a higher degree of polymerization in the 
surface brought about either because of more rapid 
loss of hydrogen there or because of the polymerizing 
or catalytic influence of constituents in the gas in 
which the droplets are immersed. 

It would be desirable if the fluid droplets could be 
separated from the more rigid ones and used to build 
up a film, and such a “filtering” action can be achieved 
under certain circumstances. The droplets create an 
opaque fog over most of the coating zone cross section 
in pyrolyzing furnaces when the hydrocarbon concen- 
tration is high. The fog is not present at low concentra- 
tions nor immediately adjacent to the heated furnace 
walls or other objects in the furnace which are hotter 
than the gas.? The well-defined limits of these fog-free 
areas probably are the boundaries between a conduction 
zone contiguous to the surfaces in which diffusion proc- 
cesses are operative and turbulent regions in the body 
of the gas. The fog in the turbulent regions probably 
consists to a greater extent of the larger droplets which, 
because of gradients in temperature and viscosity, 
cannot usually penetrate the conduction zone. When 
these gradients are reversed, however, as by introducing 
a cooler object into the furnace atmosphere, these 
heavier and larger particles deposit on the cooler 
surface. This type of deposition results in a soft, porous, 
and loosely adherent film of carbon. Thus, by keeping 
the surface to be coated at a higher temperature than 
the gas, the larger and more rigid droplets do not as 
readily penetrate the conduction zone, and a relatively 
homeogeneous film is produced primarily from the 
smaller and more fluid particles. 

With rise in temperature both the rate of nucleation 
and the average degree of polymerization of the droplets 
increase, and the increase in roughness shown in Fig. 1 
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is probably due to the increased rigidity of the droplets 
and to their correspondingly increased resistance to 
deformation. Figure 5 shows that, under otherwise 
fixed conditions, the surface becomes smoother the 
greater the smearing forces as determined by the 
rotational speed of the furnace, and that the generally 
spherical shapes of the roughnesses at low rotational 
speeds are translated into generally rectangular rough- 
nesses at higher speeds. This is probably a consequence 
of the fact that the droplets in this instance are rela- 
tively rigid and are deformed into disk shape, a process 
occurring to a lesser extent at low speeds where the 
time interval between successive exposures to the 
turbulent furnace gases is longer and where the in- 
crease in ‘“‘viscosity”’ between exposures is greater. 

The preferred crystallite orientation in the carbon 
films is also explicable if they are built up by the ac- 
cretion of molten droplets of complex hydrocarbons. 
As noted earlier, these droplets appear to be encased in 
“skins” in which the degree of polymerization or the 
extent of dehydrogenation is greater than in the sphere 
interiors and the number of graphitic nuclei or the 
lateral extent of the hexagonal networks of carbon 
atoms is, therefore, probably greatest near the droplet 
surface. These flat platelets tend to “float” in positions 
tangential to the droplet surface much as graphite 
flakes align themselves on the surfaces of liquid drops. 
If the droplets are dehydrogenated to carbon while 
still spherical, a diffraction pattern from them, which 
invariably results from transmission of the beam 
through them, should show a random orientation 
since equal numbers would be oriented in all directions. 
However, if the droplets are deformed while their 
centers are still relatively fluid, preferred orientation 
would result. Such deformation could result from the 
“smearing” action noted earlier or from the tendency 
of the droplets to coalesce and flow over the substrate 
surface. In these cases the crystallites would tend to 
orient themselves parallel to the substrate surface 
just as do the flakes of colloidal graphite in “‘aquadag.” 
The postulated structure of the droplets and the manner 
in which the observed preferential crystal orientation 
is developed is shown schematically in Fig. 10. 

The ability of the crystallites to orient themselves 
in this way will be dependent on the “viscosity” of the 
droplets and on the number of them striking the sur- 
face. The number available per unit time increases 
with hydrocarbon concentration, and the average 
viscosity probably decreases because of a decreased 
“transit time’ between their formation and _ their 
impingement on the surface. Thus, the increase in 
preferred orientation with increase in concentration 
shown in Fig. 9 is to be expected. 

As the pyrolyzing temperature increases, the time 
rate of production of complex hydrocarbon inter- 
mediates increases as does the molecular weight or 
“viscosity” of the more complex members of the series. 
At first, increase in the rate of nucleation or in the 


quantity of the lower molecular-weight material prob- 
ably exceeds in its effect the increase in viscosity of the 
more complex materials and hence, as shown in Fig. 8, 
the extent of preferred orientation initially increases. 
With further increase in temperature, however, de- 
hydrogenation of the already formed droplets is greatly 
accelerated, and their average viscosity or resistance 
to deformation increases correspondingly. As a result, 
the relationship between orientation and pyrolyzing 
temperature assumes the form shown in Fig. 8, the 
orientation passing through a maximum value as the 
temperature increases. 

A preferential crystallite orientation of the type 
proposed here has been reported for crystallites in 
particles of carbon black. Hall has found that the 
parallel layer groups of graphitic planes near the sur- 
face of the roughly spherical particles of some carbon 
blacks are oriented approximately parallel to the 
surface.* Further, Iley and Riley, in a study of the 
deposition of carbon on silica, observed a filamentary 
type of growth in which the hexagon layer planes lie 
more or less parallel to the fiber axis, the maximum 
deviation from parallelism being about 20°.5 These 
filaments grew at the downstream end in a short fur- 
nace tube of relatively small diameter through which 
the hydrocarbon gas was passed at a velocity in excess 
of 650 cm per minute at 1000°C. Under these condi- 
tions it is probable that the droplets are quite fluid 
so that a shearing force between droplets and a point 
of attachment to the tube parallel to the direction of 
flow provides an effective orienting influence similar 
to the mechanical rubbing forces described above. 
Filamentary growths similar to those noted by Iley 
and Riley have been observed during the present study, 
particularly under conditions where the hydrocarbon 
is injected into a heated enclosure through small 
diameter jets, the growth occurring from the edges of 
the jets in the direction of flow. These growths were 
observed to consist of rounded segments, just as do the 
surfaces of pyrolytic carbon films. Indeed, the “ball- 
chain” structures shown extending from the surface 
in Fig. 6 suggest how such filaments may originate. 


DISCUSSION 


That carbon is produced during pyrolysis of simple 
hydrocarbons by a process of polymerization or conden- 
sation seems to be generally accepted, but details of the 
process have remained obscure. As an example, Parker 
and Wolfhard,° in a study of carbon formation in flames, 
state the situation in the following way: 


“Tentatively we suggest that carbon formation in flames occurs 
by one of the following two processes: (1) Higher hydrocarbons 
are formed by pyrolysis. The molecular weight and concentration 
of these increase until the saturation vapor pressure is exceeded, 


‘E. C. Hall, J. Appl. Phys. 19, 271 (1948). 

5 R. Tley and H. L. Riley, J. Chem. Soc. (London) 1948, 1362. 

6 W. G. Parker and H. G. Wolfhard, J. Chem. Soc. (London) 
1950, 2038. 
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whereupon condensation occurs and fine droplets are formed. 
These droplets contain nuclei of graphite, and graphite crystallites 
grow in the manner described by Hofmann and Wilm’ until each 
droplet is converted into carbon and hydrogen is largely eliminated 
Since the droplets are moving in an increasing temperature grad- 
ient, the process of graphitizing must be more rapid than that of 
reevaporation of the droplet. (2) During pyrolysis of the hydro- 
carbon large unstable molecules are formed which tend to decom- 
pose again into their original material. If conditions are favorable, 
however, very large molecules may be formed which graphitize 
on entering a region of sufficiently high temperature. The graphi- 
tization process is again similar to that proposed by Hofmann and 
Wilm and depends on the spontaneous formation of carbon nuclei 
within the molecules. Each nucleus grows into a graphite crystal- 
lite until it meets the next crystallite growing from an adjacent 
nucleus inside the same molecule. The hydrogen atoms are freed 
and escape from the graphite structure.” 


The evidence for the occurrence of droplets of hydro- 
carbon postulated in (1) provided by the present study 
argues for the correctness of this hypothesis. Further, 
however, hypothesis (2) assumes a single giant molecule, 
or a particle in which there is a strongly developed and 
continuous carbon skeleton. In this latter case, because 
of the strong bonding between nuclei, there could be 
little preferential orientation of the crystallites of the 
type observed here, whereas in (1) the individual 
graphite nuclei are not connected by valence forces 
and they therefore are free to orient tangential to the 
droplet surface. From the physical data provided by 
the present study it consequently appears that in 
pyrolysis carbon is formed by the first of the two mech- 
anisms postulated on chemical grounds by Parker and 
Wolfhard. 

The droplet mechanism of carbon deposition also 
provides an explanation for the “reticulate chain struc- 
ture” of carbon blacks reported by Ladd and Wiegand® 
and clearly confirmed by Watson.’ This structure 
is one in which individual spherical particles of carbon 
black are joined to each other by short necks or rods. 
Necks of varied diameters have been observed and to 
explain them it is only necessary to postulate collision 
between droplets of the nature described above. The 
dimensions of the necks will clearly depend on the 
fluidity of the droplets, being large when the fluidity is 
large and small when they are more viscous. This partial 
fusion of droplets can occur on any scale, and the tightly 
bonded group of coated silica spheroids in Fig. 4 bears a 
striking resemblance to some of Watson’s electron 
micrographs of carbon black. 

A valence bonded carbon skeleton such as discussed 
above can, however, be produced under certain condi- 
tions, and pyrolysis of such a system leads to quantita- 
tively different results. It has been observed in the 
present study that oxygen, present in small quantities 
during pyrolysis of a hydrocarbon, acts as a strong 
cross-linking agent for the materials of which the drop- 
lets are composed. In such an event, the droplets are 





7U. Hofmann and D. Wilm, Z. Elektrochem. 42, 504 (1936). 
8 W. A. Ladd and W. B. Wiegand, Rubber Age 57, 299 (1945). 
* J. H. L. Watson, J. Appl. Phys. 20, 747 (1949). 
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made rigid by a three-dimensional system of valence 
bonds, and they cannot be smeared over surfaces to 
yield carbon films exhibiting a preferential crystal 
orientation. Films produced from such oxygenated 
droplets are lower in apparent density, less adherent to 
surfaces on which they are formed, and have higher 
specific resistances and larger temperature coefficients 
of resistance than do films formed by pyrolysis in the 
absence of oxygen. 

An illustration on a macroscopic scale of the in- 
fluence of oxygen during pyrolysis is afforded by the re- 
sults of a study of the carbonization of certain highly 
cross-linked organic polymers. Small spherules produced 
by suspension polymerization of a mixture of ethyl 
vinyl benzene and divinyl benzene were employed in 
this study. The spherules were about 0.5 mm in diam- 
eter, and they were heated in suitable atmospheres in 
a small oven attached to the stage of a binocular micro- 
scope. With no preliminary treatment, these spheres in- 
variably melted at about 350°C to 400°C in atmos- 
pheres of hydrogen or oxygen-free nitrogen or helium. 
The molten material had a relatively high vapor pres- 
sure, and further heating to higher temperatures 
resulted in deposition of a carbon film on the furnace 
walls. It is probable that this pyrolytic carbon film was 
produced by the same mechanism as are those de- 
posited from methane. 

Melting of the polymer could be partly or entirely 
prevented by subjecting the spheroids to a preliminary 
heat treatment in air at temperatures up to 200°C or 
higher. This heating produced a sufficient degree of 
cross-linking in the polymer surface that the spheroids 
could subsequently be carbonized without losing their 
spherical form. Cross-linking apparently occurred as 
a result of oxygen diffusion into the sphere, a process 
which could be observed by noting the radial variation 
of the yellow to deep red color produced by oxidation. 
Heating for a short time in air or oxygen produced a 
thin cross-linked skin which carbonized without melting 
even though the interior of the sphere was clearly 
molten. With slow heating the molten material diffused 
through the skin and evaporated, leaving fragile hollow 
spheres of carbon. The skin thickness could be con- 
trolled by varying the duration and temperature of 
preoxidation, and, if sufficient time was allowed for 
oxygen to diffuse to the center of the sphere, then it 
could be dehydrogenated or carbonized to yield a solid 
sphere of carbon. The yield of carbon, based on the 
original weight of the polymer, increased with the 
extent of oxidation, in accordance with the observations 
of Gibson, Holohan, and Riley on the carbonization 
process.!° 

When lightly oxidized polymer spheres were rapidly 
heated, the internal pressures developed by the 
shrinkage of the skin and the vapor of the molten center 
caused the skin to rupture. Occasionally, after rapid 


om Gibson, Holohan, and Riley, J. Chem. Soc. (London) 1946, 
6. 
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escape of the melt, the two or more spherical segments of 
the shell would be “cemented” together by the fluid to 
give hollow spheres showing circumferential belts. In 
other cases the separated segments would carbonize as 
cup shaped specimens. And at times the molten fluid 
would cement spheres or fragments of them together. 
The appearance after carbonization was often much sim- 
ilar to that for pyrolytic carbon shown in Fig. 4 with its 
vestiges of carbon shells cemented to the wall, or with 
spherules joined by necks of varying sizes. Figure 11 
shows schematically the form of the products of carbon- 
ization of polymer spheres under various conditions. 

It should be noted that this “polymer carbon” differs 
from pyrolytic carbon in having, in general, a more 
disorganized structure.’ The average crystal size is 
also smaller, it is more microporous, its surface is 
smoother, there is no evidence of preferred crystal 
orientation, and it exhibits a remarkable thermal 
stability even at temperatures of 2500°C. 

The hollow spheroids formed by carbonization of par- 
tially oxygenated polymer spheroids are geometrically 
indistinguishable from the hollow particles of carbon 
black observed by Watson.’ Despite the differences in 
size between these polymer carbon spheres and those 
of carbon black, it appears highly probable that they 
are produced by the same fundamental mechanism. 
Thus, oxygen present at the proper stage in life of a 
hydrocarbon droplet from which carbon black or 
pyrolytic carbon is produced would be expected to 
form a cross-linked skin just as in the case of solid 
polymer spheres. 

Recent work by Franklin has suggested that black 
carbons can be divided into graphitizing and non- 
graphitizing varieties.” The graphitizing varieties are 
those in which the graphitic crystallites are not cross- 
linked, while the nongraphitizing types consist of 
crystallites connected by valence bonds to each other. 
These two types correspond, in the extremes, to the 
pyrolytic carbon and the polymer carbon described 
above. But rather than being two distinct varieties, 
these and Franklin’s carbons probably result from the 
same process and simply represent members near the 
opposite ends of a continuous series of carbons. Franklin, 
in confirmation of this, has found carbons intermediate 
between the two varieties and discusses multiphase 
systems to account for them.” It seems quite probable 
that these various phases differ in the same way that 
the droplet or spheroid skins differ from droplet centers 
in the present discussion. There can be no sharp phase 
boundary between them, and all degrees of cross-linking 
probably are coexistent. 

It will be appreciated that no pyrolyzing atmosphere 
can be entirely oxygen-free and, therefore, that the 
differences in mechanism between the formation of 

4 W. O. Baker and F. H. Winslow, Proc. 12th International 
Congress of Pure and Applied Chem., 1951. 


” Rosalind E. Franklin, Prec. Roy. Soc. (London) A209, 196 
1951). 
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pyrolytic carbon as detailed above and the carboniza- 
tion of a solid hydrocarbon are quantitative rather than 
qualitative. All of the processes by which a solid hydro- 
carbon has been given its properties can occur very 
rapidly during pyrolysis of a gaseous hydrocarbon such 
as methane, especially if traces of oxygen are present. 
And indeed it may be that traces of oxygen, minute 
though they may be, are essential to the production 
of carbon by purely thermal means.” It now seems clear 
that the mechanisms underlying the formation of 
pyrolytic carbon films, of the many types of carbon 
black, and of soot in flames of all types are funda- 
mentally alike in that all these forms of black carbon 
have as common precursors molten droplets of complex 
hydrocarbons. Traces of oxygen may conceivably be 
necessary in the formation of the nuclei, and the amount 
of oxygen present during pyrolysis is clearly important 


Qoo8e 
OO9® 


Fic. 11. Artifacts produced by carbonization of polymer spheres 
—(a) the original polymer sphere, (b) thin-shelled hollow carbon 
sphere obtained by slow carbonization of (a) after light oxidation, 
(c) thick-shelled hollow carbon sphere obtained by slow carboniza- 
tion of (a) after more prolonged oxidation, (d) fragments of 
hollow spheres obtained as in (c) except with rapid carbonization, 
(e) fragments of hollow spheres as in (d) which have joined to- 
gether to give a belted hollow sphere, (f) a solid sphere of carbon 
obtained by carbonization after prolonged oxidation, (g) two 
carbon spheres joined by a neck, (h) sphere from which thick 
shell has partially peeled, (i) sphere with irregular inner wall. 


in determining the extent of cross-linking and hence 
the geometrica] form of the resultant carbon particles 
and the extent of a preferred crystallite orientation. 
Gas-phase pyrolysis and the carbonization of solid 
organic substances, however, are not two uniquely 
different ways of obtaining black carbon. They simply 
represent two extremes in an infinite series of proc- 
esses which are all fundamentally alike. 

It is a pleasure to acknowledge the assistance of 
many members of the Bell Telephone Laboratories in 
this work. A. H. White, K. H. Storks, R. D. Heiden- 
reich, and C. J. Calbick together with Miss S. E. 
Koonce were responsible for the many electron-micro- 
scopic and electron-diffraction studies. Preparation of 
the samples and determination of their physical proper- 
ties were carried out by A. C. Pfister, J. M. Hinkel, 
and H. E. Earl. Finally, the solid polymers employed 
in the studies of carbonization were prepared by W. O. 
Baker and F. H. Winslow. 
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Cross-Sectional Area 
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The presence of stiffness in a stretched string vibrating between fixed supports raises all the natural 
frequencies over those for a perfectly flexible string. The presence of nonuniformity in cross-sectional area 
along the string changes some or all of the frequencies from those for a perfectly uniform string, the amount 
and direction of change depending on the form of the nonuniformity. These changes in frequency may intro- 
duce error into the calculation of the average cross-sectional area of a fiber by means of the vibroscopic 
technique, wherein the mechanical resonance of a stretched fiber is observed under oscillating mechanical or 
electrostatic forces. In this paper the natural frequencies are calculated with both the stiffness and the non- 
uniformity taken into account to first-order terms. The relation between the average cross-sectional area and 
the natural frequencies is analyzed. Consideration is given to the manner in which the changes in frequency 
and shifts of the nodes, due to nonuniformity, determine the detailed form of the area variation. The 
characterization of nonuniformities in terms of certain arbitrary parameters is shown to lead to the possibility 
of calculating the average area by measuring the natural frequencies in only the first and second modes 
and of calculating the maximum or minimum area by measuring also the nodal shift in the second mode. 





I. INTRODUCTION 


HE vibroscopic method of determining the cross- 
sectional area of filaments has been described by 
several authors.'~* In this method the linear density of 
the filament is obtained from the values of the natural 
frequencies of transverse vibration of the filament under 
tension. In the papers cited some attention was given 
to the effect of stiffness in raising the natural frequencies 
of vibration, but no correction was attempted for the 
effect of possible nonuniformity in cross section along 
the filament. The present paper takes into account the 
existence of both stiffness and nonuniformity, under the 
restriction that they are small enough that a first-order 
perturbation treatment can be applied to the differen- 
tial equation describing the motion of the filament. 
Preceding the treatment of this equation, a short 
discussion on the kind of information the vibroscope 
might yield about the cross-sectional area is given in 
Sec. II. It is pointed out that one does not ordinarily 
wish complete information as to the detailed form of the 
area as a function of position along the filament, but 
rather that one is interested in some kind of averaged 
area, or other derived quantity, which reduces the total 
amount of information to manageable form. The treat- 
ment of the differential equation is then given in Sec. 
III. The relation between the mean cross-sectional area 
and the natural frequencies of vibration is obtained in 
Sec. IV. The manner in which the values of the 
natural frequencies and the nodal shifts permit deter- 
mination of the detailed form of the variation in area 


* Present address: Michigan State College, East Lansing, 
Michigan. 

!'V. E. Gonsalves, Textile Research J. 17, 369 (1947). 

2S. L. Dart and L. E. Peterson, Textile Research J. 19, 89 
(1949) ; 22, 819 (1952). 

*D.O. Sproule, J. Textile Inst. 43, T455 (1952). 

*D. J. Montgomery and W. T. Milloway, Textile Research J. 
22, 729 (1952). 

5 J. Lindberg, Textile Research J. 23, 67 (1953). 


is considered in Sec. V. The characterization of non- 
uniformities in terms of certain arbitrary parameters is 
treated in Sec. VI. 


II. SOME ASPECTS OF THE PROBLEM OF 
MEASUREMENT 


Although there are times when it is desirable to know 
in detail the area S of a fiber of length / as a function of 
position x along the fiber, we are usually concerned with 
the determination of a few derived quantities that per- 
mit the wealth of detailed information to be viewed in a 
readily comprehensible form. Thus in the present in- 
stance we are as a rule not so much interested in the 
detailed form of S(), the area as a function of the 
reduced length 

t=x/l, 


(O<é<1) (1) 


as in some averaged area, say the mean area S, de- 
fined as 


s= f S(é)d€. (2) 


Some other quantities which are of interest in certain 
problems are the variance of the area from the mean, 
and the maximum or minimum values of the area along 
the fiber. 

From this point of view, the first task in the general 
problem of physical measurement is the definition of 
useful functionals ¢; (such as 8) of physically interesting 
functions F(£) of some variable &— [such as S(&) ]. To 
facilitate the mathematical analysis, the present work 
is restricted to functionals of the form 


2 
oCF()]= f F(B)gi(é)dé, (3) 
€1 


where g;(£) is a weighting function of some kind (equal 
to unity, in the definition of §). 
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VIBROSCOPIC DETERMINATION OF FILAMENT AREA 


In many instances, a measuring process does not give 
directly the quantity of interest, but rather a quantity 
indirectly related to it. For example, we may seek to 
determine the cross-sectional area of a fiber by weighing 
a known length on a microbalance. The mass m of the 
sample will be connected with the area S through the 
relation 


wi f o(é)S(é)idé, (4) 


where p(é) is the density of the fiber, assumed to be 
determinable by some independent means such as 
suspending fiber segments in a density gradient column. 
It is clear that detailed information about the form of 
the integrand in Eq. (4) cannot be obtained from the 
weighing alone. Moreover, unless the value of p(é) is 
known, nothing can be said about the average area S. 
However, if p can be taken as constant, the value of S 
can be got immediately ; but there is still no knowledge 
of S(£) other than its average, and no knowledge what- 
soever of the variance of the area. Thus it is possible 
for the result of a given experiment to define completely 
the value of some functionals but to afford no knowledge 
of others. 

The second task in the general problem of physical 
measurement, then, is the development of experimental 
techniques yielding weighting functions /;(£) [equal to 
p()l in the case of Eq. (4) ] which will generate useful 
functionals y; [such as m of Eq. (4) ] of physically 
interesting functions F(¢) [such as S(€)]. The func- 
tionals y; will be restricted to the form 


vv 


2 
vLF(@)]= f F(8)h,(8)d. (5) 
1 


It is now apparent that the third task of the general 
problem is relating the sought ¢; to the observed yj. 
There is no universal prescription for finding the rela- 
tion between these functionals; indeed, there is no 
assurance that there is any connection except in de- 
liberately selected instances. But often the connection 
is obvious, as in relating S of Eq. (2) with m of Eq. (4) 
when p is constant. Then 


l 
compl f S(®)de=pl8. 


In other cases, some relation does exist, but it is not 
direct and simple. Section IV of this paper will be con- 
cerned with such a problem. 

It is necessary first to determine the weighting func- 
tions h; appropriate to the vibroscopic method. Hence, 
the next portion of the paper, Sec. III, takes up the 
problem of the vibrating nonuniform stretched string 
with stiffness. 
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Ill. THEORY OF TRANSVERSE VIBRATION OF 
NONUNIFORM STRETCHED STRING 
WITH STIFFNESS 


The equation of motion for the transverse vibrations 
of a stiff string under longitudinal tension can be shown® 
to be 


(*=)-; “{ stT) Japs, 
Q. * ox? at (6) 


where x= distance along string, ‘= time, y(x, ¢) = trans- 
verse displacement of string, 7=longitudinal tension, 
S=cross-sectional area, Q=elastic modulus, «= radius 
of gyration about neutral axis, p=volume density. 
Except for neglect of rotational inertia terms, this 
equation is correct for small displacements. 

If T, S, Q, x, and p are assumed to be independent 
of time, Eq. (6) may be handled by separation of 
variables. Thus, if we write 


y= n(x, =X, (x)T (2), (7) 


the partial differential Eq. (6) breaks down into two 
ordinary differential equations in x and in /. 
The equation involving ¢ has the solution 


T,, (t)~sin (@rl+7n), (8) 


where —w,” is the constant appearing in the separation 
of variables, and y,, is a constant of integration. 
The equation involving x is 





1 df dX, 
**(¢r ) 
pS dx dx 


> 
« 


1 PX, 
— (OS+ Ti | =—w,"X,. -(9) 
dx* dx? 





This equation determines the allowed values of w,”, and 
hence the natural frequencies of vibration, when the 
boundary conditions are imposed. For a string of length 
1 clamped at both ends, it is required that 


y(0)=y() =0, (10) 
y O)=y¥ =0. 

Equation (9) has simple exact solutions only in very 
restricted cases, and in general we shall have to resort 
to perturbation techniques. Accordingly, only those 
cases where the nonuniformities along the string are 
slight will be treated. To this end certain unperturbed 
solutions will now be developed. 


6A. Seebeck, Abhandl. math.-phys. KI. sichs. Akad. Wiss., 
Leipzig, 1852; or see Lord Rayleigh, The Theory of Sound (Mac- 
millan and Company, Ltd., london, 1898), 2nd ed., Vol. 1, p. 301; 
reprinted by Macmillan, 1926, 1929; (Dover Publications, New 
York, 1945); or P. M. Morse, Vibration and Sound (McGraw- 
Hill Book Company, Inc., New York, 1948), 2nd ed., p. 170. 
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Uniform Stretched String with Stiffness 


If T, QS, x, and pS are independent of x as well as /, 
Eq. (9) for the eigenfunctions X,,°(x) may be written 


AX PX wae?X,° 
oo - =0, (11) 
dx* b*dx* bx? 





where 


B= (QS+T)/pS, (12) 
and 
a’=T/pS. (13) 
The exact solution of Eq. (11) which satisfies the bound- 
ary conditions (Eq. 10) is 
X ,°~(a, sin8,/—8, sinha,/) (cos8,x*—cosha,*x) 
— (cos8,/—cosha,/) (a, sin8,x—B8, sinha,x), (14) 
wherein 
On? = (a?/ 20x?) (1+ 4erno?b?x?/a*)'+ 1], (15) 
and 
B,2= (a?/2b?x*)[ (1+ 4erno2b?x?/a*)!— 1]. (16) 


The equation determining the allowed frequencies 
turns out to be 
sinha,/ sin8,/ 2anBn 


1—cosha,/ cosB,/ a,’—8,? 





=0. (17) 


Uniform Stretched String with Small Stiffness 


For a uniform stretched string with small stiffness 
(a1), where 


&f=40Sx°/TP, (18) 


the approximate solution of Eq. (14) leads to the follow- 
ing expression* for the eigenfrequencies f,0=wn0/27: 


fno=nfo(1+a), (19) 
fo= (1/21) (T/pSo)!. 


Moreover, it may be shown that the solution (14) 
reduces to 


where 


X ,°~sin (nrx/l)+O(na), (20) 


where O(na) is a term of first order or higher in na. 
This result will be of importance in simplifying the 
calculations for perturbing terms when nonuniformity 
along the string exists. 


Slightly Nonuniform Stretched String. 
with Small Stiffness 


When variations in T, S, Q, x, or p along the string 
exist, the general equation (9) becomes complicated, 
and it usually cannot be solved in closed form. In many 
practical cases, the deviation from uniformity is slight, 
and it is possible to calculate approximately the natural 
frequencies and the corresponding characteristic solu- 
tions.. Here we restrict ourselves to the case where only 

* Equation (19) is correct to first-order terms in a; to get the 


second- and third-order terms, add (1-+-n*x?/8)a? and (1-+-n?1?/6)o3 
within the parentheses in Eq. (19). 
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the cross-sectional area S varies with x. We write 


S=SoL1+n(é)], (21) 


where §=<x/I, as defined earlier for Eq. (1). 

The usual perturbation treatment’ is applied to Eq. 
(9), with the unperturbed solutions taken as the X,° in 
Eq. (14); but if we impose the additional restriction 
that the stiffness be small, and if we confine ourselves 
to first-order corrections, the much simpler solutions as 
given by Eq. (20) may be used. The computation then 
gives the following approximation for the frequency 
shift Af, between the actual frequencies f, and the 
unperturbed frequencies f,o of Eq. (19): 


p/h Fadi fore J n(&) sin’nwédg. (22) 


This approximation is correct to terms in 7 and a, 
but neglects terms in 7, a’, and na. 

Another computation furnishes an approximation for 
the displacement 6,, of the pth node at §=£,, in the 
gth mode of vibration (0< <q) from its position £,,° 
in a uniform string, 


Spq=Epq— Ene? 


= (—1)?(2/m) D,' {Lg sin(jxp/g) /(—-7)} 


x f n(é) sinjwé singrédé, (23) 


where the prime on the summation sign means that the 
term for j=q is to be omitted. 

Equations (22) and (23) are all the results we shall 
need from the theory of the vibrating string in order to 
have a basis for setting up the weighting functions 
h; of Eq. (5). 


IV. RELATION BETWEEN MEAN AREA AND 
NATURAL FREQUENCIES 

The functional ¢; of interest is the mean cross- 
sectional area S; the functionals ¥; available will be 
taken as the apparent areas S,, quantities to be defined 
below in terms of the natural frequencies of the vibrat- 
ing fiber. First we put Eq. (22) into the following form, 
correct to first-order terms in (£): 


/fa= (/ fu 1+ 2 f n(é) sntwrdé | 
0 
With the aid of Eqs. (19) and (21) we get 
(1-+<)*/(fa/n)?= (4Po/7)| 2 f s(®) sntwrd 
0 


= (4Pp/T)Sn, (24) 


7 See reference 6, Rayleigh, p. 115. 
t In the absence of stiffness £,.°=/g; when stiffness exists, 
certain nodes are shifted from these values. 
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where ' 
S,=T (1+a)?/4Pp(f,/n)?. (25) 


By Eq. (25) we have defined our functionals S, in 
terms of measured quantities,t and by Eq. (24) we 
have related them to the function S(£). Now we must 
find what relation exists between S and the S,. 

Without loss of generality S(¢) may be written as a 
Fourier series in coskré, 


S()=SAL1+n(OI=SLI+E a;cosjrt], (26) 


where in the usual way 
aj=2 f n(8) cosjrédé. (27) 
It is seen immediately that 
S= f "S(Odé=Sa (28) 
0 


By application of elementary trigonometric identities, 
the second equation of (24) gives 


S 54 1- f n(&) cosdnrtde | (29) 
0 


The insertion of relation (27) into Eq. (29) leads to the 
important result 


Sn=So(1— aden), (30) 
or to first-order terms, 
S=So=S,(1+}a2,). (31) 


That is, the mean area S is equal to the apparent area S,, 
increased by a relative amount equal to one-half the 2nth 
component of the Fourier cosine expansion of the deviation 
of the area S(£) from the mean area 8. 

To show a little more clearly how the form of n(£) 
affects the correction term }42,, consider the special 
cases of m equal to 1 and to 2. The correction term may 
be written as 


—_ f n(&)un(8)dé, 
0 


where 


u,(€)=cos2nrt, (O<E<1). 


When the area variation () is multiplied by the 
appropriate weighting function, the desired functional 
appears as the area under the resulting curve. It is clear 
that an inhomogeneity at =} or } has no effect on the 
correction term for the first mode, but that it has a 
strong effect on the correction term for the second 
mode. In similar fashion the relative effect of an in- 
homogeneity at any other point can be assessed. 

t Actually the exact value of a is not known since it involves 
the area and the shape of the fiber cross section. But it may be 
estimated satisfactorily by taking the area S, to be the area So 


of Eq. (18), provided of course that the shape of the fiber cross 
section is known. 
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Equation (31) is the basic equation for determining 
the correct value for the mean area from the knowledge 
of the natural frequencies of vibration. It is seen im- 
mediately that unless information besides the natural 
frequencies is available, S cannot be determined except 
to the zero-order terms S,. It is known, of course, that 
the a; go to zero as j increases beyond some fixed value 
j'. Tf 7’ is small enough, and the decrease of a; is fast 
enough for j7>j’, then the a2, may become negligible 
for some nth mode, and S may be taken equal to S,. 
The reason that this method cannot be followed uni- 
versally is that a value of m large enough to render de, 
negligible may vitiate Eq. (31), in view of the neglect 
of second-order and higher terms in Eqs. (19) and (22). 
However, in many cases it is possible to work with a 
mode of high enough order that S, is substantially 
equal to S. Only experience with different types of 
nonuniformity will show the applicability of this 
procedure. 

To gain an idea of the effects of specific types of 
nonuniformity, we consider the deviation 7(£) to be 
proportional to an integral power of £, to simulate taper 
along the fiber, and to be proportional to a sinusoid in £, 


TABLE I. Values of $a2:4/c, when n(£) =c,€". 











\r 
2k. 1 2 3 4 5 
2 0 +0.05066 +0.07599 +0.08592 +0.08815 
4 0 +0.01267 +0.01900 +0.02437 +0.02926 
6 O +0.00563 +0.00844 +0.01107 +0.01360 
8 O +0.00317 +0.00475 +0.00627 +0.00777 
10 O +0.00203 +0.00304 +0.00403 +0.00500 








to simulate waviness along the fiber. First we note that 
if n() is constant, then all the a; are zero, and thus a 
constant may be added to any n(£) without changing the aj. 
Accordingly, it is not necessary in the immediate 
discussion to subtract from the assumed form of n(é) 
its average value over the interval 0< £<1 in order to 
satisfy Eq. (26), since the subtraction does not alter 
the values of the aj. 


Effect of Taper 


Suppose that the fiber has a taper which can be 
described by 
n(&) =c,&"; 


r=1,2,3--- (32a) 


then 


Saree f er cosjrtdt=c.C(r, j), _(32b) 
0 


where C(r, 7) may be computed by repeated integration 

by parts, or may be taken from tables.* Values of 

hao,/c, for 1<r, R<5, are given in Table I. 
Examination of Table I shows that the presence of a 
8 A. N. Lowan and J. Laderman, J. Math. and Phys. 22, No. 3, 


1943; reprinted by National Bureau of Standards, Math. Table 
MT 23, Government Printing Office, Washington, November, 1949. 
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taper in a fiber does not generate very large coefficients 
da in the expansion (26). If the nonuniformity is pro- 
portional to the first power of &, all the a2, are zero. If 
it is proportional to some higher power, say up to the 
fifth, the a2/c, do not exceed 0.10, and the a,4/c, do not 
exceed 0.03. If the |c,| are limited to, say, 0.20, then 
in relation (31) S will not differ from S, by more than 
2 percent, nor from S2 by much more than 3 percent. 
In reality, these limits are quite conservative, and under 
most circumstances the mean area S is very nearly 
equal to the apparent area S,, when a taper is the only 
nonuniformity. 
Effect of Waviness 


Suppose that the fiber has a waviness which can be 


described by 
n(t)=Bcos(Brt+y); (8>0,—-2r<y<x) (33a) 
then ' 
tan.= Bf cos (Bré+-y) cos2krédt 
0 
=[B/x (6+ 2k) (B—2k) ] (3b) 
[sin(@xr+-)—siny ] (8 2k) 
= 4B cosy (8= 2k). 
Upon introduction of the quantity ¢ defined by 


2e=Br—2kr, 
Eq. (33b) becomes 


hao./$B=4h[e + (e+ 2k) |[sin(y+26) —siny ]. 


The maximum value of this expression, for fixed 6 and k, 
occurs at tany= —[(1—cos2e)/(1+cos2e) }!, where it 
has the value 


[e+ (e+ 2kr)] sine. 


The maximum of this last expression, for fixed k, occurs 
roughly at e=3/2km, where it has a value decreasing 
from a maximum of about 1.03 at k=1 to unity at 
k=. The expression varies slowly with respect to e 
in the range —7<2e<z. Hence, when |e] is less than 
about 7/2, that is, when 6 differs from 2k by unity or 
less, it is possible for |4a2,| to get as large as (1.03), 
where B is the maximum of the deviation from the 
mean area. If | B| reaches 0.20, the difference between 
S, and § can exceed 10 percent. In other words, the 
difference between S,, and § may become substantial when 
waviness occurs along the fiber with a wavelength close to 
twice that of the mode under observation. No general pro- 
cedure exists for finding the correction to S,, but special 
techniques may be developed in some cases, as ex- 
emplified in Sec. VI of this paper. 

At points away from the “resonance” at B~2k the 
coefficients a2, are small; even there the phase angle + 
may be such as to make them vanish [see Eq. (33b) ]. 
For the purposes of discussion, suppose that @ is re- 
stricted to integral values r, and that y is taken as 
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zero. Then 


n(€)=A,cosrré, (r=1, 2,3---) (34a) 


and 


1 
1g.=A f cosrré cosjrédt=3$A, (r=j) 
sie 5 . (34b) 


=0 (rj). 


Thus S, will be just equal to S unless r=2k; then 
$a2x.=0.50A,, and the difference between S, and S§ can 
be as large as 10 percent if | A,| reaches 0.20. 

Suppose now that @ is again restricted to integral 
values r, but that y is takeh as —2/2. Then 


n(é)=B,sinrré, (r=1, 2,3---) (35a) 


and . 
ta;= Bf sinrrt cosjridé 
0 
(35b) 


= 


’ (r+ 7 even) 
2rB,/x(r’—7?) (r+ j odd). 


Values of }a2./B, for 1<k, r<5, are given in Table II. 

Examination of Table II shows that in the presence 
of only the even harmonics, S, is equal to S; in the 
presence of odd harmonics, the coefficients are small 
provided |r—2k|>1. If |B,| <0.20, and |r—2k| >2, 
S, will not differ from S by much more than 3 percent, 
for r<6. However, if |r—2k|=1, the difference can 
become as large as 6 to 8 percent. 

Hence, it may be stated that the mean area S is very 
nearly equal to the apparent area S,, when the nonuni- 
formity is a waviness with wavelength considerably differ- 
ent from twice that of the mode under observation. 


V. DETERMINATION OF FORM OF S(&) FROM 
ANHARMONICITIES AND NODAL SHIFTS 
Anharmonicity 


Equation (31) contains the coefficients a2, of the even 
terms in the Fourier expansion of the area S(£), but it 
contains also the unknown quantity 5. To get a quan- 
tity independent of 5S, define the anharmonicity é€nm 
between the frequency of the mth mode and that of the 
mth mode (n>m) as 


€nm= (mfn—nfm)/Nfm- (36) 
By Eq. (22) it is found that to first-order terms 


Ean = f n(&) (sin?mrt—sin*nré)dé, (37) 
0 


whence by relation (27) 
Enm— }(don— dom). (38) 


Nodal Shifts 


The basic equation (23) for the nodal shifts 5p, be- 
comes the following when it is transformed to contain 
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the Fourier coefficients a; defined in Eq. (27): 


bpq= (—1)?(q/2r) } 
X {Lsin(jrp/q) / (P-—@)} (Gi+e—45-a), (39) 


where @;_,=4@,_; in cases where g>j. Some manipula- 
tion of Eq. (39) leads to an expression of more con- 
venient form, 


bpa= (2q°/m) Leja sin(jrp/q) \/(G—2q)j(J+2q). (40) 


Equations (38) and (40) furnish the basis for the 
determination of all the coefficients a;, which together 
with So determined from Eqs. (31) and (25) specify 
S(&) in Eq. (26) completely. 

To show a little more clearly how the form of 7(£) 
affects the anharmonicity and nodal shifts, consider the 
special case of €2; and 52. The anharmonicity may be 
written as 


_ f n(&)va1(8)d8, 


where by a slight transformation of Eq. (37) it is 
seen that 
Voi(£)= —sinwé-sin3r—é (O<E<1). 


TABLE II. Values of $a2:/B, when n(£)=B, sinrzé. 








2k\. i 





2 3 4 5 
2 —0.21221 0 +0.38197 0 +0.15158 
4 — 0.04244 0 — 0.27284 0 +0.35368 
6 —0.01819 0 —0.07074 0 — 0.28937 
8 —0.01011 0 —0.03472 0 — 0.08162 
0 —0.02099 0 — 0.04244 








The nodal shift may be written as 


b12= f n(&)wie(E)dé, 
0 


where by some manipulation of Eq. (39) it is found that 
—43(1—cos4rt)= —} sin’?2r— (O<E<}) 


W12(E)= | 
(<< 1). 


1(1—cos4ré) =} sin?2ré 


When the area variation () is multiplied by the 
appropriate weighting function, the desired functional 
appears as the area under the resulting curve. It is clear 
that an inhomogeneity at =} has no effect on the 
nodal shift, but that it has a strong effect on the an- 
harmonicity. In similar fashion the relative effect on 
an inhomogeneity at any other point can be assessed. 
Analogous expressions can be derived for other modes 
with higher values of m, n, p, and g in Eqs. (37) 
and (40). In practice only a few modes can be-observed, 
and thus only a few €nm and 5,4 are available. Then 
some additional information on the form of S(é) is 
necessary before very much can be learned from the 
values Of €nm and Spg. 
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As a specific example, suppose that only the first, 
second, and third modes are observed; then the inde- 
pendent anharmonicities and the nodal shifts§ available 
are €21, €32, 812, 613, and 603. Equations (38) and (40) 
specialize to the following: 


€21= ¢(a4—42), (41) 

€é32> t (dg— 44), (42) 
8 

bi2=— D> dori (—1)!/ (2/—3) (2/+-1) (2/+5) 


T i=0 


8 5 1 
—- -(a.- 3;—-ds 
7 3 


II 


157 7 
5 1 
+—a7— ———-dg+ re ), (43) 
7-11 3-13 
18 
b3=— >’ a,{ sin(kr/3) |/(k— 6)k(k+6) 

T k=!1 

9v3 5-7 7 
= =(a+— ‘d2——a4 

35a 4-16 16 


7 5 


cenit oa 5 ), (44) 
11 13 


18 
do3=— >’ a,[ sin(2km/3) ]/ (R—6)k(R+6) 





WT k=! 
Ov3 5-77 
7 -—(a- do+—d4 
35r\ 416 16 
/ Pe) 
——a,— —art-), (45) 
11 13 


Under the assumption that a;, ag, and so on, are 
negligible, then the following relations hold: 








35m 7 
a,= — ——(623+4613)+—4s, 
18v3 11 
128 32-359 
ado= €21+ (523—613), 
3 7 
217 49r i4 


d3= ——612— —— (623+ 613) +—ds, 
8 18v3 33 


140 32-35” 
04= — én, +} ——_ (623— 543), 
3 27v3 


~ 


a5 >= 45, 


140 32-35% . 
ag= 4€32-+ —€21 + ——— (523— 413). 
3 27v3 


§ It must be remembered that the pth node in the gth mode for 
a uniform fiber necessarily lies at ,.°=)/g only in the absence 
of stiffness. Hence, further analysis is necessary before the 5:3 and 
523 can be obtained simply in a stiff fiber. However, 412 is directly 
given by £:2.—4 whether or not stiffness exists. 








1098 m. 8 


TABLE III. Values of $a2441/c, when n(&) =c,t’. 











\r 

2k +1, 1 2 3 4 5 
1 —0.20264 —0.20264 -—0.18077 —0.15890 —0.14029 
3 —0.02252 —0.02252 —0.03225 —0.04199 —0.04903 
5 —0.00811 —0.00811 —0.01196 —0.01582 —0.01929 
7 —0.00414 —0.00414 —0.00615 —0.00817 —0.01008 
9 —0.00250 —0.00250 —0.00373  —0.00497 —0.00616 


Hence, the a2, a4, and as are known unequivocally, and 
any two of a, a3, and as are known in terms of a-value 
assumed for the third. In certain circumstances, a; may 
be taken as negligible in comparison with the leading 
a,; then the a, @2, a3, a4, and ds are determined. Again, 
the validity of such an assumption can be tested only 
by experiment. Examination of Tables III and IV for 
the odd coefficients a2.4; in the Fourier expansions of 
c,€’ and B,sinrrt, together with re-examination of 
Tables I and II for the even coefficients, shows how the 
a; vary with j for these particular functions. The a;’s 
are indeed small. 

The method of attack on the problem of finding the 
form of S() in terms of anharmonicities and nodal 
shifts is clear. It is doubtful that examination of further 
special cases is worth while here. 


TABLE IV. Values of 4a2:,:/B, when n(¢) =B, sinrzé. 











2k +i 1 2 3 4 5 
1 0 +0.42441 0 +0.16977 0 
3 0 —0.25465 0 +0.36378 0 
5 0 — 0.06063 0 — 0.28294 0 
7 0 —0.02829 0 —0.07717 0 
9 0 —0.01654 0 —0.03918 0 








VI. SIMPLIFIED CHARACTERIZATION OF 
NONUNIFORMITIES 

Sometimes it is desired to characterize the nonuni- 
formity in a fiber by specifying the values of only a few 
parameters. The characterization proceeds by arbi- 
trarily assuming that the variation of the area along 
the length of the fiber can be described by a function 
containing these parameters. The values of the param- 
eters are derived from observation of the natural 
frequencies and nodal shifts of the fiber in vibration in 
the requisite number of modes. 


TABLE V. Position of Extrema of S(£) in Eq. (46). 








A= x™ cos! ( —64512/154%e21) =0.318 cos! ( —0.432612/€21) 
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Suppose that the nonuniformity is considered to be 
the superposition of a linear taper and a sinusoidal bulge 
or thinning, || 


S(€) = Sol 1+¢:(E—}3)+ Bi(sinr=—2/x) J. (46) 


If the first and second modes of vibration are observed, 
the two natural frequencies /; and /: and the one nodal 
shift 5:2 will permit the determination of c; and B, (as 
well as S=S»), according to the relations developed in 
the earlier sections of this paper. 

Instead of working directly with observed frequencies 
fi and fs, it is convenient to use the derived quantities 
anharmonicity €2,, defined in Eq. (36), and apparent 
areas S, and S», defined in Eq. (25). To evaluate the 
parameters in Eq. (46), we note that the linear term 
generates only odd coefficients @2.4; in the Fourier 
expansion (26), and that the sinusoidal term generates 
only even coefficients a2; therein. The constants within 
the parentheses in Eq. (46), of course, do not affect 
any of the coefficients a;; they have been inserted merely 
to ensure that Eq. (46) be of the form of Eq. (26). 

The parameter c, is found in terms of 412 by inserting 
the special values for a4; as given in Eq. (32b) for 
r=1 into Eq. (43). The result is 


C= 166 jo. (47) 


The parameter B, is found in terms of €2; by inserting 
into Eq. (41) the special values for a2, as given in 
Eq. (35b) for r=1. The result is 


By= 11.78¢€2). (48) 


The parameter So=S is found by expressing the 
quantity $a2, in Eq. (44) in terms of €2; with the aid of 
Eqs. (41) and (35). The results are 


S=So=S,(1—$e21) (49-1) 
= S2(1— ee). (49-2) 


The results expressed in Eqs. (49-1) and (49-2) are 
useful when Eq. (46) is an adequate representation of 
the area variation along the fiber, for with their aid the 
mean area S can be determined to first-order correction 
terms merely by observing the two lowest natural fre- 
quencies [provided, of course, that information is avail- 
able to determine the stiffness correction, in accordance 
with the footnote following Eq. (25) ]. Moreover, it can 
be seen that if no correction is made to the apparent 
area, the frequency for the second mode gives a con- 
siderably better approximation to the mean area S 
However, there is no @ priori guarantee that Eq. (46) 
will describe the nonuniformity satisfactorily, and the 
consequences of this equation must be used judiciously. 
Only experience with given fiber types can determine 
the conditions of applicability. 

Other results that may be deduced from Eq. (46) are 


the positions and values of the extrema of S(¢). These 


|| In the absence of nonuniformity the node is at =} even fora 
stiff fiber. Hence, the nodal shift is easily determined. 
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lie either at an end point of the interval O0<£<1, or 
where S’(¢)=0. Examination of Eq. (46), with c, and 
B, replaced by 412 and €q: with the aid of Eqs. (47) 
and (48), yields the data presented in Table V for the 
position £4 of the maximum, and the position &, of 
the minimum, of the value of the area. The correspond- 
ing values of S are found immediately from Eq. (46). 
The application of this procedure is fraught with danger, 
since 5,2 and €2; are not sensitive to sharp irregularities 
in the fiber, while the extrema are. Hence the conclu- 
sions of this paragraph must be applied with con- 
siderable caution. 

To see the effect of forms assumed for S(£) other than 
that of Eq. (46), suppose that the linear term is left 
unchanged, but that the bulge is taken as — A2 cos2ré 
instead of B, sinzé. It is found that Eq. (48) is replaced 
by —Ae=4ee, and that the coefficients —$ and —} of 
€, in Eqs. (49-1) and (49-2) become —2 and 0, re- 
spectively. Thus the corrections are of about the same 
size for either type of bulge. In the more general case 
where the bulge is generalized to a waviness 


B,sinrré, r=1,2,3,--- 
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Eq. (48) becomes 
B,= (3 /12r) (r’— 16) (r’—4) en, (50) 
and 
S=So=Si[1—(r’—16)e2/6] 
= ${1— (r°—4) 21/6]. (S1) 


To extend the above treatment to data obtained 
from modes higher than the first and second is straight- 
forward; to generalize the taper term to powers of 
¢ higher than the first is complicated. It is believed 
that further development along these lines is not 
warranted here. 
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It is shown that in many cases the measurement of the relative humidity at which a hygroscopic particle 
becomes liquid can.be used to establish the chemical composition of the particle. An apparatus is described 
which produces a stream of air of constant temperature and variable humidity. Using this apparatus the 
phase-transition point was determined for particles collected on spider webs. These particles were sampled in 
the Sydney area on the ground and from an aircraft, and it is shown that the measured values of relative 
humidity for the solid-liquid phase transition agreed with the hypothesis that the hygroscopic particles 
were composed of sea salt. Direct microscopic observation was used to follow the behavior of the particles; 
the technique was capable of dealing with particles down to 10~"g. 


I, INTRODUCTION 


ONDENSATION nuclei in the atmosphere are 

known to consist of a large variety of substances, 
a small but important proportion of which is made up 
of hygroscopic solid particles. The sizes of these hygro- 
scopic nuclei cover a wide range, but those nuclei 
the masses:of which exceed 10-" g are of particular 
significance in the formation of rain in nonfreezing 
clouds. These nuclei accumulate water even in un- 
saturated air and in cloud grow into droplets larger 
than the average cloud droplet. Under suitable condi- 
tions, growth by coalescence of the relatively small 
number of large drops may lead to precipitation.’ The 

‘1, Langmuir, J. Meteorol. 5, 175 (1948). 


2P. Squires, Australian J. Sci. Research Ser. A, 5, 473-499 
(1952). 


size distribution of large hygroscopic nuclei has been 
examined by Woodcock and Grifford® using an “iso- 
piestic’’ method. To use this method (which is based on 
the measurement of the equilibrium size of a dissolved 
nucleus in an atmosphere of known humidity), it is 
necessary to make an assumption concerning the nature 
of these nuclei. Woodcock and Grifford assumed that 
the nuclei consisted of sea-salt particles. They showed 
that this was a reasonable assumption by comparing 
chlorinity values for the suspended matter in the air 
deduced by the “‘isopiestic”’ method with corresponding 
values obtained by direct titration—the results agreed 
to within better than 50 percent. 


3 E. G. Bowen, Australian J. Sci. Research Ser. A, 3(2), 193-213 
(1950). 
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The investigations to be described were primarily 
intended to develop, if possible, a method to establish 
more certainly the composition of individual hygro- 
scopic nuclei,* and also to examine the behavior of 
large atmospheric particles in so far as their part in 
condensation processes is concerned. 


2. METHOD 


At a fixed temperature a hygroscopic particle under 
increasing humidity changes to a liquid drop at a 
definite value of humidity, which can be used to 
identify the particle as a particular substance or one 
of a group of substances. 

In the case of a single chemical compound, application 
of the phase rule shows that at a fixed temperature a 
triple point exists (humidity being taken as the remain- 


TABLE I. The relative humidity in equilibrium with some saturated 
aqueous solutions at 20°C. 








Percent Percent 
Rel. Rel. 
Humidity Solute Humidity 


NaCl 

NaClO; 

(COOH)s, 2 

(CHOH %OOK)s. 4H:0 
SrClz, 6H:0 

CoCls, 6H:O 

NaNO: 

NH«NOsz 
ae 4H:0 


Solute 


Pb(NOs): 
CaSO.4, 5H:0 
K:SO 


CaHPOx, 2H:0 
NasH PO. 1211:0 





‘ 
NazCOs, 10H:0 
(CHOH -COONa):, 2H:0 


Ric, 2H:0 
Zn(NOs)2, 6H:O0 
2H:0 


C 
(CHOH) COOK -COONa, 
4H:0 87 
KCl = Nal, 
86 


KHSO,« MgCle, 6H:0 
KBr - CaCl2, 6H:0 (32-35) 
(NH4)2SO« 2 


0 
CO(NHs2): (11-15) 
NH,.Cl - 10 
Na2S20s3, 5H:0 78 10 
NaNO; 
CH;:COONa, 3H:0 


(33-34) 


9 
(S-7) 
0 








ing variable) at which solid, liquid, and vapor phases 
are in equilibrium. At humidities above that of the 
triple point, the two-phase liquid-vapor system is 
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.Fic. 1. Apparatus for ee a slow air stream 
of variable humidity. 


* The hygroscopic particles discussed in this 


aper (>10-" g) 
are referred to by some writers as “giant nuclei’ (Ri 
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stable, while below it, the solid-vapor system is stable. 
The triple-point humidity is thus the humidity at which 
the solid-liquid phase change takes place and is in fact 
the humidity in equilibrium with a saturated solution 
at the environmental temperature. The effect of 
curvature can, of course, be neglected for drops of 
1 micron diameter and greater.‘ Thus by measuring 
the humidity of the phase transition the particle may 
be identified. Table I, compounded from data drawn 
from a number of sources,*~’ shows the relative humid- 
ity in equilibrium with a number of common chemical 
compounds at 20°C. The temperature coefficient is 
small in all cases.* Where data conflict, the range of 
relative humidity covered is given. 


3. APPARATUS 


To measure the phase-transition humidity of atmo- 
spheric particles, an atmosphere or air stream of 
variable humidity was required. The apparatus, 
represented schematically in Fig. 1, produced a slow 
stream of air, the humidity of which could be controlled 
in a simple fashion. The apparatus operated as follows: 
air entering at A was split into two streams, in a 
proportion which could be varied by the control valves 
V, and V»2. One stream of air was saturated by mixing 
with steam from the generator S; it was then filtered 
through cotton wool and cooled back to the working 
(room) temperature in passing through a coil immersed 
in the water bath 7,. The second stream of air was 
filtered, dried by cooling in the bath T2, and brought to 
to the working temperature in the bath 7;. The two 
streams were mixed in the bath 7, to produce an air 
stream at the working temperature whose humidity 
depended on the setting of the control valves V; and 
V2. This outgoing stream was again divided, one 
stream being directed on to the objects under examina- 
tion; wet- and dry-bulb temperature measurements 
were made in the second stream using very fine, rapidly 
responding, copper-constantan thermocouples the emf 
of which could be measured by a simple potentiometric 
circuit which could measure differences of less than 4 
microvolts (equivalent to 0.1°C). The object of carrying 
out temperature measurements in a separate stream 
was to eliminate the possibility of the humidity being 
changed by evaporation from the wet-bulb element. 

The above method of producing humidified air had a 
number of advantages as compared to static methods, 
using, for example, solutions of known concentration: 


(1) Humidity could be varied easily over a wide 
range. 

(2) As the dimensions of the apparatus were large 
(all the air lines were of 1-inch copper tubing), maintain- 
ing a constant temperature presented little difficulty. 

*A. H. Woodcock and M. M. Gifford, J. Marine Research 
(Sears Foundation) 8, 177-197 (1949). 

5 W. E. Howell, J. Meteorol. 6, 134-149 (1949). 


6 Physik. Chem. Tab. 2, 1288, Tab. 285A (1931). 
7F. E. M. O’Brien, J. Sci. Instr. 25, 73-76 (1948). 
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(3) As a moving stream of air was produced, such 
questions as the effect on temperature of the presence 
of the microscope (which can be a serious problem if 
static methods are used) did not have to be considered. 

(4) The relative humidity could be measured more 
easily. 

4. SAMPLING 


Atmospheric particles were sampled by exposing 
spider webs mounted in a Perspex frame. The webs 
ranged from 1 to 5 microns in diameter and were 
attached to the frame by cellulose acetate cement. 
They could be tightly stretched by a conical tensioning 
bolt. For ground-level sampling the frames were 
mounted on a rotating arm with a peripheral speed of 
75 meters per second. At higher altitudes samples were 
taken from an aircraft at speeds of 60-70 meters per 
second. At those speeds the “collection efficiency” of 
the coarsest webs used was very close to unity for 
collected particles down to 0.5 micron in diameter.*® 

Ten frames were exposed in aircraft observations on 
three days. Ground observations were made on eight 
days, 24 frame exposures being made. All observations 
were made in the Sydney area. Times of exposure 
averaged 2 minutes for ground observations ; exposures 
from aircraft ranged from 5 minutes upwards. 


5. EXPERIMENTAL 


The exposed frames were placed on a microscope 
stage and the slow air stream from the humidity appara- 
tus directed on to the frames. The behavior of individual 
particles on the spider webs was followed, using a 
magnification of 450 with dark-field illumination. 

It was necessary to ensure that heating by the micro- 
scope illuminator did not introduce errors. A rise in 
temperature of less than 0.05°C was found to occur 
when the heat-filtered light beam was operated at 
peak power, while the microscope was focused on a 
small blackened thermojunction. In view of the length 
and very small cross-sectional area of the spider webs, 
conduction along the webs under the conditions of the 
experiment was almost certainly insignificant. Thus 
the particles under observation were in a condition 
approximating very closely to that of particles in free 
air at the same temperature and humidity. 

When the humidity of the air stream applied was 
increased in small steps, all large solid particles observed 
were found to remain unchanged up to 70 percent 
relative humidity. Their subsequent behavior, however, 
served to divide the solid particles into two types. 
The first and by far the commoner type had a well- 
defined transition point between 71 percent and 75 
percent at around 20°C; particles of the second type 
remained solid at all applied humidities (20 percent to 
97 percent R.H.). The change from solid to liquid was 
usually unmistakable under dark-field illumination, 


8]. Langmuir and K. B. Blodgett, Army Air Forces Technical 
Report No. 5418, pp. 68 (1946). 


HYGROSCOPIC PARTICLES 








IN THE ATMOSPHERE 





Fic. 2. A natural hygroscopic nucleus at a number of relative 
humidities, showing a phase change between 74 percent and 
75 percent R.H. 


being seen as a change from an irregularly shaped, 
brightly reflecting mass to an almost spherical and 
semitransparent state. In Fig. 2 actual photomicro- 
graphs are reproduced showing a large hygroscopic 
atmospheric particle at different relative humidities; 
in this case the phase-transition took place between 
74 percent and 75 percent R.H. It is seen that the 
transition can be determined unambiguously within 
close limits. The range 71 percent-75 percent R.H. 
quoted above arose from the fact that sufficiently small 
increments in relative humidity were difficult to achieve 
around the critical value. If a finer control was main- 
tained, it was thought that the transition point could 
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be determined within 1 percent or better. As the phase 
change occurs in a moment when a particle comes into 
contact with air of appropriate humidity, the rate of 
increase of the applied humidity was limited only by 
the time taken to make humidity measurements. Figure 
3 shows a nonhygroscopic particle which was solid at 
97 percent R.H. 

Referring to Table I, it is seen that the following 
simple compounds would undergo a phase-transition 
between 71 percent and 75 percent R.H.: sodium 
chloride, sodium chlorate, oxalic acid, and potassium 
hydrogen tartrate. Of these compounds, sodium 
chloride is the only one which could reasonably be 
expected to occur in the atmosphere in large particle 
numbers. Thus the value found for the phase-transition 
point makes it appear very probable that the particles 
of the first type were in fact sea salt, as assumed by 
Woodcock. Sea salt, however, is not a simple compcund, 





Fic. 3. A nonhygroscopic particle which remained solid 
at 97 percent R.H. 


and a further test had to be made to determine the 
relative humidity at which sea-salt particles become 
liquid. Sea water was sprayed on spider webs mounted 
in the usual way, the residual particles left on evapora- 
tion were exposed to the air stream and their transition 
point determined. The values found were in the same 
range (71 percent-75 percent R.H.) as given by 
hygroscopic atmospheric particles. The origin of the 
atmospheric particles was also indicated by the fact 
that large nuclei in maritime air consisted almost 
exclusively of particles of the first type. In offshore air 
streams the numbers of such particles were reduced 
approximately tenfold and were associated with approx- 
imately similar numbers of nonhygroscopic particles 
of the second type. A very small number of hygroscopic 
liquid droplets were also found. These droplets remained 
liquid at 20 percent R.H. and were thought to be 
sulfuric acid droplets from industrial pollutions—a few 
measurements of the variation of drop size with relative 
humidity agreed with this assumption. The nonhygro- 
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scopic particles of the second type were thought to be 
minute fragments of silica, clay, or similar substances. 
From a meteorological point of view, however, the 
particles of the first type are the only important ones. 

It is surprising that at least a few hygroscopic solid 
particles with a different transition point—such as, 
for example, sodium carbonate (92 percent R.H.) or 
ammonium sulphate (80-82 percent R.H.)—were not 
found. However, of 400 particles, all collected in the 
Sydney area as described above, no large solid hygro- 
scopic nuclei, other than those described, were found, 
and if other nuclei were present, the proportion of such 
must have been small. 


6. LIMITATIONS OF THE METHOD 


The phase-transition method provided a satisfactory 
check on the nature of the large hygroscopic nuclei in 
the atmosphere. It possesses the advantage that 
individual particles can be examined, but as used it 
was limited to hygroscopic particles and to particles 
of 10- g or greater (the latter limit was set by questions 
of microscopy). The method, however, may have some 
applications for the examination of smoke particles or 
similar problems. It is worth mentioning that silk, wool, 
Nylon, and glass fibers were tried for sampling and 
were not satisfactory ; spider webs only gave satisfactory 
results. None of the alternative fibers equalled spider 
webs for strength, while atmospheric particles did not 
adhere to wool or Nylon in a satisfactory manner. 


7. CONCLUSIONS 


1. Hygroscopic particles greater than 10~" g may be 
identified or partly identified by measuring the humidity 
at which the solid-liquid phase transition takes place. 

2. More than 400 hygroscopic nuclei were sampled 
in the Sydney area and were found to become liquid 
between 71 percent and 75 percent relative humidity at 
20°C. These particles apparently consisted of sea salt. 

3. Large unidentified particles were found which 
remained solid at 97 percent relative humidity; large 
numbers of these were found in offshore air streams, 
but only small numbers occurred in maritime air. 

4. No hygroscopic particles, other than those which 
appeared to be sea salt or sodium chloride, were found 
in the samples taken. 


This work was part of the research program of the 
Division of Radiophysics. The author is indebted to the 
Chief of the Division, Dr. E. G. Bowen, for his en- 
couragement and advice in connection with the project 
and to Mr. L. F. Clague for constructing the apparatus 
and assisting in the observations. 
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and Related Applications 
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The summation of series involving the roots of certain transcendental equations having real roots is 
achieved by elementary considerations. The method is illustrated by several examples representative of 
those which may arise in applications. In addition to summing series, the method can be used to obtain the 
least positive root of the transcendental equation to any desired accuracy with but little computation. 





I, INTRODUCTION 


ERY often, in the course of some theoretical 

investigations, the physicist or engineer en- 
counters series involving the sums of reciprocals of 
various powers of the roots of a transcendental equation 
which has only real roots. A very simple example in- 
volves the sums of reciprocals of fourth powers of the 
positive roots of sinyx=0. This leads to the series 


ok a 
—+—4—4> +, (1) 
xe Ff F 


This series arises in the evaluation of the integral 


oo 3 
f (2) 
» = 


which has as one of its origins the Debye theory of 
specific heats. 

Another example, slightly more complicated, involves 
the sum of the inverse square or inverse fourth powers 
of the positive roots of the equation Jo(x)=0, where 
Jo(x) is the Bessel function of zero order. 

A third example involves summing the inverse square 
or fourth powers of the positive roots of the equation 
tanx=x., 

Still another example, which arises in a problem con- 
sidered by Lord Rayleigh' on the transverse vibrations 
of a clamped beam, involves the summation of the 
reciprocal fourth powers of the positive roots of the 
equation 





cosx coshx+1=0. (3) 


In this paper we shall present a very simple, but also 
quite general, method by which the summation of such 
series may be obtained. The methods whereby many 
authors have obtained the solutions to the problems 
which we shall treat are quite varied, ranging all the way 
from the relatively elementary Fourier Series to some- 
what complicated contour integrations and unneces- 
sarily difficult procedures involving integral equations. 
The method considered in this paper does not seem to be 
as well-known as it should be, in view of its simplicity, 


‘Lord Rayleigh, Theory of Sound (Macmillan and Company, 
Ltd., London, 1894), Vol. I, p. 258. 


although Lord Rayliegh knew of it so many years ago 
and applied it to the special equation (3), but did not 
treat the general case. 

We shall restrict ourselves to cases where all the zeros 
of the function are real? and distinct and where the se- 
quence of roots have no finite limit point. The latter 
condition is obviously necessary since if the sequence of 
roots did have a limit point, the sum of reciprocals of 
any powers of these roots would diverge. In many cases 
the fact that the roots of an equation have to be real 
may be surmised from physical considerations although 
it is possible in some cases to prove this mathematically. 
There does not seem, however, to be any simple general 
method for determining whether all the roots of a trans- 
cendental equation are real. 

In Sec. II we shall discuss the general treatment of the 
problem, and in Sec. III we shall illustrate this general 
discussion by several examples which may arise in 
practical problems. In Sec. IV we shall show how vari- 
ous applications of this procedure may be used to 
calculate to any desired accuracy with very little 
computation the least positive root of the transcen- 
dental equation involved. Illustrative examples showing 
the accuracy which is achieved are also given. 


II. SOME PRELIMINARY CONSIDERATIONS 


To illustrate our general method we first take a very 
simple case. Consider the equation 


— 622+ 11x—6=0. (4) 
We may write this equation as 
11 # 
1——2++2°——=0. (5) 
6 6 


It is clear from the theory of equations that the sum of 
the roots of the equation (4) is 6. Also the sum of the 
reciprocals of the roots of Eq. (5) is 11/6. This is easily 
verified for the particular equation (4) since its roots 
are 1, 2, and 3. Similarly it is clear that the sum of the 
products of the reciprocals of the roots taken two at a 
time is 1. 


? This is a sufficient condition but not necessary, as will be 
pointed out at the end of Example 4 in Sec. III. 
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In general, the equation a,x"+-a,_,x""'+ ---+a9=0 
which may be written 


1+ ayxt agre?+-:---+a,x"=0, (6) 


where we have placed a,=4a;/ao(ao%0), has for the sum 
of the products of the reciprocals of its roots taken k at a 
time, the value (—1)*a,. 

It is not difficult to show from what has already been 
stated, that given the equation 


1+ ayx?t+ aeat+ lies +a,x*" =(), (7) 


(—1)*a, represents the sum of the squares of the 
products of the reciprocals of the positive roots taken k 
at a time. 

We now turn our attention to the following question. 
Given that Aj, Ae, --*, A, are roots of the equation (6), 
how do we find the sums of the reciprocals of various 
powers of the \’s? This can easily be answered. We have 
from Eq. (6) 





1 1 1 
—+—+---+—=-—a), (8) 
Ar Ao An 
1 1 1 
—+——_+---+ -= a, (two at a time). (9) 
Aids AoAs n—1An 


Squaring Eq. (8) and subtraction twice Eq. (9) we have 








:. 2.3% 1 
—-—+—+ °° + = a;’— 2a. (10) 
° 2 AZ A. 
Similarly since 
= 1 
a ee 
AY A: a 
31 1 1 1 1 
= (—+---+ )(—++---+=) 
2 A? A” At Ae An 
1 1 


+3/ —-+ +---[3at a time] ) 
ArreAs ArAsAg 


ws. 3 ty 
- (—+—+--+— , (11) 


we have using Eqs. (8), (9) and (10), 


1 1 1 
-+-—+-+++- 


aa (12) 
A?’ r.* Aw 


= 3a\ae— 3a3— ay". 


The sums of reciprocals of first and higher powers of the 
roots of Eq. (6) are gathered for convenient reference 
in the list of formulas at the end of the paper.* 


*A method for calculation of these sums is given in Barnard 
and Child, Advanced Algebra (Macmillan and Company, Ltd., 
London, 1939), p. 48. 
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Thus far everything we have done has been mathe- 
matically rigorous and has been valid not only for real 
roots but for complex roots of polynomials as well. We 
shall, however, usually exclude complex roots for 
purposes of our applications. We are now ready to apply 
our results to the case where instead of having polyno- 
mial equations we have infinite power series equations. 
The results which we have spoken of as being true for 
polynomial equations will be assumed to be true for 
series equations, the only difference being that instead 
of finite m in (6) we have infinite ». Mathematically the 
results which we are assuming true can be proved valid 
by appealing to the theory of integral functions in com- 
plex variable theory.‘ 

We shall illustrate the procedure involved by several 
illustrative examples in the next section. 


III. ILLUSTRATIVE EXAMPLES 


Example 1 
Evaluate® 
1 1 1 
1 2 38 


Consider the equation 





The positive roots of this equation are x=n7, n=1, 


2,3,--+. The sum of the inverse fourth powers of these 
roots is 
x 1 le 1 
— a, 
1 (mm)* wi nt 
Now 
sin Fr £ , 
wnninitt Rctnmeiahins 
\ 6 120 5040 


Comparison with Eq. (7) [7 infinite ] shows that 


a=-—1, 6, a=1, 120, a;=—1 5040, Pm, 


and using Eq. (10) we have 


1 @ 1 
— >} —= (—1/6)?—2(1/120) = 1/90 
wii? 


ha 
so that 
oi 
—=—., (13) 
1 n* 90 
Similarly from Eq. (12) we may easily show that 
» 1 r® 
t<—. (14) 
1 n® 945 





4 E.C. Titchmarsh, Tie Theory of Functions (Oxford University 
Press, New York, 1939), second edition, p. 246. 

5 The results in this example may also be obtained by use of 
methods shown in the author’s paper, J. Appl. Phys. 23, 906 
(1952). 
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ROOTS OF TRANSCENDENTAL EQUATIONS 


Example 2 
Evaluate 


1 
pat 


where p, is the mth positive root of Jo(x)=0. 
Here 


. 


9 


Je(x)=1——+ 
92 «9242 


x* x6 








924262 
and 
a;a=- 1 /4, 


ao=1/64, a3=—1/2304. 


Thus we have 
» | 





1 
=—, (15) 
1p,” 4 


Using Eqs. (10) and (12) successively we find 


2» | 1 
—— i — (16) 
1 pA 32 
and 
o 1 
> —=—. (17) 
1 p,® 192 


Example 3 
Evaluate 


4 
where p, is the mth positive root of tanx=.x. 

It can be shown that f(x)=tanx— x has an infinite 
number of distinct real zeros and no complex zeros. 
Here tanx is not an integral function, hence instead of 
using the equation tanx=.x we use the equivalent 


sinx—x cosx=0. (18) 


Using the power series expansion for sinx and cosx in 
Eq. (18) and simplifying we find 





xv 45 x7 y 
——- —+.---=0. 
3 30 840 45360 
Discarding the factor 2°/3 we have 
 #£ ro 
en a 
10 280 15120 
so that 
a,=—1 ‘10, a2 = 1/280, a3=—1/15 120, eee, 


Thus from Eqs. (8), (10), and (12) we have 
1 1 
pr ~ 10 





> (19) 
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o 1 1 
2. =, (20) 
1 prt 350 
PB icetioue (21) 

—= . 1 
1 pr® 7875 
Example 4 

Evaluate 

o | 

:— 

1 pnt 


where the p, are the positive roots of the equation 
cosx coshx+1=0. 


Using the series for cosx and cosh x and discarding the 
factor 2 which arises we find 





and thus 


x 1 11 
T pr® 1680 


It should be pointed out that the zeros of this equa- 
tion consist of reals and pure imaginaries. Thus our 
condition that the transcendental function have real 
zeros is sufficient but not necessary. 


IV. SOME FURTHER APPLICATIONS OF THE METHOD 


The method outlined above can be used not only to 
obtain the sums of series involving the roots but also to 
calculate the least positive root of the transcendental 
equations which have real distinct roots. Several of our 
previous examples will serve to illustrate this point. 

As a first illustration, take the case of example 1. We 
know that the sum of the reciprocals of the fourth 
powers of the positive roots of sinx=0 is 1/90. Denoting 


these roots by p, n=1, 2, ---, we have 
2 | 1 
> —=— (22) 
l Da. ~ 90 


Since pi<po<ps<---, we have 1/p;'>1/pot>1/ps* 
>---. In most cases 1/p;‘ is by far the most prominent 
term in the series of Eq. (22), so that a first approxima- 
tion to the first positive root of sinx=0 would be ¥ 90, 
and in fact this would be a lower limit to the root. In 
Table I we have listed the approximate value of the 
first positive root obtained by using >> 1/p,”, >> 1/pz', 
etc., as well as the true value of this root. It will be seen 
how rapidly the approximate values approach the true 
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TABLE I 
Ilustrative example = ae zh zt True 
iO ie aS 308) 33+ 8.144 3.144 
Jel) - 2.00 2.38 240+ 240+ 240+ 
i : 3.16 430+ 446 449 4494 
: 1.86+ 187+  1.87+ 


cosx coshx+1=0 











value. Similar results have been worked out for the 
transcendental equations of the other illustrative 
examples, and are included in Table I. 
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SUMMARY OF FORMULAS 
If Ai, Ae, «+ "An are the roots of Eq. (6) 
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A, 
n 1 


) » dt a'—4aPa2+ 2ar*+4a103— 404. 
Ak 
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Metallic Grating Replicas as Internal Standards for Calibrating Electron Microscopes* 


S. R. Rovuze, 
Research Laboratories Division, General Motors Corporation, Detroit, Michigan 


AND 


Joun H. L. Watson, 
Edsel B. Ford Institute for Medical Research, Henry Ford Hospital, Detroit, Michigan 


(Received March 26, 1953) 


It was shown earlier that plastic grating-replicas mounted upon eighth-inch specimen screens were prac- 
tical internal standards and that they could be accurately calibrated independently by spectroscopic means. 
Metallic replicas of diffraction gratings have been made by a direct-stripped method. These can still be 
direct-stripped easily and without damage to the original grating, and the optical quality of these pre- 
shadowed all-metal replicas is better than that of the plastic replicas. Because of their superior optical 
properties, the spacing can be determined spectroscopically more conveniently and with greater accuracy. 
In addition, the metal-gratings are more stable than the plastic ones. The electron microscopy of the metallic 
replicas and the accuracy and constancy of their magnification measurement is discussed. 


T has been shown previously that plastic grating 
replicas mounted upon eighth-inch specimen screens 
are practical internal calibration standards for electron 
microscopes, and that they can be calibrated accurately 
and independently by spectroscopic means.' It seemed 
that all-metal grating replicas might be even better 
for the purpose and that they might not suffer the 
limitations of the plastic ones, viz., shrinkage and 
inability to withstand exposure to high-intensity beams. 
However, the preparation of all-metal replicas involved 
the destruction of the specimen, and this could not be 
tolerated. when replicating optical gratings. With a 
preshadowing technique, however, it was possible to 
make direct-stripped all-metal replicas without affect- 
ing the original grating surface, and it is the purpose 
of this paper to discuss the advantages and the limita- 


* Presented in part before the Annual Meeting of the Electron 
Microscope Society of America, Cleveland, Ohio, 1952. 

1 John H. L. Watson and William L. Grube, J. Appl. Phys. 
23, 793 (1952). 


tions of all-metal replicas made by this process com- 
pared with the plastic ones when they both are used as 
internal calibration standards. 

The technique used for making the all-metal grating 
replicas is similar to that described by one of the authors 
for making preshadowed plastic replicas? and parallels 
that described by Kaye.’ Both of these techniques 
made use of a surface-active parting layer of Victawet 
35Bt between the original specimen and the shadowing 
layer, so that the final replica could be direct-stripped 
easily. 

The original grating used in the present work was a 
Baird Associates’ 15 000-line/inch grating, commonly 
used in electron microscopy for calibration purposes. 
After the parting layer was applied by vacuum evapora- 


2 William L. Grube and Stanley R. Rouze, Proc. Am. Soc. 
Testing Materials 52, 71 (1952). 

3 W. Kaye, J. Appl. Phys. 10, 1209 (1949). 

t Victawet 35B, available from the Victor Chemical Works, 
Chicago, Illinois. 
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tion, the grating was shadowed with chromium at an 
angle of 27° from a direction perpendicular to that of the 
rulings. Without breaking the vacuum, this was fol- 
lowed by a normal evaporation of 45:55 aluminum- 
beryllium alloy. After removal from the vacuum 
chamber, the replica was floated off directly upon a 
water surface and picked up on eighth-inch diameter 
copper screens. In order to give the fragile all-metal 
replicas adequate support, it was necessary to use 
screens of 720 mesh.{ In Fig. 1, the usual 200-mesh 
nickel screen and the Athene 200-mesh*copper screen 
are compared with the 720-mesh copper screen used in 
this work. Although the mesh is finer, there is 50 per- 
cent open area in the 720-mesh as compared with 20 
percent open area in the nickel and 35 percent open 
area in the Athene screens. The finer mesh does not 
interfere in any way with micrographs taken at magni- 


fications greater than 2500. Aluminum-beryllium 
replicas were found to be more fragile than plastic ones 
and rather difficult to handle, primarily due to the 
flexibility of the 720-mesh screen. However, exception- 
ally rough treatment outside the microscope, such 
as bending the support, did not affect the measurement 
of the periodicity of the grating in any detectable way. 
Once in the electron microscope, they were exceptionally 
strong and able to withstand high-electron beam in- 
tensities. Infrequently, cracks in the replicas were 
observed along the lines of the rulings, but these were 
recognizable and never affected a calibration. 

As in the previous work by Watson and Grube,! 
the replicas were calibrated independently as trans- 
mission gratings in a Gaertner spectrometer using a 
mercury-arc lamp as the source. Figure 2 compares the 
spectra of an aluminum-beryllium replica with that 
of a plastic replica. We should like to stress that the 
spectra illustrated were produced by the small eighth- 
inch diameter grating replicas mounted on the usual 
specimen screen. It can be seen that the aluminum- 
beryllium gave spectral lines which could be measured 
more accurately than those from the plastic. As noted 
in the earlier work, the multiple lines seen in the plastic 
replica spectra are due to periodicity in the specimen 
screen itself. To eliminate or minimize this effect, the 
aluminum-beryllium replicas were placed upon the 720- 
mesh screen with the grating rulings at a 45° angle 
with the screen wires, causing the diffraction patterns 
due to the screen to lie at an angle with respect to the 
grating spectrum. This effect, as shown in Fig. 2, allows 
the central lines to be more easily identified since those 
due to the screen show up as only partial lines. The 
lines that were measured—the 4358A violet line and 
the 5461A green line—are also shown. 

The “d” values were calculated by the usual formula 
relating grating space and diffraction angle.' With the 
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Fic. 2. Typical spectrograms of a mercury source diffracted by plastic and aluminum-beryllium grating replicas. 





t Obtained from RCA Tube Division, Lancaster, Pennsylvania 








1108 S. R. ROUZE AND 
aluminum-beryllium replicas, measurements were made 
using both first- and second-order spectra, and in some 
cases it would have been possible to have used the third 
order. In contrast, only the first order from the plastic 
replicas was measurable. 

Typical spectral measurements of the aluminum- 
beryllium replicas are given in Table I. The average d 
value of the original grating, as measured in the snec- 
trometer, was 1.696 microns; the average d value of the 
aluminum-beryllium replicas, for the first and second 
orders, was 1.700 microns, a variation between them 
of less than 0.3 percent. Among a total of 56 inde- 
pendent measurements on 14 Al-Be replicas, the maxi- 
mum deviation from the mean was less than 1 percent. 
By comparison, the maximum deviation of plastic 
replicas of the same grating approached 3 percent. 
At the same time, the standard deviation of the meas- 
urements on aluminum-beryllium replicas was less 


TABLE I. Typical spectral measurements of aluminum-beryllium 
replicas of 15 000-line/inch grating 











Total Grating i 
Dif. diff. spacing Deviation 
fraction angle din rom mean 
order Wavelength at+s microns Microns % 
1 4358A 29°42’ 1.701 0.001 0.06 
1 5461A 37°30’ 1.699 0.001 0.06 
1 4358A 29°41’ 1.701 0.001 0.06 
2 5461A 80°04’ 1.698 0.002 0.12 
2 4358A 61°40’ 1.701 0.001 0.06 
2 5461A 80°05’ 1.698 0.002 0.12 


Average grating spacing—1.700 microns 
Standard deviation for 56 readings less than 0.5°; 








TABLE II. Electron microscope measurements of the grating space 
of Al-Be replicas of 15 000-line/inch grating. 














Mean 
oy Standard deviation 
Magnification in mm (mm) Q% 
5360 9.07 0.30 3.3 
3210 5.44 0.22 4.0 








than 0.5 percent. This showed a similar improvement 
over a reported 3 percent standard deviation for the 
plastic replicas. In no case did the aluminum-beryllium 
replicas deviate excessively from the mean. The more 
pronounced deviations observed in the plastic replicas 
always indicated a shrinkage. The aluminum-beryllium 
replicas were much superior by way of stability, both 
under the beam and in constancy of surface repro- 
duction. 

The replicas were also measured by the methods of 
electron microscopy. One hundred and sixty different 
grating spaces were micrographed at random at a 
magnification of 3200X in one experiment and 50 in a 
second experiment at a magnification of 5360. The 
standard deviation of the readings was of the same 
order, but a little greater, than was found by one of 
us earlier for the plastic replicas, Tables II and IV. 


J. H. LL. WATSON 
Taste ILI. Typical spectral measurements of aluminum-beryllium 
replicas of 30 000-line/inch grating. 











Total Grating — 
Dif- diff. spacing Deviation 
fraction Wave Angle d in from mean 
order length at+s microns Microns % 
1 4358 62°02’ 0.846 0.000 0.00 
1 5461 80°18’ 0.847 0.001 0.12 
1 4358 62°02’ 0.846 0.000 0.00 
1 5461 80°16’ 0.847 0.001 0.12 
1 4358 62°10’ 0.844 0.002 0.24 
1 5461 80°24’ 0.846 0.000 0.00 


Average Grating Spacing—0.846 microns 
Standard deviation for 18 readings less than 0.5 percent 








Therefore, as far as the microscopy of the replicas is 
concerned, the aluminum-beryllium showed no im- 
provement over the plastic for the 15000 line/inch 
grating. 

This could be due to any one, or combination, of 
three things: (a) replica reproducibility, (b) quality 
of the original grating, or (c) accuracy of micrograph 
measurements. 

It has already been shown by the spectral measure- 
ments that the replica reproducibility is not at fault. 

To determine whether or not the measured deviation 
is due to nonuniformity of the original grating spacing, 
it was decided to replicate another grating of different 
spacing, and one which was known to have a good 
optical quality. If the standard deviation changed 
significantly, it would indicate that the original grating 
was responsible ; on the other hand, if the figure did not 
change, it would indicate that a limit had been reached 
in the accuracy with which the micrographs can be 
measured. Accordingly, a grating§ with 30000 lines 
inch was obtained. When this was checked on the spec- 
trometer, it was found to deviate only 6 lines from 
30 000 lines/inch (0.02 percent). Spectral calibration 
measurements of aluminum-beryllium replicas of this 
grating were difficult to make, but were found to have 
a standard deviation of less than 0.5 percent, the same 
as for aluminum-beryllium replicas of the other grating. 
The measurements of this grating are given in Table III. 

In the electron micrographs, as shown in Fig. 3, two 
consecutive spaces rather than a single space were 


TaBLE IV. Electron microscop¢ measurements of the grating 
space of Al-Be replicas and plastic replicas of diffraction gratings. 














Mean 
Grating Replica Magnifi- ae Standard deviation 
lines/inch material cation in mm Mean % 
#15 000 Al-Be 5360X 9.07 0.30 3.3 
15 000 Al-Be 3210X 5.44 0.22 4.0 
Average 3.65 
15 000 Plastic 11400X 19.3 0.56 2.9 
30 000 Al-Be 5220X 8.91 0.25 2.8 
30 000 Al-Be 3470X 5.88 0.13 2.2 
Average 2.5 











@ Single operator. 


§ Ruled by R. W. Wood, Johns Hopkins University. 











sure- 
ault. 
ation 
cing, 
erent 
good 
nged 
ating 
d not 
iched 
n be 
ines 
spec- 
from 
ation 
f this 
have 
same 
ating. 
le III. 
}, two 
were 


zrating 
atings. 








eviation 





METALLIC 





NE meee ee CRT 


ti 


5 
: 
x 


15,000 line/inch Grating 


4 
-? 


% 
3 


* e ‘. 
didititaidas 
on a ana 


me 
ve 





N 
* 


GRATING REPLICAS 





1109 








a a e $ 
=) ¥ 2 a eRe 


nch Grating — 


: be 





30,0 line/i 





Fic. 3. 


measured. This provided for measurement of the same 


linear distance on the 30 000-line grating as was meas- 
ured on the 15 000-line grating and was done to mini- 
mize distortion and scale measurement errors. Table IV 
summarizes the results. The standard deviation for 
the 30 000-line/inch grating was found to be signifi- 
cantly less than for the 15000-line/inch grating. 
This indicates that the electron micrograph measure- 
ments were at least partially limited in accuracy by the 
rulings of the original 15 000-line grating. 

Certain conclusions may be drawn: first, aluminum- 
beryllium replicas of the 30 000-line/inch grating can 
be calibrated electron microscopically as accurately 


as, and perhaps better than, the plastic ones of the 
15 000-line/inch grating; second, the reverse seems to 
be true of the aluminum-beryllium replicas of the 
15 000-line/inch grating; and third, when calibrated 
spectroscopically, the superior optical qualities of the 
aluminum-beryllium replicas are of immense assistance 
to the calibrator. To take full advantage of this, how- 
ever, it must be possible to make the electron micros- 
copy measurements more accurately. For this purpose, 
a grating of exceptionally uniform spacing must be 
used. The extra cost of a grating of this type is justified 
since the aluminum-beryllium technique is nondestruc- 
tive and has no deteriorating effect upon the grating. 
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Radioactive Charging Effects with a Dielectric Medium* 


P. RAPPAPORT AND E. G. LINDER 
Laboratories Division, Radio Corporation of America, Princeton, New Jersey 
(Received April 16, 1953) 


A process is described in which radioactive radiation traverses a solid dielectric medium to charge a col- 
lector electrode. This process offers a simple method of studying effects of radiation on matter such as bom- 
bardment-induced conductivity, secondary emission, charge soakage, and radiation absorption. Typical 
data are given. Possible application of this process for the construction of a current or voltage source for use 


in electronic devices is discussed. 





INTRODUCTION 


HIS paper discusses a new means of directly con- 

verting the energy of radioactive radiations into 
electrical energy, and some effects related to the passage 
of the charging radiation through a dielectric medium. 
Other means of making this conversion have been 
treated by several previous investigators. In 1913, 
Moseley' suspended a sphere containing radon in a 
vacuum and determined that it charged to as high as 
150 000 volts resulting from the emission of charged 
particles. Using an improved method and device, 
Linder and Christian?“ obtained voltages as high as 
365 000 volts with 250 millicuries of Sr®-Y®. A quite 
different approach was described by Kramer® in 1924, 
and more recently by Ohmart.* Their devices were 
similar to voltaic cells, having plates of two dissimilar 
metals, but instead of an electrolyte, a gas irradiated 


F 


P 


Ss 
Fic. 1. Schematic dia- 
gram showing radioactive 
source 5S, dielectric sepa- 
rator F, and collector P. 


tT 


by radioactive radiation was used. The open-circuit 
potentials produced were of the order of one volt. 

‘A third method, which was an outgrowth of pre- 
vious work?~ has been discussed briefly by the present 
authors.’ In the present paper it is described more 
completely, and recent data are included. The method 
may be understood by reference to Fig. 1, which shows 
a schematic diagram of this type of generator. Here, 
S is a plane electrode containing radioactive material 


* This work was supported in large part by the Components and 
Systems Laboratory, Wright Air Development Center, Air Re- 
search and Development Command, United States Air Force. 
1H. G. J. Moseley, Proc. Roy. Soc. (London) A88, 471 (1913). 
2 E. G. Linder, Phys. Rev. 71, 129 (1947). 
+E. G. Linder and S. M. Christian, Phys. Rev. 83, 233 (1951). 
( a G. Linder and S. M. Christian, J. Appl. Phys. 23, 1213 
1952). 
5 J. B. Kramer, The Electrician, 93, 497 (1924). 
* P. E. Ohmart, Atomic Energy Commission Report MLM 521. 
7 E. G. Linder and P. Rappaport, Phys. Rev. 91, 202 (1953). 


and emitting beta rays; F is a sheet of dielectric ma- 
terial such as polystyrene or mica; P is a collector 
electrode, thick enough to stop impinging beta particles. 
In operation, beta particles from the emitter S pass 
through the dielectric F and are collected by P. Thus, 
P charges negative and S becomes positive. In the 
absence of F, the air between S and P would become 
ionized and the voltage developed would be very small, 
because of the conductivity of the ionized air. However, 
when the dielectric F is present, the path from P to S$ 
has very high resistance and correspondingly higher 
voltages may be produced. In other words, high- 
energy electrons may pass easily from S to P, but low- 
energy particles produced by gas ionization cannot 
penetrate F and discharge the device. 

These three methods represent possibilities for util- 
izing radioactive materials as sources of electrical 
energy. The present, and no doubt future, availability 
of large amounts of such materials give these attempts 
a special significance. As of the present date, numerous 
radioisotopes may be purchased from the U. S. Atomic 
Energy Comission in amounts up to several curies in 
purified form. Much larger amounts (megacuries) are 
being produced in unpurified form.* These are being 
stored pending the development of a suitable market. 
It appears that a large future supply is very probable. 


THEORY 


Devices of the type of Fig. 1 may be represented by 
an equivalent electrical circuit consisting of a constant 
current generator in parallel with the capacity C of the 
device and the resistance R of the device and load. 
The current of the constant current generator is equal 
to the beta current ip reaching the collector P. Such 
a circuit charges at an initial rate given by io/C and 
approaches asympotically~a final equilibrium value 
given by R io. 

The net current to the collector is given by i=to 
—V/R, where V is the potential difference between 
the collector and the emitter, and R; is the resistance of 
the dielectric separator. Experimentally the voltage 
may be varied by changing the load resistance or by 
applying a voltage from an external battery. A repre- 


® Stanford Research Institute “Industrial Uses of Radioactive 
Fission Products,” Project No. 361 (1951). 
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RADIOACTIVE CHARGING EFFECTS WITH A DIELECTRIC MEDIUM 


sentative graph is shown in Fig. 2. Characteristics 
of this type permit the determination of the internal 
resistance from the slope. They determine also the 
maximum charging voltage from the intersection with 
the horizontal axis. The current i2 through any load 
R; is given by the intersection of the load line of slope 
—1/Rz2 with the 7 vs V curve as shown in the figure. 
Control of the voltage of this type of device may be 
obtained by several methods. For example, it may be 
controlled by varying the load resistance. Also, the 
dielectric separator may be designed to have an ap- 
propriate resistance. The dielectric film may have its 
resistance varied by changing its composition or dimen- 
sions. Further, since the resistance of the film depends 
greatly upon bombardment-induced conductivity,’ 
the resistance will be importantly affected by the beta 
current and will decrease as the current is increased. 


EXPERIMENTAL WORK 
I. Apparatus 


The type of device with which most of the measure- 
ments were made is shown in Fig. 3. This represents 


t 


u 
PEs. — 
SLOPE : 








Fic. 2. Current vs voltage with typical load line 


the practical version of the schematic sketch of Fig. 1, 
and parts are lettered correspondingly. The source S 
consisted of a cylindrical head with a shaft for handling. 
The head contained radioactive material A under its 
front surface which was a thin metallic window.” 

The dielectric separator F consisted of polystyrene 
and was machined so as to form an integral part of the 
cylindrical case D which supported both the source 
S and collector P. The latter comprised an aluminum 
disk with a stud for handling. 

Two sources were used; one contained 25 millicuries 
of Sr®-Y® and the other 250 millicuries. Faraday cage 
measurements of the currents emitted in the forward 
direction gave 1.2X10-" amp and 3.2X10-" amp, 
respectively. These values are, respectively, about 
8 and 21 percent of the total current produced by the 
radioactive material, the loss being the result of ab- 
sorption in the windows and of the angular distribution 
of emission. The actual current in each measurement 





*L. Pensak, Phys. Rev. 75, 472 (1949). 
” Actually, the sources used were strontium medical applicators 
manufactured by Tracerlab. Inc., Boston, Massachusetts. 
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varied from the above values because of variations in 
construction, and in each case individual current deter- 
minations were made. Much more efficient sources 
could be constructed if desired by using a thinner 
window and better angular geometry, such as a con- 
centric cylinder arrangement. The approximate average 
energy of the electrons emitted by these sources was 
0.7 Mev. 

Because of the very small currents and small capaci- 
tances involved, a special type of voltmeter was devised. 
This is shown in Fig. 4. It consisted of a pocket-type 
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Fic. 3. Scale drawing of a typical device 








quartz-fiber dosimeter of a type used for radiation 
monitoring. This was modified by bringing out a lead 
a from the fiber mounting 6 through a polystyrene 
insulator c. By slightly bending the fiber support, a 
0-to-115-volt scale was obtained. By illuminating the 
insulator, sufficient light was transmitted into the barrel 
to illuminate the internal scale. By mounting special 
fibers, other instruments were made to cover the ranges 
200 to 400, 500 to 1000, and 1000 to 2000 volts." These 
voltmeters were found very useful. Their scales were 
suitably linear, their capacitance low (about 3.5yu/) 
and their resistance high (about 10'* but varying with 
insulator surface condition). 
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SPRING c- POLYSTYRENE 


INSULATOR 
Fic. 4. Scale drawing of quartz-fiber voltmeter 
(modified dosimeter). 


Current measurements were made using a vibrating 
reed voltmeter. The combination of high input re- 
sistance and one-mv voltage sensitivity allowed meas- 
urement of currents down to 10~“ amp. 


II. Data 
(1) Charging Data 


Measurements were made by applying the probe of 
the quartz-fiber voltmeter to the collector shaft and 


4 These three instruments were made for us by the Landsverk 
Electrometer Company. 
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placing the radioactive source into the device. The 
collector was short-circuited to the source before each 
run in order to eliminate static charge and charge 
soakage effects. After a given time, the short circuit 
was removed and voltage was recorded as a function 
of the time. Curves so taken agreed with theory in 
showing the voltage rising to an asymptotic value. 

The initial linear sections of several curves are shown 
in Fig. 5. These are for several thicknesses of dielectric 
and different collector materials, as indicated. The 
observed charging rates are in fair agreement with 
calculated ones when measured values of current and 
capacitance are used. For example, for device No. 8 
with a 0.020-in. separator, the observed charging rate 
was 42 volts/min and the theoretical value 51 volts/min 
corresponding to a capacity of 13uyf and an intercepted 
current of 1.1X10~" amp. This discrepancy may be 
due partly to leakage produced by the ionization around 
the charger. 

For comparison purposes, an evacuated device 
(No. 5) was constructed having a 0.005-in. nickel 
window in the envelope to admit beta radiation, and a 
nickel collector supported in the vacuum with no di- 
electric separator. The charging curve is shown in Fig. 5. 
The capacitance (including the voltmeter and leads) 
was 7.5uyf and the intercepted current was 0.56 10~" 
amp (see Fig. 6), which yields a charging rate of 45 
volts/min, as compared with an observed value of about 
40 volts/min as shown in Fig. 5. 


(2) Current vs Voltage Measurements 


A direct measurement of the current flowing through 
the charging device as a function of an externally 
applied voltage can give information concerning the 
following; internal impedance, limiting voltage, bom- 
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Fic. 5. Charging curves for various dielectric 
thicknesses and collector materials. 
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bardment-induced conductivity, charge soakage, sec- 
ondary emission, and beta-ray spectrum. 

The net current was measured over a range from plus 
to minus 540 volts. Data are shown in Fig. 6 for a device 
with a 0.020-in. separator and also for the evacuated 
device mentioned above (No. 5). The charging current 
values at V=0 used in previous calculations were ob- 
tained in this manner. The curve relating to device No. 
5 gives information concerning the secondary emission 
including low-energy front-to-back ratio of the nickel 
surfaces used. The sloping section of the curve is caused 
by the low-energy secondary electrons. Within the limits 
of experimental accuracy the slope of the curve is zero 
after +67 volts, which means that the internal resist- 
ance of the device is very large and beyound the limit 
of these measurements. This indicates that a very 
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Fic. 6. Experimental current-voltage curves for a high-vacuum 
device (No. 5) and a polystyrene separator device (No. 9a). 


high value of voltage is attainable as in previous high- 
vacuum devices. 

The curve for device No. 9a shows an almost constant 
slope. The low-energy secondary emission effects are 
missing because of the inability of the low-energy 
secondaries to traverse the 20-mil polystyrene separa- 
tor. The slope of the curve indicates a resistance of 
3.5X10" ohms for the device. This value will be dis- 
cussed further in the section on bombardment-induced 
conductivity. By extrapolation, the limiting voltage can 
be obtained from the point at which the curve intersects 
the zero current axis. This value is seen to be 3700 
volts. Using a 54-millicurie source, the limiting voltage 
was found to be about 6600 volts. 


(3) Resistance and Bombardment-Induced Conductivity 


Estimates of the internal resistance R, were made by 
two methods. The first was to calculate the resistance 
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RADIOACTIVE CHARGING 
from the slope of the current versus voltage graph, as de- 
scribed in the foregoing section. This gave a value of 
3.5X 10" ohms for the case of device No. 9a shown in 
Fig. 6. The second method used was to shunt the device 
with known values of load resistances R2 and to observe 
the effect on the maximum voltage V,,,. Taking the case 
for R= 10" and V,,=92, it is found that R;=0.6X 10". 
This agreement is as good as could be expected in view 
of the uncertainty of the value of V,, and of Re. 

From the dimensions of the polystyrene separator 
used in device No. 9a, it was found that the above 
figures of resistance (average value 2X10" ohms) 
yield a specific resistance of 7X10'® ohm-cm. It is of 
interest to compare this with that of unbombarded 
polystyrene values for which given in the literature 
range from 10'* to 10” ohm-cm.” Thus, there is a 
decrease in resistivity by a factor of from 10° to 10°. 
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Fic. 7. Variation in charging due to soakage effect. 


This is attributed to bombardment-induced con- 
ductivity. Using a stronger source (54 millicuries), 
the internal resistance was found to be 2.7 10'* ohms 
and the corresponding specific resistance 0.510" 
ohm-cm, a decrease by a factor of 14 due to the in- 
creased bombarding current. 

In connection with this high value of internal resist- 
ance it may be pointed out that the utility of the device 
may be more as a source of constant current than one of 
voltage depending on the resistance R» of the load. 


(4) Charge Soakage 


When charging curves were made one after the other 
on the same device, it was sometimes found that the 





%L. A. Matheson and V. J. Caldecourt, J. Appl. Phys. 22, 
1176 (1951). 
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Fic. 8. Variation of charging rate with collector material. 


curves were not identical. This is believed to be caused 
by charges being stored in the polystyrene which require 
relatively long times to leak out. In Fig. 7 can be seen 
a family of charging curves on device No. 8 with a 
0.005-in. separator which demonstrate the soakage 
effect. Note that the voltage to which the device charges 
in a fixed time is different for all curves but that the 
charging rate after a short time is the same for all. 
These curves were measured as follows: The device was 
first charged up to 115 volts, using the beta source, for 
all cases except the one labeled “no previous charge.” 
The electrodes were then short-circuited for times of 5 
seconds to 3 minutes as indicated. Charging was then 
measured as a function of time to give the curves in the 
figure. The differences in the voltages corresponding 
to the different shorting times are attributed to the 
effect of the stored charge. By replotting the informa- 
tion with shorting time as the independent parameter, 
as was done in the dashed curve in Fig. 7, information 
concerning the lifetime of the soaked-up charges can 
be obtained. Here, it can be seen that the lifetime of 
the charge is about 5 minutes. 

The mechanism of charge soakage here is probably 
somewhat different from the usual type,” since it is 
caused by beta-ray absorption, rather than by merely 
applying a field across the dielectric. Further study of 
this would be desirable. 


(5) Backscattering 


Low-energy secondary-emission electrons have no 
effect on the device under discussion since they are 
unable to penetrate the dielectric separator. However, 
backscattered electrons, which have _ substantially 
the same energy as the primary beta particles, can 
penetrate the separator and reduce the value of the 
charging current and hence the charging rate. It is 
known that the amount of backscattering is dependent 
upon the atomic number of the material." Confirmation 
of this was found in measurements of charging rate 
with collectors of various materials. The results are 
shown in Fig. 8, where charging rate is plotted against 


18 Rutherford, Chadwick, and Ellis, Radtations from Radioactive 
Substances (Macmillan Company, New York, 1930). 
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atomic number for six different collector materials. 
Carbon is seen to have the highest rate and hence the 
least backscattering, whereas lead has about half the 
rate of carbon. The relation appears to be linear. Ap- 
proximate values of backscattering coefficients calcu- 
lated from these data are 0.49 for lead, 0.31 for tin, 
0.25 for silver, 0.17 for copper, 0.09 for aluminum, and 
0.04 for carbon. These are in satisfactory agreement 
with values found by Trump and Van de Graaff" 
under comparable conditions. Since backscattering is 
almost energy independent at high primary energies, 
a beta source is almost equivalent to a monokinetic 
electron beam and permits an easy determination of the 
backscattering coefficient. 


(6) Effect of Dielectric Thickness 


The charging rate depends upon both the charging 
current and the capacitance. Changes in the thickness 
of the dielectric may affect both of these. Increasing 
the thickness decreases the capacitance by separating 
the electrodes and also decreases the current due to 
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Fic. 9. Variation of charging rate with dielectric thickness. 


greater beta-ray absorption. Experimental results 
showing the variation of charging rate with thickness 
are given in Fig. 9. The shape of this curve is explainable 
by assuming the capacitance of the device varies in- 
versely as the dielectric thickness, and that the current 
drops approximately exponentially. 


4 J. G. Trump and R. J. Van de Graaff, Phys. Rev. 75, 44 (1949); 
also Mass. Inst. Technol. Report on Contract No. AT(30-1)-905, 
(January 1951), pp. 14-15. 
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(7) Factors Controlling the Limiting Voltage 


The discussion up to now has given little information 
concerning the value of the peak voltage to which the 
device will charge. In most cases, the voltage has been 
over 2000 volts, beyond the limits of the measuring 
equipment. For many practical uses, a limiting voltage 
in the range of 100 to 300 volts is desirable. This may 
be accomplished by such means as shunting with re- 
sistors, or by using different dielectric materials with 
different bombardment-induced conductivities. 


CONCLUSIONS 


The apparatus and techniques used in this study 
appear to offer new and simple methods for investiga- 
ting such effects as bombardment-induced conductivity, 
secondary emission, charge soakage, radiation ab- 
sorption, and other effects of radiation on solids. In 
this respect the results presented here are only of a 
preliminary and suggestive nature and are given mainly 
to elucidate the operation of the device, rather than as 
information on the properties of materials. It is believed 
that these methods are worth further consideration. 

One of the purposes of the work reported in this paper 
was to study the possibility of making a radioactive 
source of current or voltage. It was thought that such 
a source would have several advantages, among which 
would be long life, simplicity of structure, and stability 
with respect to ordinary physical conditions. The idea 
of charging through a dielectric medium was thought 
to offer a promising approach, and, since no work on 
such a process appeared to have been done previously, 
a study was undertaken. The results reported in this 
article lead to the conclusion that the dielectric charging 
process is suitable for such applications and, in fact, 
that a dielectric medium is a good substitute for a 
vacuum. Radioactive current and voltage sources based 
on this principle appear to be entirely feasible. It is 
believed that they should find application in electronic 
equipment. 
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The paper is concerned in the main with a Maxwell material, which corresponds to a model having a 
spring and dashpot in series. The equation for longitudinal wave propagation in rods is shown to be equiva- 
lent to the telegraph equation, and solutions of transient wave problems are treated briefly in the Appendix 
using the Laplace transform technique. Impact on a semi-infinite rod is considered in detail in the report. 
A method of superposition of images is discussed to use this solution to solve boundary value problems 
for finite rods. The resulting stress distributions are discussed and contrasted with those for an elastic rod. 
The natural grouping of problems is discussed according to the relative magnitude of the duration of in- 
terest, the relaxation time, and the wave traverse time. The influence of the idealization involved in the 


Maxwell model is briefly touched upon. 





I. INTRODUCTION 


N the dynamic loading of materials and structures 
wave propagation effects become important if the 

time of loading is of the order of the wave propagation 
time through the body. For much slower loading, in- 
ternal reflections of the stress waves smooth out the 
stress variation, and a satisfactory approximation to 
the stress distribution can generally be obtained with- 
out an analysis of the wave motion. In this paper we 
are concerned with the stress analysis under rapid 
loading conditions of rods of viscoelastic material sub- 
jected to axial stresses. 

In particular we are concerned with the varying 
stress distribution in a rod subjected to a prescribed 
variation of stress or velocity at one end, the other 
being subjected to a boundary condition such as being 
fixed or free. We shall treat transient conditions, as 
contrasted with the response to periodic or sinusoidal 
stimulus. A survey of the literature indicates that while 
propagation of steady-state oscillatory waves in visco- 
elastic materials has received considerable attention 
in recent years, only a few problems of transient wave 
propagation have been investigated. Since we shall 
deal with linear materials, it is formally feasible to use 
superposition and Fourier series or integral methods 
for the treatment of transient problems in terms of 
steady-state sinusoidal response, but this would in- 
volve convergence and evaluation difficulties which are 
avoided by the direct study of the transient wave 
propagation. 

The mathematical analysis involved is used in the 
theory of electrical cables, but it seemed worth while 
to give a brief statement of the theory and to discuss 
the application to the analysis of stress waves in visco- 
elastic materials, since such application has apparently 
not appeared in the literature. Problems of this type 

* This work was sponsored under a Department of Defense 
Contract, NOrd 11496, with the Bureau of Ordnance, Navy 
_—— 


Professor of Applied Mathematics, Brown University. 
t Applied mathematician, Lockheed Aircraft Corporation. 


arise in important technological applications in which 
polymers are subjected to impact and dynamic stress- 
ing. The present work was carried out as part of a 
program to investigate the stresses produced in the 
solid propellant grains of rockets due to firing and 
handling. For this application the motion of the sup- 
ported part of the grain is prescribed by the rocket 
motion, so that velocity boundary conditions commonly 
arise. This type of problem receives most attention in 
the following. 

We shall be mainly concerned with a linear Maxwell 
material, that is, a material which has an elastic and 
viscous response to stress, the associated model being a 
spring and dashpot in series as shown in Fig. 1. The 
stress strain relation is 


é= (6/E)+uo, (1) 


where oa is the stress, ¢ the strain, the dot represents 
differentiation with respect to time, and E and yu are 
material constants. E is the elastic modulus and yu the 
reciprocal of the viscosity. The quasi-static response 
of a rod of such material to a constant stress ao is 
shown by the creep curve illustrated in Fig. 2. It 
consists of an instantaneous elastic strain oo/E which 
remains constant, with an additional viscous flow at 
constant strain rate yoo. The stress variation in a relax- 
ation test in which the strain ¢€ is suddenly applied and 
held constant is shown in Fig. 3. This stress variation 
is given by Eq. (1) with é=0, and the initial condition 
o=Ee. The solution is Eese~‘/"®, where ro=1/Eyp is 
called the relaxation time. 

The Maxwell material considerably idealizes the re- 
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Fic. 1. Model for a Maxwell material. 
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sponse of high polymers to stress. In general there will 
be a delayed elastic component, and the relaxation 
behavior may only be satisfactorily reproduced by a 
spectrum of relaxation times, and in addition non- 
linear behavior may occur. However, for certain 
materials under certain circumstances the Maxwell 
model may yield useful results. The best choice of the 
constants E and yu will depend not only on the material 
and temperature, but also on the time of duration of 
the motion to be considered. Some discussion of this, 
and of the influence of deviation from the Maxwell 
model is given in Sec. V. 
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Fic. 2. 


It has been mentioned already that comparatively 
little work seems to exist in the literature on the propaga- 
tion of viscoelastic transient waves. Sips! gives the solu- 
tion for one-dimensional waves in an infinite medium 
with prescribed initial conditions of displacement and 
velocity. No evaluations of the integrals involved are 
made for specific problems. The problem of impact on 
a semi-infinite bar of a Voigt material (a delayed elastic 
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material represented by a spring and dashpot in 
parallel) has been considered by Zverev.” The analysis 
of a time dependent plastic material by Malvern,’ in- 
cludes the Maxwell body as a special case, but since the 
plastic material is nonlinear, this general case is much 
harder to treat than the linear Maxwell body. Malvern’s 
work includes the solution for constant velocity impact 
on a semi-infinite rod of a linear Maxwell material. 


1R. Sips, J. Polymer Sci. 6, 285-293 (1951). ; 

21. N. Zverev, Prik. Mat. Mek. 15, 295-302 (1950), (Russian). 
(Brown University Translation A11-T12/16). 

+L. E. Malvern, Quart. Appl. Math. 8, 405-411 (1951). 
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The present paper describes a practical method of 
evaluation of the stress distribution in finite rods for 
specific boundary conditions. 


II. BASIC THEORY 


We consider a rod with the x coordinate measured 
along its length. If « is the displacement in the direction 
of x increasing of a section specified by its position x 
in the unstrained rod, the equation for motion in the 
x direction is 

o2= pli, (2) 


where p is the density of the unstrained material, ¢ 
the nominal stress, the tensile force per unit initial 
cross-sectional area, and suffixes represent partial 
differentiation with respect to the corresponding vari- 
able. The use of the Lagrange type coordinate x and 
nominal stress ensures the validity of (2) for large 
strains. If true stress, the force per unit current cross- 
sectional area, is used, Eq. (2) is an approximation 
valid for small strains when the variation in cross 
section can be neglected. The analysis of longitudinal 
waves in this paper is based on (2), the equation for 
longitudinal motion, and in common with the usual 
theory for the propagation of elastic and plastic waves 
along rods, it neglects the influence of the inertia of the 
associated lateral motion. This is known to be in- 
significant if the length over which appreciable changes 
in stress take place is at least several diameters, and in 
practice it is found that this type of theory produces 
satisfactory results for transient waves in rods with a 
ratio of length to diameter of, say, five or more. The 
main influence of lateral inertia is to smooth out waves 
of stress discontinuity by dispersion. 

The nominal strain « can be expressed in terms of 
the displacement u, 


€=Uz, , (3) 


so that if the Maxwell relation applies for nominal 
values of stress and strain, Eq. (1) becomes 


Urt= (1/E)ort+uo. (1a) 


If the Maxwell relation (1) applies for true stress and 
strain, the present theory can be applied only for small 
strains. 


Elimination of « between (2) and (1a) by differentia- 
tion gives the partial differential equation for a(x, 2), 


Orz— (1/c?)o1u—ppo.=0, (4) 


where c?= E/p is the square of the elastic wave velocity. 
If we work in terms of the particle velocity »= 1, 
Eq. (2) becomes ¢.= pv, Eq. (1a) becomes v,= (1/E)o: 
+yo, and by differentiation we can eliminate o to 
obtain the same partial differential equation for 2, 


Vez (1/c?)04—ppv,.= 0. (5) 
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Partial integration with respect to / gives an equation 
for the displacement w, 


User (1/c*)uu—upu.= f(x), (6) 


where /(x) is an arbitrary function of x. In the prob- 
lems we shall consider the bar is initially unstrained 
and at rest, so that f(x)=0 and Eq. (6) has the same 
form as (4) and (5). Differentiation of (6) with respect 
to x determines an equation of the same form for the 
strain ¢, 


€zz— (1/c*)€u—pper= f’ (x). (7) 


Thus oa, v, €, and « satisfy the same partial differential 
equation. It is an equation which has received con- 
siderable attention in the theory of electrical trans- 
mission lines, for it is a particular form of the so-called 
telegraph equation. It can be treated conveniently by 


f= o/pev 
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operational methods, and a brief review of the Laplace 
transform method with some solutions is given in the 
Appendix. 

In this section we will discuss the solution to the 
first problem dealt with in the Appendix, for this is a 
basic result from which more general solutions can be 
deduced. It concerns a semi-infinite rod (x>0), initially 
unstrained and at rest, and at ‘/=0 subjected to impact 
with constant velocity V at the end x=0. The stress 


a(x, ) is given by Eq. (A.4) in the Appendix. 


bE xy} x 
sa-vereoronlo*\ Nel), 0 
2 Ce c 


where J is the Bessel function of imaginary argument, 
and H the Heaviside step function. The minus sign 


, ELASTIC WAVES 


tes T:6 t:7 rT:8 

| | | | 

| | | | 

| | | | 

| | | | 

| | | | 

| | | | 

| | | | 

| | | | 

| | | | 

| | | | 

| | | | 

| | | | Fic. 4. Wave 

Y Y + Y propagation for a 
Maxwell and an 
elastic material. 

rr? t/t, 











1118 E. H. LEE 


FREE END 


-2é 22 32 42 








- 
— 








t ww 





~ 
-—e- == = oan 


é 
‘ 
' 
' 
' 
' 
7 
‘ 
‘ 
i 
7 
' 


Fic. 5. Sequence of images for finite rod solution. 


occurs since a positive impact velocity produces com- 
pressional waves. For the convenience of evaluation in 
particular cases, we express this in terms of the new 
variables r=yEt=i/ro (where 70 is the relaxation time 
discussed in Sec. I), and §=yEx/c=x/cro. Equation (8) 
becomes 


—o/pceV= fae Il3(r—#)'JH(r—£). (9) 


This function can readily be evaluated from tables 
of Jo,‘ and is illustrated in Fig. 4, where f is plotted 
against ¢ for values of r between 0 and 8. In nondimen- 
sional units, this figure depicts the spread and decay of 
the stress wave from the impact end of the rod in the 
case of a Maxwell body. The Heaviside step function H 
shows that the wave front is at =r, for the stress is 
zero ahead of this front. Translating this unit velocity of 
the wave front in the (£, 7) coordinates into the physical 
(x, ) coordinates, we see that physically the front of 
the disturbance moves with the elastic wave velocity c. 
Since J9(0)=1, a wave‘of stress discontinuity of ampli- 
tude —pcV sets out from the impact face. When it has 
reached ¢ the stress discontinuity is of magnitude 
—pcVe-*/, Thus it dies out exponentially as the wave 
progresses, as depicted in Fig. 4. The stress at the 
impact face also falls off as the duration of impact 
increases. 

It is of interest to contrast this behavior with that 
of an elastic rod with the same density and Young’s 
modulus. The well-known solution for elastic waves 
is given by choosing »=0 above, and the stress becomes 


o= —pcVH[t— (x/c) }. (10) 


This represents a wave of constant stress amplitude 
behind the front which is propagated with the elastic 
wave velocity. It is shown by the broken lines in Fig. 4, 
in which it becomes a wave of unit amplitude. We thus 
see that for times of the same order as the relaxation 
time, and times long compared with it, the effect of the 
viscous component in the Maxwell body is to produce 
an appreciable reduction in the stress wave amplitude. 
This is of course to be expected, since the viscous flow 
in the stressed region behind the wave front absorbs 
part of the constant velocity differential V between the 
impact end and the undisturbed rod, and smaller elastic 
strain components are therefore required. For a suffi- 


‘FE. Jahnke and F. Emde, Tables of Functions (Dover Publica- 
tions, New York, 1945), p. 226. 
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ciently long rod, as the duration of impact increases the 
stress magnitudes will approach zero. 

In the next section it will be shown how this basic 
solution can be utilized to determine the stress distribu- 
tion in rods of finite length. 


Ill. THE METHOD OF IMAGES 


Since the analysis of the previous section and the 
Appendix is linear, we can use superposition, and 
obtain new solutions for this theory by adding basic 
solutions. This also applies for all linear viscoelastic 
materials, and is not confined to the Maxwell material 
already considered. The discussion of this section there- 
fore applies to general linear materials which include 
materials represented by models involving any number 
of linear elements in series or parallel, and also to 
linear hereditary materials with a continuous spectrum 
of relaxation times, which form the limit for an infinite 
number of elements. As is detailed below, boundary 
conditions such as fixed and free ends can be satisfied by 
superposition and the use of symmetry arguments. 

Let us first consider an impact J specified by any 
prescribed variation of velocity on one end («=0) of a 
rod, the other end (x=/) being free. We take as the 
corresponding basic solution, this impact on a semi- 
infinite rod (x>0). Figure 5 shows the sequence of 
basic solutions which when superposed satisfy the 
required conditions for the finite rod with a free end at 
x=1. Solution (i) of Fig. 5, the prescribed impact on the 
semi-infinite rod will satisfy the zero-stress conditions 
at the free end x=/ for t<1/c, that is, before the elastic 
wave front has reached that section. When ¢>//c, the 
stress at x=/ will be neutralized by the superposition 
of (ii), which comprises impact J at «= 2/ on the semi- 
infinite rod — © <x<2I. Since this rod extends to the 
left of the point of impact, the stress wave is opposite 
in sign to (i) and they neutralize each other at the 
section x=/. Thus if we consider the superposition of 
(i) and (iz) in the region 0<x</, the required conditions 
for the finite rod will be satisfied until = 2//c, when the 
solution (ii) will disturb the prescribed velocity condi- 
tions given by J at x=0. This disturbance is neutralized 
by the superposition of (iii), but for t>3l/c, (iv) is 
also needed to neutralize the disturbance due to (iii) 
at the free end x=/. For larger values of ¢ the sequence 
of images must be continued. If o;(x,/) is the solution 
to the basic problem (i), the superposition of the 
sequence of images shown in Fig. 5 gives 


a(x, t)=0,(x, t)—o1(2/—x, t) 
—o,(+x, t)+01(4l—x, )+-+-. (11) 


For the particular case of the Maxwell material, this 
sequence is represented by the two terms under the 
summation sign of Eq. (A.10) of the Appendix. 

The determination of the stress distribution at any 
time can be readily carried out graphically from the 
basic solution using the sequence of Fig. 5. Consider the 
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curve o;(x), giving the stress distribution for the basic 
problem (i) at the time /, to be known. For the finite 
rod, the required stress distribution is given by the 
solution of (i) for 0<x</ with the extension of (i) 


beyond x«=/ folded back and reversed in sign, so that 


the section with abscissa 2/ in (i) now occurs at the 
origin. This is again folded forward so that the section 
initially between 2/ and 3/ now spans 0 to/ still with the 
sign reversed. This process is continued until the wave 
front is reached, when no more contributions to the 
stress distribution take place. Working with a plot of 
the initial stress distribution, this procedure can be 
readily handled graphically, and the stress distribution 
for the finite rod determined. 

For a fixed end at x=/, the impact in (ii) must be 
reversed in sign in order to neutralize the velocity due 
to (i) at x=/. This requires (iii) to be reversed in 
sign to satisfy conditions at x=0, but (iv) will remain 
the same. The signs must be changed in pairs through- 
out the sequence of images. If the impact is prescribed 
by a stress variation, the sign of (iii) must be reversed 
to neutralize the stress due to (ii) at x=0. This demands 
a change in the sign of (iv) to neutralize the stress due 
to (iii) at the free end x=/. The sequence of images of 
Fig. 5 will thus be modified in pairs. 

In the next section stress distributions obtained 
graphically by the image method will be discussed for 
constant velocity impact on a rod of Maxwell material. 


IV. TREATMENT OF SPECIFIC PROBLEMS 


The method of images discussed in the previous 
section is used in conjunction with the stress distri- 
butions of Fig. 4, for constant velocity impact on a 
Maxwell body, to determine the stress distributions in 
finite rods. The superposition process is carried out 
graphically. 

For an example, a rod of length 2cr» has been chosen, 
so that the rod is of length 2 in units of £ With this 
choice, relaxation effects due to the viscous component 
of the strain influence the motion during the first 
traverse of the wave front and, of course, also during 
subsequent reflections. Figure 6 shows the stress dis- 
tribution at various times when the rod end (x=/) is 
free, so that the stress there is zero, the end x«=0 being 
subjected to constant velocity impact at r=0. In this 
figure the same ordinate, —a/pcV, is used as in Fig. 4. 
For r<2 the wave front has not reached the free end, 
and the solution depicted in Fig. 4 for the semi-infinite 
rod applies. The wave front initiated by the impact has 
an initial amplitude of unity on the —a/pcV scale, but 
the maximum stress ordinate has already fallen below 
0.5 when the wave front has traversed the rod. The 
stress distributions illustrated in Fig. 6 show that re- 
flection at the free end introduces an unloading wave 
which produces additional rapid stress reduction. Just 
prior to r=5 the stress at the impact end changes sign, 
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E Fic. 6. Stress distribution for a rod of Maxwell material. 


and this reversal is seen to have spread along the entire 
rod at r=6. 

Figure 7 shows the corresponding stress distributions 
for an elastic rod. The unloading wave reflected from 
the free end reduces the stress behind it to zero, and 
at r=4 the rod is entirely unstressed. However, reflec- 
tion at the impact end sends out a stress wave of 
opposite sign. Since there is no dissipation the stress- 
wave amplitude remains constant at uhity on the 
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Fic. 7. Stress distribution for an elastic rod. 
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Fic. 8. Stress distribution for fixed-end rod. 


a/pcV scale. Comparison of the distribution for r=6 
shows the marked influence of the viscous element in 
the Maxwell material in absorbing the stress wave. 
Thus at times of the order of the relaxation time, viscous 
flow reduces the stress magnitudes, and throughout 
most of the motion they are much less than the initial 
stress produced at the beginning of impact. 

In some cases of compressive impact, the prescribed 
velocity applies only as long as the stress at the impact 
face is compressive. Otherwise rebound occurs, and the 
impact end of the rod becomes a free end. In the 
present case, for the elastic rod corresponding to the 
distributions of Fig. 7, tension would occur at the 
impact face at r=4, and instead of a tension wave the 
rod would bounce forward away from the impact con- 
straint in the unstressed condition. Figure 6 shows that 
for the Maxwell material tension would occur just before 
t=5, so that viscous flow delays the rebound. More- 
over the rebound velocity will be reduced in this case, 
since energy is absorbed in viscous flow and less work 
is done by the impact constraint. 

Figures 8 and 9 show stress distributions for constant 
velocity impact on a rod fixed at x=/. For an elastic 
rod, Fig. 9, reflection of the wave front at either the 
impact or fixed end produces an increase of unity in the 
stress ordinate amplitude. Thus, as one would expect 
for a continuously compressed elastic rod the stress 
increases indefinitely. For the Maxwell body, shown in 
Fig. 8, viscous flow relieves this stress increase. At r= 3, 
the elastic wave front is still of appreciable magnitude, 
but at r=6, the stress wave variation has been largely 
dissipated and almost steady viscous flow is occurring. 

One can easily calculate the steady uniform stress 
which will absorb the velocity difference V between 
the fixed and impact ends. The strain rate is V//, and 
Eq. (1) gives the associated stress — V/lu. In the units 


of Fig. 8, this becomes V/pcluV. Writing w= 1/Ero and: 


E/p=c*, this becomes ro/(l/c). For the example of 
Fig. 8, the wave traverse time //c was chosen to equa 
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279, so that the average stress ordinate for steady 
viscous flow is 0.5, as shown by the broken line in Fig. 8. 
It is clear that this steady flow is almost attained at 
t=6 so that a solution neglecting wave effects pro- 
vides then a satisfactory approximation. A comparison 
of Figs. 8 and 9 emphasizes the relaxation potentialities 
of the Maxwell material in reducing the stress 
magnitudes. 

It should perhaps be pointed out that the high 
initial stress at the impact face, which is not even 
approached following the initial traverse of the rod 
by the wave front, is directly associated with the wave 
traverse time having been chosen of the same order as 
the relaxation time and with the prescribed constant 
velocity impact. If a more gradual motion had been 
considered, for example constant acceleration, magni- 
tudes of o/pcV near unity would not occur in these 
circumstances. Such solutions could be obtained by 
integration of the present solutions, considering a 
varying velocity as the superposition of increments as 
illustrated in Fig. 10. Expressed analytically, this leads 
to the solutions given in Eqs. (A.6) and (A.10) of the 
Appendix. 


V. DISCUSSION 


For the problems discussed above, the solution can 
be readily expressed in terms of the physical constants 
of the body and the dimensions of the system. The 
type of behavior in a particular case is determined by 
the relative magnitude of three time parameters: 


{= time during which the motion is to be investigated, 
To= 1/ Ey, the relaxation time of the material, 
r,=I1/c, the traverse time of an elastic wave. 


If Kro, r=t/ro defined in Sec. II is small, and the 
behavior differs little from that of a purely elastic rod. 
Relaxation effects have no time to produce an appreci- 
able influence, and elastic-wave theory will provide a 
satisfactory approximation. In the problems considered 
above, this situation occurs only immediately after 
impact, and, for example, the wave front in Fig. 4 for 
t=0.1 differs little from the elastic wave solution. 
However, for shorter rods or longer relaxation times 
this sort of approximation could apply after several 
wave reflections. 

If ‘>>7,, many elastic wave reflections will take 
place in the time of interest, and a steady solution 
neglecting wave effects may provide a satisfactory 
approximation. The second diagram of Fig. 8 shows 
this even for a ratio ¢/r, of only 3. Comparison with 
the corresponding distribution for an elastic body in 
Fig. 9, shows that viscous flow dissipates wave fronts 
and accelerates the approach to the steady state. The 
distributions of Fig. 6 show the approach to the steady 


,unstressed state of motion with constant velocity. In 


he case of the elastic rod, Fig. 7, the persistence of the 
lastic waves prevents the approach to the steady un- 
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WAVE PROPAGATION 


stressed state, and the stress oscillates about the 
average value zero. 

The problems discussed in the previous section were 
chosen so that both influences, relaxation and wave 
effects, were important. Although discussed in terms 
of the solutions above, the grouping of problems ac- 
cording to the time ratios /: 79:7; will apply generally 
for other boundary conditions; it is thus important to 
evaluate these magnitudes in assessing a new problem. 

In using the theory for a Maxwell body to approxi- 
mate an actual material, the effect of the idealization 
involved must be considered. Since materials are known 
to exhibit a spectrum of relaxation times, the choice of 
a single value 7» implies grouping the longer time com- 
ponents with the elastic element since they will not 
have relaxed in times of order 79, and the short time 
components as viscous elements. Thus the selection of 
the best Maxwell parameters to represent a material 
for a given problem depends on the duration of time 
of interest as well as on the material properties. In 
general, relaxation components with a characteristic 
time of the order of the duration of interest in the 
particular problem should be considered if such exist 
in the spectrum of the material under consideration. 
Since components with long relaxation times are in- 
cluded with the elastic element, the equivalent Young’s 
modulus is reduced in magnitude, compared with the 
instantaneous elastic modulus. This will influence wave 
propagation of a sharp wave front, since the initial 
disturbance will in fact be propagated with the true 
elastic wave velocity and not that based on the modified 
Young’s modulus, and these effects will modify the 
shape of the computed wave front. These influences 
must be borne in mind in applying the results of the 
analysis, which can provide only an averaging out of 
these detailed influences. More theoretical and experi- 
mental work will be required to study this question in 
detail. 


APPENDIX. THE SOLUTION OF THE STRESS-WAVE 
EQUATION USING THE LAPLACE TRANSFORM 
This method of attack is discussed in detail in refer- 

ences 5 and 6. 

We will first consider the problem of a semi-infinite 
rod, x>0, which is initially unstrained and at rest 
when at ‘=0 the end x=0 is subjected to impact with 
constant velocity V. The resulting stress distribution 
a(x, /) must satisfy the following conditions: 


o22— (1/c2)(out+nEo,)=0, ) 
or prt, ; 
ao,  F oe 
v=VH(t), x=0, 
o=v=0, /=0, 





5H. S. Carslaw and J. C. Jaeger, Operational Methods in A p plied 
Mathematics (Oxford University Press, London 1941). 

®R. V. Churchill, Modern Operational Mathematics in VEngi- 
neering (McGraw-Hill Book Company, Inc., New York, 1944). 
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where H(t) is the Heaviside step function H(t)=0, 
t<0; H(t)=1, t>0. The first of (A.1) is Eq. (4) slightly 
modified for convenience, making use of the relation 
pc?=E. If we represent the Laplace transform with 
respect to / of a function by a bar over its symbol, Eq. 
(A.1) is replaced by conditions determining ¢(.x, s), 


Gr2— (1/c*)(s°+pEs)e=0, 
| 


‘ &.= psd, A2 
é=0, x=, (A.2) 
§=V/s, x«=0 


This ordinary differential equation for ¢ can be solved 
directly, to give 


pcV 


= ————_ 


(s?-+pyEs)} 


If we write s°+yEs= (s+yE/2)*— (uE/2)*, Eq. (A.3) 
can. be expressed in a standard form, to give the inverse 


exp[ — (s*+yEs)#x/c]. (A.3) 
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Fic. 9. Elastic rod corresponding to Fig. 8. 


relation 


2 


ay) 
o=— pve HI ut/2( #—-—) Jte-s/0), (A.4) 


Cc 


where J is the zero-order Bessel function of the first 
kind of imaginary argument. 

If we have an arbitrarily prescribed velocity on the 
end x=0, v= V(t), the stress transform becomes 


























——_ [—(st+pEs)'x/c]  (A.5) 
7= ex a= tf L$ )°9X/C ow 
, (s*-+yEs)! . . 
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which inverts into to a prescribed velocity V(t) at x=0, and with the end 
fas E x=Il free. The conditions for o are 
Te 
o= ~pc— f V (t— roe vat —(r—- c/o] O22— (1/c*) (ou+pEo.)=0, 
Al 2 seine 
x . = = 7 
xa(r- )ar=—r| f V'(t—r)e—wBrns alia Maia an 
c 0 v= V (0), x=0, 
o=v=0, (=0. 
x Ife (x/c u(--") ii Application of the Laplace transform gives 
2 “ Or2— (1/c*)(s°+pyEs)e=0, 
; hE x G.=psd, 
+ Voe—*#/2)t7 | —(P— c/o |a( t=) ; (A.6) - (A.8) 
2 c é¢=0, x=!, 
i=V, x=0. 


where V’(¢) is the derivative of V(t), and Vp its initial 
value. This ordinary differential equation can be solved 
Let.us now consider a finite rod of length /, subjected directly to give 





pcsV — exp +. (s?-+-nEs)*(I—x)/c ]—exp[— (s?+uEs)'(l—x)/c] 
(s?-+-pEs)! exp[ + (s?+uEs)4l/c }+exp[— (s*+uEs)'1/c ] , 





= 


(A.9) 





This can be inverted by the usual technique for wE aarti 2nl+-x 
wave problems of expanding the denominator as a X| To Sad —L(Q2nI+x)/c P}* )H roa 


binomial series, 











a bE 2(n+1)l—x7)3 
ae “dee PO 
é= — —_ n 
(s*-+-pEs)} n=0 ' 
2 1)l—x 
2nl+x xu (2) li 
x {ex0| - (s?-+pEs)! c 
c 
2(n+1)l—x = ~oc f 1" G—s)e one > (—1)"{7, x}dr 
— |e- (s?+-yEs)! 0 n=0 
c 


—pcVoe#ei2)t 5! (—1)"{t, x}. (A.10) 
and inverting using standard forms sie 


The series of waves expressed by the summation 


d r 
e= —ec— f V (t—r)e—##/2)*  (—1)" terms are the image waves discussed physically in 
Old 9 n=0 Sec. ITI. 
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It has been shown that an approximate solution for the diffraction of an electromagnetic wave by an 
aperture in a plane conducting screen can be obtained from a single component of the Hertz vector and that 
the results can be applied to calculating the field of apertures which are sufficiently large as compared to the 
wavelength of the incident radiation. The solution rests upon an evaluation of an inhomogeneous scalar 
boundary-value problem. An infinitesimal wavelength approximation leads to a simple Kirchhoff-like formula 
which is found to be identical to that obtained by Neugebauer who derived it from geometrical optics as 
first approximation. The special case of diffraction by a circular aperture is treated in detail, and experi- 
mental] measurements by which the theory was checked are cited. 





I. INTRODUCTION 


ECENT developments in microwave techniques 

have led to a renewal of interest in the diffraction 

of electromagnetic waves by an aperture in a conduct- 

ing screen. In particular, the experimental work of 

Andrews,! who measured the field within and in the 

neighborhood of circular openings, has stimulated many 
of the theoretical investigations. 

Despite the fact that the mathematical formalism for 
solving this problem has been laid down some time ago 
by Bethe? and Copson,* the difficulties encountered in 
evaluating the appropriate integral equations are such 
that in the general three-dimensional diffraction prob- 
lem (as that of a circular aperture), the range of applica- 
bility of these methods is limited to apertures that are 
small as compared to the wavelength of the incident 
radiation. The most complete analysis of this type has 
been given by Bouwkamp.‘ Meixner and Andrejewski’s® 
approach has met with success in so far that these 
authors are-now able to push their solution to include 
apertures as large as about one wavelength in radius. 
Furthermore there is the well-known Kirchhoff theory 
extensively used at optical wavelengths and the vector- 
Huygens theory of Stratton and Chu,® both of which 
were thought to be good “large hole” approximations. 
Near-field measurements reveal however that neither of 
these predict the correct results. Hence there is at the 
present time a great number of diffraction problems 
and many measurements dealing with apertures of 
intermediate and large size for which no satisfactory 
theory is available. This paper and the work of Woon- 
ton’? and Neugebauer® are concerned with approximate 


* This research forms part of a project on microwave optics that 
is supported at McGill University by the United States Air 
Force through its Cambridge Research Center under contract 
AF 19(122)-81. The contents of this paper have been briefly de- 
scribed in a Letter to the Editor, J. Appl. Phys. 23, 1403 (1952). 

1C. L. Andrews, J. Appl. Phys. 21, 761 (1950). 

*H. A. Bethe, Phys. Rev. 66, 163 (1944). 

* E. T. Copson, Proc. Roy. Soc. (London) A186, 100 (1946). 

*C. J. Bouwkamp, Philips Research Reports 5, 401 (1950). 

5 J. Meixner and W. Andrejewski, Ann. Physik (6) 7, 157 (1950) ; 
also W. Andrejewski, Naturwiss. 38, 406 (1951). 

6 J. A. Stratton and L. J. Chu, Phys. Rev. 56, 99 (1939). 

7G. A. Woonton, J. Appl. Phys. 23, 1405 (1952). 

*H. E. J. Neugebauer, J. Appl. Phys. 23, 1406 (1952). 


solutions applicable to diffracting holes sufficiently 
large with respect to the wavelength. Measurements 
made on circular apertures support the theoretical 
conclusions. 


Il. THE GENERAL FORMULATION OF THE PROBLEM 


Consider an idealized, perfectly reflecting screen of 
infinite extent and zero thickness denoted by S,, (Fig. 1), 
lying in the x, y plane of a rectangular coordinate 
system. The screen is pierced by an aperture of arbi- 
trary shape whose area is designated by So and which 
is bounded by a contour C. The aperture and screen 
therefore occupy the whole x, y plane S. A monochro- 
matic wave E;, H; originating from a source situated 
in the negative half-space (z<0) is incident upon the 
screen. Harmonic time variation exp(jwt), where w is 
the angular frequency, is implicitly assumed. The 
mks system of units is used throughout. 

A mathematically exact solution of the diffraction 
problem, subject to the above idealizations, should 
satisfy the following requirements: 


(a) The total field must be a solution of Maxwell’s 
equations. 
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(b) In order that the final solution be a unique one, 
the field components in the half-space z>0 must satisfy 
the well-known radiation conditions at infinity,? and 
the energy density must be finite everywhere in space.” 

(c) On the perfectly conducting screen S,, postulated 
in the theory it is required that 


nXE=0 (la) 
on Sm, 


n-H=0 (1b) 


where n is a unit vector, normal to the plane S, directed 
into the half-space z>0. 

(d) All components of the electromagnetic field must 
be continuous in crossing the aperture from the half- 
space <0 to the half-space z>0. The continuity within 
So is uniquely fulfilled by certain conditions?" regarding 
the symmetry of the perturbed field about the x, y 
plane. These conditions can be stated as follows: The 
electromagnetic field E, H, at any point in space is 
split up into an incident field E;, H;, a partial field 
E,, H,, associated with the reflected wave that exists 
when the screen is complete, and a perturbed field 
E,, H,, due to the aperture alone. It is then found 
that in s<0, 


E-= E+ E--+ a's 


H-=H-+H-+H,-, (2) 

and in z>0, 
wig a 2b 
H+=H,*. (2b) 


The superscripts “+” and “—” describe the appro- 
priate half-space. From symmetry considerations it 
follows that 


n-E,+=—n-E,, (3a) 
nXH,*+=—nXH,-. (3b) 


As a result of these relations, Bethe and others have 
shown that within the aperture the components of H 
parallel to the screen and the component of E normal 
to the screen are to be identified with the respective 
components of the incident radiation. If the subscript 
“()” describes the field in the plane z=0, then 


nX H)=nXH, 2 (4a) 
in So. 


n-E,=n-E; (4b) 


The physical implications of (4a, b) should be noted. 
If a plane electromagnetic wave is incident normally on 
the screen then the tangential components of H show 
a uniform aperture distribution equal to that of the 
incident wave. This theoretical result was verified ex- 


®S. Silver, Microwave Antenna Theory and Design (Radiation 
Laboratory Series v. 12) (McGraw-Hill Book Company, Inc., 
New York, 1949), p. 85. 

10 J. Meixner, Ann. Physik (6) 6, 1 (1949). 

"4S. Silver, Antenna Laboratory Report No. 163 (1949), 
Department of Engineering, University of California. 
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perimentally by Silver and Ehrlich.'"* However, nothing 
is known about the remaining three vector components 
within So and to determine their distribution is one of 
the tasks of this paper. 

The electromagnetic field can be everywhere repre- 
sented. by the Hertz vector Ml from which the field 
components E, H, are derived through the relations, 


E=Fl+vv-Il, (5a) 


H=——yxit. (Sb) 
jou 


Consider now the special case of a homogeneous plane 
wave irradiating the aperture normally from the nega- 
tive half-space, polarized with its electric vector parallel 
to the plane S. This specialization of the problem will be 
assumed throughout the remainder of this paper. With- 
out further loss of generality, the direction of the inci- 
dent E can be chosen to lie along the positive direction 
of the x coordinate. The assumption will now be made, 
and its consequences examined, that the total electro- 
magnetic field at any point in space can be described 
by the x component of the Hertz vector alone, namely, 
that the field can be determined from that component 
of II which is oriented in the direction of the incident 
electric field.f It is then found from Eqs. (5a, b) that 
the magnitudes of the components of E and H are 

















il, 
E,=FT,+ , (a) H,=0, (d) 
Ox" 
il, ; R* oll, 
E,=—, (b) H,=-——, €) (6) 
OyOx jou Oz 
il, Rk’ all, 
E,= ’ (c) H,= a ’ (f) 
020% jom Oy 


where II, satisfies the scalar wave equation 
V+ FI,=0. (7) 


It is found by inspection of (6) that relations (4a, b) 
pertaining to the field within the aperture are fulfilled if 


oll, oli, 
( ) = ( ) in So, (8) 
dz Jo Oz Jo 


where the subscript “0” denotes the value of II, and 
its derivatives at z=0. On both surfaces of the conduct- 
ing screen the tangential components of E and the 
normal component of H must vanish (Eqs. 1a, b). It 








2S. Silver and M. J. Ehrlich, Antenna Laboratory Report 
No. 185 (1952), Department of Engineering, University of 
California. 

t The author is indebted to Dr. C. J. Bouwkamp for pointing 
out that the use of a single component of the Hertz vector was 
already discussed briefly by F. Méglich, Ann. Physik (4) 83, 
609 (1927). 
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DIFFRACTION OF ELECTROMAGNETIC WAVES 


follows from (6) that a sufficient condition is that 
.=0 on S,. (9) 


In the Appendix it is shown in some detail that (8) and 
(9) fulfil requirements over the surfaces Sy and S,, and 
that furthermore the solution is in accord with the 
symmetry conditions (3a, b). 

The vector diffraction problem has thus been reduced 
to a scalar form in which the homogeneous wave equa- 
tion (7) is to be solved subject to the conditions (8) 
and (9). The form of this boundary-value problem, into 
which the electromagnetic case has been thrown, is 
well known in the diffraction of scalar waves. For 
instance, for circular apertures Bouwkamp" and others 
have obtained solutions over a large range of aperture 
radius to wavelength ratio, by separating the wave 
equation in spheroidal coordinates. Also an integral 
equation representation for an aperture of arbitrary 
shape has been given by Rayleigh," Levine and 
Schwinger,'® and Baker and Copson.'® Applying their 
method, the field in space is determined as follows. 

If the wave function IT, is regular at every point in 
the half-space 220, satisfies the prescribed boundary 
conditions (8) and (9), and is a solution of the wave 
equation (7), then the field at any point (x’, y’, 2’) in 
220 is given by 


I1,(x’, y’, 2°) 


1 @ exp(— jkr) 
ames sats J I1,(x, y)————dxdy,_ (10a) 
2x dz’ J so r 
and in s<0 by 
I. (x’, y’, 2’) = Miz (x’, y’, 2’)—Miz(x’, y’, —2’) 
1 @ exp(— jkr) 
eminem f II,(x, y)—————dxdy. (10b) 
2r O2’ J so r 


The unknown function II,(x, y) which appears under 
the integral signs is determined through the integral 
equation, 


= 1 
Sa = 


3° exp(— jkr) 
x ( oe f Il, (x, , / secre ) dxdy. ( 10c) 
So 0 


02” r 


In Eqs. (10), r is the distance from an element of area 


wane J. Bouwkamp, dissertation, University of Groningen 
(1941). 
Lord Rayleigh, Scientific Papers 4, 283 (1903) ; 6, 161 (1920). 
‘°H. Levine and J. Schwinger, Phys. Rev. 74, 958 (1948); 
75, 1423 (1949). 


‘°B. B. Baker and E. T. Copson, The Mathematical Theory of 


Huygens’ Principle (Clarendon Press, Oxford, 1950), second ed., 
pp. 163, 185. 
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(dxdy) of So to the field point (x’, y’, ’) and is given by 
r=[(x—2 + (yy) 27} 


Since Eqs. (10) fulfil boundary conditions over all 
finite areas of S and since furthermore the field com- 
ponents obtained from II, are solutions of Maxwell’s 
relations, it appears as if an exact formulation of the 
diffraction problem had been found. Nevertheless in 
the general three-dimensional case the results are ap- 
proximate because the initial assumption of using only 
one component of II imposes a not necessarily true 
restriction (6d) that H,=0 at every point in space. 
[ Note that within the aperture (6d) is correct as re- 
quired by relation (4a). ] However experimental meas- 
urements indicate that when the aperture dimensions 
are at least several wavelengths, the cross-polarized 
component //, in the diffraction field is very small com- 
pared to that lying parallel to the incident H,. Although 
it is difficult to assess on theoretical grounds alone the 
magnitude of the error produced by the assumptions, 
it is expected that for sufficiently large apertures, the 
errors in the final solution will in general be small. The 
largest discrepancies in the prediction of the field com- 
ponents will probably be confined to a region close to 
the diffracting edge; here one finds from the scalar 
solution of Bouwkamp and others that the wave func- 
tion II, tends to zero as r} where r is the distance from 
the edge to a neighboring field point situated in So. It 
is then found in general that an evaluation of the field 
components from II, leads to field singularities of an 
order which is not in conformity with requirements of 
Meixner” and Bouwkamp." This failure of the solution 
causes the energy density of the field to become infinite 
at the rim and this in effect results in sources being 
generated there. 

A derivation of the distant field relations in general 
terms will permit a verification of the radiation condi- 
tions in z>0. Let be a vector from the origin of the 
coordinates to a point (x, y) in So. Let R’, 6’, ¢’ be the 
spherical coordinates of the field point (Fig. 1) and 
finally let R, be a unit vector along R’ directed from the 
origin to the field point. In order to obtained from 
(10a) the field components given by (6) it is necessary 
to perform the required differentiations with respect to 
the primed coordinates. Thus to find E, for instance, 
we require 


0 # [ee] 


7 ./2 a 
Oz Ox 





r 





exp(— jk{R’—o-Rj}) 1 
= jk’ = — ates = sin?é’ cos6’ cos's'+0(— ) 
R’ rn 


and similarly for the other derivatives. Inserting these 
into Eq. (10a) and transforming from a rectangular to 
a spherical system of field components, it then follows 


“17C. J. Bouwkamp, Physica 12, 467 (1946). 
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from (6) that to the order of R’~, 


Er=0, Hr=0, 


H 

€ 

Ey= g(0’) cos*6’ cosp’, = He=— ( *) Es, 
bb 


} 

€ 

Ey= —g(6’) cos@’ sing’, H,= (<) Eo, 
i” 


where g(@’) is given by 


jk exp(—jkR’) 
s0)2—- 
Qn R’ 


x f I1,(x, y) exp(jko-Ri)dxdy. (11) 
So 


Provided that the integral in (11) is finite, the radiation 
conditions have been satisfied. 

So far consideration has been given only to that Hertz 
vector whose source can be traced to a distribution of 
electric polarization. In free space the transformation 
D—B and B—-—D is permissible and this leads to the 
fact that the electromagnetic field can also be formu- 
lated in terms of a magnetic Hertz vector I*.'* 

By reasoning similar to that given previously, it is 
possible to construct an electromagnetic field from the 
vector component II,* alone which in this case fulfils 
the boundary requirements, 


Tlo,*= Ili,* 
(dI1,*/dz)o= 0 


and which is characterized by the fact that E,=0 every- 
where. It appears that the whole diffraction problem as 
formulated here is ambiguous insofar that it can be 
expressed in terms of either II, or II,*. Calculations 
based upon the latter are found to be in complete dis- 
agreement with experimental measurements. Below is 
given a possible explanation as to why results based on 
II,* are not permissible. 

_ As mentioned above, E,=0 at every point in space, 
when II,* is chosen to represent the vector field. It then 
follows from (2) that within the aperture 


Eoy= Ei,= 0. 


in So, 


on Sm, 


This relation represents in general an erroneous restric- 
tion imposed upon the problem because Eqs. (4) fully 
determine all requirements that are necessary in So. 


Ill. THE CIRCULAR APERTURE 


In the special case of diffraction by a circular aperture, 
it is helpful to use the King’ and Sommerfeld” integral 


J A Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), p. 28. 

LL. V. King, Can. J. Research 11, 135 (1934). 

* A. Sommerfeld, Ann. Physik (5) 42, 389 (1943). 
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representation of describing the wave function, instead 
of employing the formulation as given by (10), from 
which however the formulas that will be stated can 
be derived. 

Let a be the radius of the circular aperture and let 
(p’, 2’) be the field point in a cylindrical coordinate 
system. Since the diffraction space 220 is of main 
interest, attention will be restricted to that region. It 
is then found that the wave function IT,(p’, 2’) at any 
point in 2’ 20 is given by, 


- Add 
II ,(p’, “=f Jo(Ap’) f(Aa) exp(—y2’)—. (12) 
0 , bu 
Here ) is a variable of integration and Jo(x) is a Bessel 
function of the first kind and order zero; yu is defined as 


p=j(B-X)! X<k, 
=(N—R)! A>k. 


The unknown function f(Aa) is usually termed the 
“radiation characteristic” and it can be shown to be 
proportional to g(6’) defined in (11) on setting \= k sin@’ ; 
the magnitude of f(Aa) is determined from the boundary 
values that exist on the surface S. On substituting con- 
ditions (8) and (9) into (12), it follows immediately 
that, in the plane 2’ =0, 





dlli, ai 
( *) -— f Jo(dp’) f(Aa)AdA, p’<a, (13a) 
02’ 0 0 


- ddr 
0= f Jodo’) fa) —,  p’>a, (13b) 
0 


Be 
and these are dual integral equations which must be 
evaluated. Once f(Aa) has been determined, a substitu- 
tion into (12), formally concludes the solution of the 
problem. 

The evaluation of (13a, b) is difficult and it has as yet 
been unsuccessful when the aperture is larger than the 
wavelength. Nevertheless a very useful approximation 
can be obtained by proceeding to the high-frequency 
geometrical optics limit, ka—o. Although it seems 
impossible to establish theoretically the range of validity 
of such an approximation, field measurements on aper- 
tures from ka=a to ka=40m substantiate the results. 
The final formulas are found to be the same as those 
obtained by Neugebauer® who used strict geometrical 
optics as first approximation and who then applied 
corrections in order to eliminate field discontinuities at 
the boundary of the geometrical shadow. 

Writing (13b) in terms of its real and imaginary parts, 
it follows that 


Add 


0= -if ToQe {Oey ms 


as ; Adv . (14) 
+f Teo) {Oey ay p' >a. 
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parts, 


(14) 
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If k is very large the second term of (14) becomes very 
small as compared to the first (see Sommerfeld”), and 
in the limit as Rk (this being synonymous with the 
assumption that ka—~ as can be seen by a change of 
variable, \=¢/a), Eq. (14) simplifies to 


0= i) Todo’) f(da)add, p’>a. (15) 


Fourier-Bessel transforms of (13a) and (15) lead to the 
result, 





. olli, 
fQa)= -{f J00')-( ) p'dp’. (16) 
0 dz /o 
It has in effect been shown [as seen from Eq. (16) ], 
that in the limit of infinite frequencies the mixed 
boundary conditions (8) and (9) used in the derivation 
of the dual integral equations approximate to the simple 
homogeneous form, 


oll, Olli, 
(M) = (7), ws 
dz Jo Oz 0 


=0 on S,,*, 








(17a) 


(17b) 


‘ where S,,+ denotes the shadow side of the screen. 


The boundary condition (17a) has remained un- 
changed, it is exact and it ensures the continuity of the 
field in passing through the aperture. The approxima- 
tion process outlined above has however affected condi- 
tions on the shadow side of the screen, and it is of interest 
to examine the implications of (17b). On turning to Eq. 
(6e) it becomes immediately obvious that the tangential 
component of the magnetic field (H,) has been made 
to vanish on S,,+. Experiment indicates that such an 
approximation to exact boundary conditions is reason- 
able, if the dimensions of the diffracting aperture are 
sufficiently large as compared to the wavelength in 
which case it is known that the field on S,,* drops off 
to zero very rapidly as the distance from the diffracting 
edge is increased.{ Lastly it should be mentioned that 
although (17a, b) were obtained for the special case of 
a plane wave incident normally on a circular aperture 
only, these conditions also hold for apertures of any 
shape and for incident waves not necessarily plane.”! 

A plane wave incident normally on the screen is 
represented by [see Eqs. (6) ], 


Il,= E, exp(— jkz), (18) 


t In the course of preparation of this paper a recent report by 
S. Silver and M. J. Ehrlich (Antenna Laboratory Report No. 181, 
(1951), Department of Engineering, University of California) has 
come to the present writer’s attention. In that report the boundary 
conditions (17a, b) derived above were made the basis of a theo- 
retical investigation of diffraction. Many of the results there 
deduced can be obtained from the present analysis. 

*1 Field measurements made by D. C. Hogg at the Eaton Elec- 
tronics Research Laboratory, McGill University, checked well 
against theoretical predictions, when spherical waves were used 
to illuminate the aperture (private communication). 
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where E, is a constant equal to the amplitude of the 
incident electric vector at z=0. Substituting (18) into 
the integrand of (16) and performing the integration, 


it follows that 
Ea J, (Aa) 
f(\a)= ~( ). 
k 


The wave function II,(p’, 2’) at any point in 2’ 20 is 
obtained by inserting the above value of f(Aa) into 
(13); thus 





Ea - aN 
1.02) =j— f Jo(do")J1(da) exp(—uz’)—. (19) 
0 Kh 


Although Eq. (19) is useful in computing the wave 
function at z=0, it does not lend itself readily to evaluat- 
ing II, in the near field (0<z<@). Furthermore the 
equation applies to circular holes only, while require- 
ments (17) are true for any shape of aperture. For these 
reasons other forms will be given from which the wave 
function can be calculated. 


(a) An application of Neumann’s problem to the 
infinite plane boundary results in the fact that subject 
to conditions (17), Il, at any point (z’, y’, 2’) in s>0 
is given by a surface integral over the aperture area, 


IT, (x’, y’, 2’) 


1 dlliz(x, y)\ exp(— jkr) 
=—-— dxdy, (20 
f( Oz ) r % (20) 


2r 0 





with the same notation as used in Sec. II. Formula (20) 
has the appearance of a Kirchhoff type of approxima- 
tion. There are however two major differences between 
the classical formulation of diffraction and the above 
equation: first, the field components derived from (20) 
obey Maxwell’s relations, and secondly, the requirement 
of field continuity through the aperture is preserved; 
both of these are not satisfied simultaneously by either 
the Kirchhoff formulation or by the vector-Huygens 
theory of Stratton and Chu.® For a plane wave at 
normal incidence, it follows from (18) and (20) that 








E. exp(— jkr) 
I1,(x’, y’, 2)=7 f —dady. (21) 
2rk So 


r 


(b) Schoch” has shown that for an aperture of arbi- 
trary shape the surface integral in (21) can be trans- 
formed into a line integral. Using his results and apply- 
ing them to Eq. (21), it is found that 


E. 1 2a 
TI. (0’, £)= | exw — jkz’)—— f exp(— jira 
R 2r Jo 


T 


p’$a, (22) 
2A. Schoch, Akust. Z. 6, 318 (1941). 
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for the case when the field point (p’, 2’) lies in the 
illuminated region; a similar expression applicable to 
the geometrical shadow region p’><a is discussed by 
Carter and Williams.** In Eq. (22) ro is the distance 
from the field point to an element 6s of the diffracting 
edge ; for the special case of the circular aperture, 


re = 2+ i, 


where 
L?=a’+-p"—2ap’ cosd, 
or 
L=p’ cosa+ (a?—p” sin’a)}, 
and 


p?= x?+ y", 


the angles a and ¢ are defined in Fig. 2. A useful alterna- 
tive form of Eq. (22) is obtained if the integration over 
the angle a is replaced by an integration over 9; it is 
then readily shown that 


E. / 
II,(p’, 2’)= ~ | exp(— ite) 





1 f°" exp(—jkro) 
win f = “(ap coss)ad6| (23) 
ar J, |b, 


for a circular aperture of radius a. This equation is the 
infinite frequency approximation to the relations de- 
rived in the previous section and it was obtained by 
Neugebauer*® by an independent method. 

Any one of Eqs. (19) to (23) inclusive can be used 
in the evaluation of the wave function II,. The choice 
rests upon the ease with which the calculation can be 
carried out. Within the aperture z’=0, Eq. (19) is the 
most, convenient. In fact Stenzel** has already given a 

% A. H. Carter and A. O. Williams, J. Acoust. Soc. Am 23, 


179 (1951) 
™ H. Stenzel; Ann. Physik (5) 41, 245 (1942). 
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solution of the integral since it also occurs in the problem 
of the vibrating circular “Rayleigh plate.” Except for 
constants of proportionality which are different from 
the present case, his results can be applied. It is then 
found that within the circular diffracting aperture, 


E. x 
I1,(p’, 0) = —1- > ta(bo "Jn (bo) | (24) 


where 


— ——{ J m_1/2(ka) 


(- 'r(m+1/2) 1 
ban es ee Se oe 
) m'! (ka)* 


2 


— (=1) "iJ -mia(ba)). 


The infinite series of Bessel functions are convergent 
for all p’ <a. The three unknown field components E,, 
E,, and H, are found from (6) and (24) on performing 
the required differentiations, 


m=0 


E,(x’, y’, 0)= pi =. tn(bo')™ J m( kp’) 


J m—1(kp’) x’\? ; ; 
amare me (=) J m—2(kp') | | (25a) 
(kp’) p 
E,(x’, y’, 0) = ELR(x’y’) 
XD tm(ke’)™ J m—2(kp*) J, (25b) 
H, (x’, y’, 0) =jH[ (ky’) 
KD tm(kp’)" "IS m—i(kp’) J, (25¢) 


m=0 
where 
p’=(x"+y")! and H.=(€/u)'E.. 

In Fig. 3 are shown a few representative aperture- 
field measurements of the E, component of the electro- 
magnetic field, which were carried out independently 
by Andrews,' Silver and Ehrlich”, and Bekefi and 
Woonton.”* The theoretical curves were computed from 
Eq. (25a). For the four apertures shown (ka=7, 3x, 77, 
and 8), the electric field intensity is plotted along the 
ordinate and the field point (x’, y’, 0), in units of wave- 
length along the abscissa. In view of the experimental 
difficulties, the general agreement with theory is good. 
It is surprising to find that even for an aperture as small 
as one wavelength in diameter, there is fair agreement 
between the measured and calculated values. A compre- 
hensive set of measurements made outside the aperture 
plane and the corresponding theoretical predictions will 
be published later. 


25 G. Bekefi and G. A. Woonton, The Eaton Electronics Re- 
search Laboratory Report No. b7 under contract AF 19(122)-81 
to the United States Air Force, Cambridge Research Center. 








lem 
t for 
‘rom 
then 


(24) 


2a)). 


gent 
3 E,, 
ning 


25a) 


‘25c) 


ture- 
ctro- 
sntly 

and 
from 
7m, 
r the 
rave- 
ental 
rood. 
small 
ment 
ipre- 
rture 
; will 


s Re- 
}2)-81 








DIFFRACTION OF ELECTROMAGNETIC WAVES 


A further comparison of the theoretical results de- 
rived above was made with calculations based on the 
exact theory of Meixner and Andrejewski and pub- 
lished by the latter author® for the case ka=10. The 
graphical comparison is shown in Fig. 4. 


CONCLUSIONS 


It has been shown that an approximate solution of 
the three-dimensional electromagnetic diffraction prob- 
lem is obtained by using a single component of the 
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Fic. 3. The electric field intensity in the plane of circular aper- 
ures, normalized to the unperturbed incident wave. (—— calcu- 
lated from Eq. (25a); @ @ measured by Andrews; + ---+ 
measured by“Silver and Ehrlich; O --O measured by Bekefi 
and Woonton). 
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Fic. 4. The amplitude of the electric field within a circular 
aperture, ka= 10. [—— as calculated from exact theory by Andre- 
jewski; --- calculated from Eq. (25a) ]. 


Hertz vector and that the results may be applied to 
calculating the field of apertures sufficiently large as 
compared to the wavelength. The solution rests upon the 
evaluation of an inhomogeneous scalar, boundary value 
problem. A high-frequency approximation (ka—© ) was 
found to lead to a Kirchhoff-like formula which, however, 
differs from the latter in so far that it satisfies Maxwell’s 
relations and the requirement of field continuity. Experi- 
ments made on circular apertures verify much of the 
theoretical work. 

The writer wishes to thank Professor G. A. Woonton 
and Dr. H. E. J. Neugebauer for the many helpful 
discussions of this problem. Thanks are also due to 
Miss E. Major who did the numerical computations. 


APPENDIX 


(i) It is required to show that the integral equations 
(10) satisfy the requirements of the vanishing of the 
tangential components of E and the normal components 
of H [Egqs. (1) ] on both surfaces of screen S,,. Consider 
first the positive side of the screen; on carrying out the 
differentiation in (10a) it follows that 


TI,(x’, y’, 2’) 


1 xp(— jkr) 1 
=f 1.6, Pin *) andy (26) 
So r 


Qn r 


The components E,, E,, and H, are obtained from (6) 
by performing the appropriate differentiations with 
respect to either the x’ or the y’ coordinates, as the case 
may be. This will introduce into the integrand of (26) 
terms similar to those that are already present and new 
terms of the form (x—<’)/r or (y—y’)/r. Since IT,(x, y) 
is a bounded function and since on the surface of the 
screen the remainder of the integrand is regular (r~0), 
it follows directly that as 2/0, E,, E,, and H, likewise 
tend to zero on the positive side of S,,. This result can 
be derived in the same way on the negative side of the 
screen with the help of Eq. (10b), on noting that 
Ili-(x’, y’, 2’) is only a function of 2’ as seen from (18). 

(ii) Within the aperture So, Eqs. (10) must satisfy 
conditions (4), namely, Ho,=Hiz, Hoy=Hi,, and 
Eo,= Ei;. The first of these relations is automatically 





1130 G. 


fulfilled as a result of the original postulate that H, is 

zero everywhere in space and mention of this fact has 

already been made in Sec. II. The component H, in the 

half-space z>0 is found by combining (6e) with (10a), 
jou , , , 

ia > (x »¥,% ) 


1 & exp(— jkr) 
=—-— f II, (x, y)———dxdy, 
So 


r 





and from the integral equation (10c) it follows directly 
that within the aperture 





Jou we onli, jou 
-n,(¢, ¥,0=(—) 
k* yA 0 


= ——Hi,(x’, y’, 0). 
a a citas 


The same result is obtained from (10b) if the aperture 
is approached from the negative half-space. A similar 
proof can be given for the z component of the electric 
vector. 
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(iii) The symmetry conditions (3) can be verified by 
comparing expressions (10a, b) with relations (2a, b), 
respectively ; this reveals that the perturbed fields II,+ 
and II, in the appropriate half-spaces are 


1 @ exp(— jkr) 
Ilp,* = +— — II_(x, y) dxdy. 
2x 02’ So r 
Since in the above equation the differentiation with 
respect to z’ in the negative half-space results in a 
reversal of sign, IIpz is a function which is symmetric 
about the x, y plane such that 


Ipz(x’, y’, —|2’|) =Mp.(2’, y’, |2’|). 


Since, furthermore, a calculation of the components Hp, 
and Ep, from IIp, involves an additional differentiation 
with respect to 2’, it follows that these components 
satisfy a relation of the form 

—F(x', y', —|2|)=F(x’, y’, |2’|) 


which is in conformity with (3). 
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This paper presents a new method for the measurement of surface stress. By the use of test pieces plated 
with copper, the stress is measured by observing the flecks on the surface produced by cyclic stress. The 
variation in the appearance of flecks which is due to the change of load is very sensitive at a proper load, 
so an accurate determination of the surface stress is feasible. 

The stress concentration factor in torsion is obtained experimentally by the method described for circular 
shafts with a circumferential notch in each. The results are compared with theoretical values, calculated 
from two different formulas previously derived by the author and Sonntag, respectively. It is confirmed that 
the experimental results obtained here are in good agreemer-t with those calculated by the author’s formula. 


INTRODUCTION 


OMPLETE theoretical solutions for stress concen- 
tration problems due to fillets, notches, etc., have 
been-found only in a few of simple cases, owing to mathe- 
matical difficulties. In the majority of cases, informa- 
tion regarding stress concentration has been obtained 
by experiment. For this purpose, strain measurements 
with sensitive extensometers and the method of brittle 
coatings are now widely used. By means of the former 
method, however, technical difficulty arises from the 
highly localized character of the stress concentration 
for an accurate determination of the strain at the point 
in question. In using the latter method, it requires high 
technique to have a coating of uniform thickness if the 
shape of a specimen is irregular, while the uniformity of 
a coating immediately affects results. Moreover, the 
sensitivity of coatings is considerably affected by 
various conditions of the coating material, namely, 


drying time of coating material, atmospheric conditions 
during the testing period, and many other conditions. 
This paper presents a new method for the measure- 
ment of surface stress, quite free from these technical 
difficulties. When a specimen, plated with copper which 
contains some impurities, is subjected to a suitable load, 
the surface of the plating metal changes in color owing 
to the flecks produced by loading. These flecks are 
produced only in a very thin surface layer of the 
plating metal, the mechanical properties of which are 
somewhat different from those of the inner part. In 
statical loading, faint flecks begin to appear at a certain 
load, and with the increase of the load the density and 
depth of color of the flecks are increased. But if a 
specimen is loaded until the flecks appear very clearly, 
yielding starts at the inner part of the plating metal, 
the variation of the density and depth of color of the 
flecks as a result of the change of load is rather gradual. 
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Fic. 1. Dimensions of the test piece. 


Consequently, by means of a statical loading, the 
determination of load corresponding to a certain appear- 
ance of flecks is not sharp. But when a specimen is sub- 
jected to a cyclic load of proper magnitude, the color 
of flecks becomes deeper with the increase of the 
number of cycles, while the inner part of the plating 
metal remains within elastic range. The increasing rate 














(a) 
Stress +11.5 kg/mm!, flecks very dense. 





of the depth of color and density of flecks abruptly 
changes at a proper load. These flecks do not appear 
within a certain load, but if a load slightly exceeds the 
proper value, the flecks of deep color abruptly come in 
sight. This value of the load is characteristic for the 
plating metal and the metal contained as an impurity 
in the plating solution, if the surfaces of the specimens 
be maintained under the same conditions. To have a 
distinct appearance of flecks, as a plating solution, the 
solution of cupric phosphate mixed with a small 
quantity of zinc sulfate has been used. The surface 
conditions of a copper-plated specimen are affected by 
the surface finish of the specimen before plating and 
also by the conditions of deposition, namely, composi- 
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(c) 
Stress +9.1 kg/mm?, flecks thin. 


(d) 
Stress +8.4 kg/mm, flecks indistinct. 


Fic. 2. Flecks on the surface of a test piece produced by fatigue. 
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tion of the plating solution, current density, and tem- 
perature during the period of deposition. To have the 
same surface conditions, specimens are carefully pol- 
ished with emery-paper of fine mesh before plating, and 
the conditions for deposition are kept constant through- 
out the investigation. Specimens are prepared by treat- 
ments in dilute sulfuric acid and caustic alkali and then 
receive a preliminary deposit of copper from a cyanide 
copper vat. 
The conditions for deposition used are as follows: 


Solution: CuSO,-5H,O 250 grams 
H.SO, 80 grams 
ZnSO,:7H,O 0.2 gram 
(Added at the end of the operation of 

deposition) 
H.O 1 liter 
Current density: 3 amperes per square decimeter 
Temperature: 15°C. 


To avoid the disarrangement of the results, the solu- 
tion of zinc sulfate is always added in the plating solu- 
tion just one minute before the operation of deposition 
comes to an end, and the solution is agitated in the same 
manner during the last minute. The thickness of the 











TABLE I. 
No. of Torque Mean value of 
test piece (kg/mm?) S (mm) tp (kg/mm?) tp (kg/mm?) 
1 +22.8 18.0 +8.73 
+8.70 
2 +25.6 23.1 +8.66 








plating has been taken to be moderate, namely, almost 
0.015 mm, keeping the current density and the duration 
for deposition in exactly the same way. However, the 
thickness of the plating is not likely to affect the results 
appreciably. 


DETERMINATION OF PROPER STRESS 


A torsional fatigue test has been carried out to deter- 
mine the proper value for cyclic shearing stress,. at 
which an abrupt change occurs in the appearance of 
flecks produced by fatigue. Test pieces used are conical 
rods of carbon steel, with dimensions as shown in Fig. 1. 
For test pieces, the use of slightly tapered rods is favor- 
able in this experiment, since the appearance of flecks 
varies continuously along the length of the rod accord- 
ing to the change of the surface stress, so we may have 
the status of flecks corresponding to a certain range of 
stress by a test. 

The testing machine used is of mechanical type, and 
the reading of scale shows the amount proportional to 
the torque acting on a specimen. The scale is, however, 
so graduated as to allow the direct reading of the 
maximum shearing stress for a cylindrical specimen of 
the diameter 10 mm. Accordingly, the reading for 
torque is always given in the dimensions of stress, 
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namely, kg/mm. For abbreviation, the limiting value 
of stress, within which the flecks are not produced by 
fatigue, will be termed “‘proper stress” and is denoted 
by r, in this paper. Tests have been done for two test 
pieces. The distance S from one end to the point corre- 
sponding to the proper stress, Fig. 1, is measured by a 
reading micrometer observing carefully the surface of 
a test piece. S is measured at four counterpoints in 
every test piece and their mean value is taken. From 
the torque acting on the specimen and the diameter of 
rod corresponding to S, the proper stress has been 
calculated. In every measurement, the discrepancy be- 
tween the values of S at the four points remains almost 
within 0.5 mm, which corresponds to the proper stress 
of 0.1 kg/mm?. The data obtained in connection with 
the program described are given in Table I, the number 
of repetitions of the cyclic stress being taken as 5X 10°. 
From the results in Table I, we shall take for the proper 
stress the value 


Tp=+8.7 kg/mm’. 


Figure 2 shows the microphotographs of the flecks 
produced on the surface of the plating metal by cyclic 
stress. It may be seen from the figure that when a test 
piece is subjected to the reversal of stress, the appear- 
ance of flecks changes sensitively by a slight variation 
of the cyclic stress. 


STRESS CONCENTRATION FACTOR FOR A 
CIRCUMFERENTIAL NOTCH 


Further tests have been done in the manner described, 
for test pieces of the diameter 20 mm with a circum- 
ferential notch in each. The dimensions of notches are 
shown in Fig. 3. To have accurate dimensions for the 
notches, they are checked by plate gauges which have 
been measured carefully by a Zeiss comparator. The 
experimental results obtained are given in Table II. 
The proper load given in the table is found by taking 
the mean value of torques, corresponding to the two 
appearances of flecks at the bottom of a notch, the one 


TABLE II. The values of a, 7o>=10 mm, p=2 mm. 











No. of 
Depth ready ' Torque Appearance 
6b (mm) piece (kg/mm?) of flecks tp’ (kg/mm?) a 
8 1 +27.3 very thin 
1.5 2 +26.4 indistinct +£3.36 2.6 
1 +24.2 thin 
2 +23.4 thin ; 
200 (3 +23.1 very thin +282 3.1 
4 +22.0 indistinct 
1 +16.0 thin 
3.0 2 +15.6 very thin +1.93 4.5 
3 +15.3 indistinct 
1 +10.6 thin 
2 +10.2 very thin 
40 3 +99 indistinct  *126 69 
4 + 9.7 indistinct 
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DETERMINATION OF SURFACE STRESS 


of which is very thin and the other indistinct. Figures 
for proper load shown in the table, however, are the 
ones reduced to those for a rod of the diameter 10 mm. 
They are denoted by 7,’ and are given in the dimensions 
of stress according to the reading of scale used. 

If a is the stress concentration factor for a notch, 
then 


a=T,/Tp, (1) 


since, according to the consideration described, the 
value of stress within which the flecks will not be pro- 
duced is characteristic for the plating metal and is 
independent of the shape of the specimen. The values 
of a, calculated from Eq. (1), are also given in the 
same table. 

The formulas for the estimation of stress concentra- 
tion factor, where the depth and the radius of a notch 
are specified, have been introduced by several previous 
writers for convenience of practical use.' Some of them 
hold exactly in the extreme case where the dimensions 
of a notch are infinitely small in comparison with those 
of the shaft. According to the deriving process for the 
formulas, however, it is obvious that these formulas do 
not hold exactly for moderate dimensions of a notch, 
which are likely to be those of practical importance. 
In the previous paper, the author pointed out that for 
the particular case of a semicircular notch the author’s 


P 
i 
h | 
I 
Fic. 3. Dimensions 
of notches. 


L=l0mm f=Zmm, 
b=/Smm, 2mm, 3mm, 4mm. 

















formula agreed most closely with the exact values given 
by Willers? in the range of moderate dimensions of the 
notch and that the formula obtained by Sonntag 
followed it. These two formulas for the stress concentra- 
tion factor are as follows: 





1+ (6/p)! 

Author’s a=—————, (2) 
(1—/ro)? 
ro"(ro—b+p)*(b+p)+10°p*(b—p) . 

Sonntag’s a=— —, (3) 


p(ro— b)*(ro— b+ 2p) 


'R. Sonntag, Z. angew. Math. Mech. 9, 3 (1929). H. Neuber, 
Kerbspannungslehre (Julius Springer, Berlin, 1937), p. 127. H. 
Okubo, J. Appl. Mech. 19, 16 (1952). 

2 F. A. Willers, Z. Math. Phys. 55, 251 (1907). 
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Fic. 4. Relation between the stress concentration factor and 
depth of notch, when p/ro=0.2. 


where fo is the radius of the shaft and 8, p represent the 
depth and radius of a notch, respectively. The values 
of a given by these formulas, almost agree in the par- 
ticular case of a semicircular notch, but they become 
considerably different with the increase of the ratio of 5 
to p. The discrepancy, for larger value of 6/p, is too 
large even for practical use, and yet theoretical justifi- 
cation for the two would not be easily found, since the 
two formulas are approximate ones, derived from some- 
what different assumptions, respectively. Accordingly, 
the experimental data obtained in this paper may be a 
good reference for the justification of the two formulas. 
The values of a taken from Table II, together with 
those calculated from Eqs. (2) and (3), are shown in 
Fig. 4. It may be seen from the figure that the experi- 
mental results obtained here are in good agreement with 
theoretical ones, calculated from the author’s formula. 
For the experimental determination of a, an electrical 
analogy has been used previously by Jacobsen.’ The 
value for a shaft with fillet taken from his results is 
also shown in the same figure; it is rather small in 
comparison with the corresponding one obtained here. 

A grant-in-aid of scientific research was given for this 
study by the Education Department of Japan. The 
author wishes to take this opportunity to thank Mr. S. 
Momma, his assistant, for his help in this study. 


"31. §. Jacobsen, Trans. Am. Soc. Mech. Engrs. 47, 619 (1925). 
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It is shown that the scattered field and the field inside the body can be expressed formally as power series 
in the above ratio, the calculation of successive terms in the series requiring the solution of standard prob- 
lems in potential theory, together with the evaluation of certain potential integrals, so that the process 
can be carried as far as desired if Laplace’s equation can be solved in the coordinate system appropriate for 
the body. The convergence of the series for the scattered field becomes progressively worse as we recede 
from the body, but an alternative expression for the field, also proceeding in powers of the same parameter, 
gives a representation which is valid everywhere except in the immediate neighborhood of the body (in par- 
ticular, in the wave zone) and which does not suffer from this defect. The case of a perfect conductor, or 
diffraction through a hole in a perfectly conducting screen, can be treated as particular cases of the general 
theory. The paper can be regarded as an extension of Rayleigh’s work, which confines itself to the first terms 


in the series. 


1. INTRODUCTION 


HE problem of the scattering of an electromag- 
netic wave by a body of given shape and electro- 
magnetic constants can be solved rigorously only in 
very special cases, and even then simplifications are 
usually necessary before the solution can be reduced to 
calculable form. It was shown long ago by Rayleigh! 
that if the dimensions of the body are small compared 
with the wavelength, a first approximation to the solu- 
tion can be obtained by solving the corresponding 
problem for static electric and magnetic fields, so that 
only a solution of Laplace’s equation, rather than the 
general system of Maxwell’s equations, is involved. 
The present paper can be regarded as an extension of 
Rayleigh’s work. It is shown that a formal solution can 
be obtained as a power series in the ratio (dimension/ 
wavelength), each term in the series requiring only the 
solution of standard problems in potential theory, 
together with the evaluation of certain potential inte- 
grals. Thus, if the scattering body is such that Laplace’s 
equation can be solved in the appropriate coordinate 
system, the series can be continued as far as desired, 
though the calculation of successive terms becomes 
increasingly complicated. 
In solving the problems relating to Laplace’s equation 
a “condition at infinity” must, as always, be imposed 
in order to make the problem mathematically determi- 
nate, and it is shown how this condition can be unam- 
biguously obtained. It may be remarked that in 
Rayleigh’s original paper' this point is not entirely clear. 
Probably the most general shaped body of practical 
interest in three dimensions for which Laplace’s equa- 
tion can be solved is an ellipsoid, and in an accompany- 
ing paper the first three terms in the series are calculated 
for this case. In two-dimensional problems, however, 
the range of soluble problems is greatly increased, since 
one can then use the methods of complex variable 
theory. A similar, though simpler, analysis applies to 


! Lord Rayleigh, Phil. Mag. 44, 28 (1897). 


the scattering of acoustic, instead of electromagnetic, 
waves. 

It is known that the problem of diffraction through 
a hole in a perfectly conducting screen can be solved if 
the complementary problem of scattering by a perfectly 
conducting lamina in the shape of the hole can be solved. 
The method therefore gives the solution of the diffrac- 
tion problem as a series in the ratio (dimension of 
hole)/wavelength, if Laplace’s equation can be solved 
for the lamina. 

Tai* has recently considered a series solution for the 
scattering problem, for the particular case of a perfectly 
conducting spheroid with the incident wave propagated 
in the direction of the axis of symmetry, the method 
used being somewhat different. Tai’s paper is referred 
to briefly at the end of Sec. 3, and some features of it 
are criticized. 


2. CALCULATION OF SUCCESSIVE TERMS 
IN THE SERIES 


We consider scattering by a body, whose surface is 
denoted by S, which is characterized by a (in general 
complex) dielectric constant ¢ and a permeability » and 
confine ourselves to a steady state with a time factor 
exp(—iwt). The constant ¢ is related to the ordinary 
dielectric constant ¢’ and the conductivity o by 


e= €'+-4ria/w. 


The external medium is taken to be a vacuum.’ 

Let the given exciting field (which need not neces- 
sarily be a plane wave) be denoted by E®, H®, the 
scattered field by E, H (so that the total field outside 
S is E°+E, H+H), and the field inside S by E™, 
H“®, Mathematically, the problem is then to solve the 


2C. T. Tai, Trans. Inst. Radio Engrs. PGAP-1, p. 13 (Febru- 
ary, 1952). 

3 The case where the external medium is characterized by con- 
stants €o, uo can be deduced by replacing ¢, u, & of the text by 
€/€o, 4/w0, k(€ouo)*, respectively, and multiplying all electric fields 
Gactading the exciting field) by (¢)~+ and all magnetic fields 
by (uo)~?. 
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SOLUTION OF ELECTROMAGNETIC SCATTERING PROBLEMS 


Maxwell equations 


curlE=ikH, curlH=—ikE, (2.18) 
divE=0, divH=0, 
outside the body, and 
curlE® =ikyH®, curlH® = —ikeE®, 
divE® =0, divH® =0, anaes 
inside the body, where 
k=w/c=2n/h, 


\ being the wavelength in vacuum, together with the 
following boundary conditions, to be satisfied on S: 


nX (E—E®) = —nX E®, (2.2) 
n- (E—«E®) = —n-E®, (2.3) 
nX (H—H®) =—nXH®, (2.4) 
n- (H—»H) = —n-H®, (2.5) 


where n denotes a unit vector along the outward normal 
to S; and subject further to the condition that the 
(E, H) field is that of an outgoing wave at infinity. 

The “divergence” equations in (2.1) follow from the 
remaining Maxwell equations, and the boundary condi- 
tions (2.3), (2.5) follow from Eqs. (2.2), (2.4) and the 
Maxwell equations; but we shall have occasion to use 
these additional equations and boundary conditions 
explicitly. We note that, from Eqs. (2.3), (2.5), (2.1b), 
it follows that 


fa-Bas=o, fn-Has=o. 


In Eq. (2.6), and throughout the paper unless the 
contrary is stated, /---dS means a surface integral 
taken over S. 

We now assume that the required fields, and also the 
exciting field, are expansible in powers of k, in the form 


E=> E, (ik)?, H=> H,(ik)?, 
P P 
E®=> E,(ik)?, HO=> H,© (tk)?, 


Pp Pp 


(2.6) 


(2.7) 
E®=> E,(ik)?, HO=> H, (k)?, 
Pp Pp 


the summations being, in each case, from 0 to «. 
E,, H, are, of course, known functions. The series 
are probably convergent at all points in their respective 
regions; but it will appear later that the convergence of 
the series for the scattered field E, H becomes progres- 
sively worse as we recede from S. In particular, Eqs. 
(2.7) gives no indication of the behavior of the scattered 
field in the wave zone. We shall, however, give in 
Sec. 3 alternative series for the scattered field which are 
valid everywhere outside a sphere which completely 
surrounds S, and which do not suffer from this dis- 
advantage. The series of Sec. 3, combined with Eqs. 
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(2.7), then give a representation of the field everywhere 
which proceeds essentially in powers of kl= 2zl/d, where 
1 denotes, say, the maximum linear dimension of 
the body.**. 

Substituting Eqs. (2.7) in (2.1), the Maxwell equa- 
tions become 


curlE,)=0, curlH)=0, (2.8a, b) 
curlE,=H,_1, curlH,= 

—E,1(p>0), (2.9a, b) 

divE,=0, divH,=0, (2.10a, b) 

curlE,‘® =0, curlH =0, (2.11a, b) 
curlE,@=yH,., curlH,= 

—eE,-1(p>0), (2.12a, b) 

divE,“ =0, divH,=0, (2.13a, b) 

while the boundary conditions (2.2)—(2.5) become 

nX (E,—E,) =—nXE,”, (2.14) 

n- (E,—«E,) = —n-E,, (2.15) 

nX (H,—H,) =—nXH,®, (2.16) 

n- (H,—yvH,) = —n-H,. (2.17) 


Further, from (2.6), 


fa-B,as=o, futas=o. (2.18a, b) 


Equations (2.8)—(2.18) give, for p=0, 1, 2, ---, a suc- 
cession of differential equations and boundary condi- 
tions for the determination of the successive terms in 
the series (2.7). To make the problem determinate, a 
condition at infinity for the scattered field E, H is 
required. We shall use the condition that this field 
represents an outgoing wave at infinity in the follow- 
ing way: 

The field E, H is given in terms of its values on S by‘ 


4rE = ik f (nX H) fdS+curl f (nXE) fdS 
-v fn-Eyas, (2.19) 
irH=— ik f (ax) faS-+curl f (mxH) fas 


-V f n-HfdS, (2.20) 


38 The coefficients of the powers of &/ will, of course, be functions 
of «, u (as well as of other dimensionless constants entering into 
the problem). A consideration of the way in which these constants 
enter into the successive terms of the series shows that, if ||, 
w are not of the order unity, the rapidity of convergence of the 
series is determined by the magnitude of &i/| (eu)+|, rather than 
of kl itself—i.e., the wavelength tn the body, rather than the wave- 
length in vacuum, must be considered. 

‘J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), p. 466. Our expressions are 
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where f=exp(ikr)/r, r denoting the distance from the 
field point to a point on S. Substituting Eq. (2.7) in 
Eqs. (2.19) and (2.20), expanding f in powers of k, and 
equating coefficients of like powers of k, we have 


p-l 
4rE,= 5 | (nXH,_)-)r-/j1aS 
)=0 


Pp 
+curl >> ff (nXE,_;)r*'/j!dS 


70 


vp 
—V> | (n-E,_))r/jidS, (2.21) 


?=0 


p-l 
4eH,=—5 [ (nxE,_;-v)ri-!/j'ds 


Pp 
+curl >> | (nXH,_))r'-'/j!dS 


J=0 


-v¥ | @H,.)r-1/juas. (2.22) 


)=0 


The first summations in Eqs. (2.21) and (2.22) are 
absent if p=0 (0!=1). It will be shown that, with the 
addition of (2.21) and (2.22), the problem of solving 
Eqs. (2.8)—(2.18) for the successive terms in the series 
becomes completely determinate. 

Consider first the problem of finding the first terms 
in the series for the electric field. By Eqs. (2.8a), (2.10a), 
(2.11a), (2.13a), (2.14), (2.15), (2.18a), these are 
given by 

E,= VVo, 


Ey = VV_", (2.23) 


where Vo, Vo‘ are harmonic functions to be found, 
which satisfy the boundary conditions 


nXV(Vo— Vo) = —nxX E,, (2.24) 
re] 
—(Vo— Vo) = —n- Eo, (2.25) 
n 
on S, and the condition 
OVo 
—dS=0. (2.26) 
on 


Since the exciting field satisfies equations analogous to 
Kqs. (2.8) and (2.10), we can put 


E, =V V_, 


where V,> is some known harmonic function, so that 
Eq. (2.24) becomes (to within an additive constant 


slightly different from Stratton’s but are easily deducible from his. 
Note that our direction for n is the opposite to Stratton’s. The 
outgoing wave condition at infinity is required to deduce Eqs. 
(2.19)*and (2.20) for an external region, though this fact is not 
mentioned by Stratton. In applying Eqs. (2.19) and (2.20), it will 
be assumed, where necessary, that the field point is not actually 
on S; but the final results are always valid for this limiting case. 
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which can be absorbed in V,’) 


Vo—Vo'?=— Vo, (2.27) 
and Eq. (2.25) becomes 
te] . re] 
—(Vo—eV9) = —— Vo. (2.28) 
On On 


Further, substituting Eq. (2.23) in (2.21) with p=0, 
we have 
OVo 
rEq=curl f (nX VV 0)/rdS— vf —* / ras. (2.29) 
) 


n 


Now it is shown in Appendix I that, if V is any funce- 
tion which is well behaved on S and in the immediate 
neighborhood exterior to S, then 


0 
curl f (nXVV)/rdS= vf v—a/nas. (2.30) 


on 


Hence (2.29) gives 


0 fl OVo1 
tnE.=0 f |ve—(-)-— -las. 
on\r on r 


Equation (2.31) expresses Ey as the gradient of an 
external harmonic function (i.e., one which vanishes at 
infinity to an order 1/r or higher), so that the function 
Vo in Eq. (2.23) is also an external harmonic function 
(apart from an additive constant which can be dropped). 

The problem of determining the harmonic functions 
Vo, Vo'®, of which Vo is an external function and V9"" 
an internal function, which satisfy the boundary condi- 
tions, Eqs. (2.27) and (2.28), is now a standard problem 
in potential theory, the additive constant in V> being 
fixed by the condition (2.26). This is, in fact, just the 
problem of determining the s/atic electric fields inside 
and outside the body, the exciting electric field being 
replaced by its static limiting value obtained by making 
k—0. This is the principle enunciated by Rayleigh,' 
who took it for granted that the external field Ey (or 
the potential Vo) vanishes at infinity. No reason was 
given for this, although it was shown that the continua- 
tion of this field into the wave zone satisfied the out- 
going-wave condition (see Sec. 3). It was not, however, 
shown that no other solution for Ey would satisfy this 
condition. The above demonstration, by means of Eq. 
(2.21), that Ey must vanish at infinity, seems to be more 
satisfactory. The use of (2.21), (2.22) is- particularly 
advantageous for the higher terms in the series, as we 
shall see. 

Similarly, from Eqs. (2.8b), (2.10b), (2.11b), (2.13b), 
(2.16), (2.17), (2.18b), and use of (2.22) with p=0, we 
find for the first terms in the series for the magnetic field 


H,= VU, H,@=VU,, (2.32) 


where Uo, Uo" are, respectively, an external and an 
internal harmonic function, which satisfy the boundary 


(2.31) 
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SOLUTION OF ELECTROMAGNETIC SCATTERING PROBLEMS 


conditions 


U,— U, = —U, (2.33) 


7] 0 
—(Up—pU) = —-—U (2.34) 
On On 


on S, where U, is the potential of the static part of 
the exciting magnetic field (Hp) = —VU9™), the addi- 
tive constant to U» being determined by the condition 


Uo 
—dS$=0. 


(2.35) 
on 


The problem defined by Eqs. (2.33)—(2.35) is again a 
standard problem in potential theory and is just the 
problem of determining the static magnetic fields inside 
and outside the body under the excitation of the static 
part of the exciting magnetic field. 

Consider now the problem of determining the subse- 
quent terms in the series (2.7). Suppose that we have 
found the first p terms, so that Ep, - - 
Eo, Ho, ---, Hp, Ho’, ---, H,-1 are known, 
and we wish to determine the (p+1)th terms for the 
electric field E,, E,‘. Suppose, for the moment, that 
we can find some solution of Eqs. (2.9a) and (2.12a) for 
E,, E,‘, say E,=F,, E,“=F,, where F,, F,‘° are 
well behaved in the regions exterior and interior to S, 
respectively (but where F, need not necessarily vanish 
at infinity). Suppose, further, that these solutions 
satisfy the equations 


divF,=0, divF,=0. (2.36a, b) 
Then (2.9a), (2.10a), (2.12a), (2.13a) show that 
E,=F,+VV,, E,®=F,©+VV,, (2.37a, b) 


where V,, V,‘” are harmonic functions to be found. 
Substituting Eqs. (2.37a) in (2.21) and using (2.30), 
we have 


E,=F,/+0V,’, (2.38) 


where 


p—l 
4aF,’=¥ | (XH,_j-1)r'1/jlas 
7=0 


Pp 
+curl © | (nXE,_,)r*'/j!dS 


7=1 


Pp 
—-V> | @-E,_)r'/jlds 


i=1 
+ curl f (nXF,)/rdS 


-V f (n-F,)/rdS, (2.39) 


0 fil OV, 1 
4xV,'= f v-—(-)- - fas. (2.40) 
on\r on 





s E,-1, E,, ae 
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According to our supposition, F,’, defined by Eq. 
(2.39), is a known function, while Eq. (2.40) shows that 
V,’ is an external harmonic function.® Further, the 
boundary conditions (2.14) and (2.15) become 


nXV(V,'—V,) = —nX (F,’—F,+E,), (2.41) 


0 
= (V9'— eV 9) = — (F,/—F,+E,). (2.42) 
n 


Equation (2.41) determines V,’—V,‘° to within an 
additive constant, say, 


V —-V,=W,. (2.43) 


The finding of the function W, from (2.41) requires 
only the integration of functions of position on S and 
should cause no difficulty in the case where Laplace’s 
equation is soluble in the appropriate coordinate sys- 
tem.® The condition of consistency of Eqs. (2.41) is 


n-curl(F,’—F,+E,)=0 
on S. But 
curlF ,’=H,-1, 


curlF,, = yH,., 


curlE,© =H,_., 


so that the required condition is satisfied by virtue of 
Eq. (2.17). 

The finding of external and internal harmonic func- 
tions V,’, V,‘” which satisfy the boundary conditions 
(2.42), (2.43) is now a standard problem in potential 
theory quite analogous to that encountered in finding 
the first terms in the series. The additive constant to the 
function W, in (2.43) is determined by the condition 
(2.18a). Having found V,’, V,“, the (p+1)th terms 
in the series for the electric field are given by Eqs. 
(2.37b), (2.38), and (2.39). 

We see from (2.37a), (2.38) that F, and F,’ can only 
differ by the gradient of a harmonic function, so that 
in calculating F,’—F, from (2.39), it is sufficient to 
retain only those terms which do not vanish at infinity 
in both F,’ and F,,; the remaining terms can be absorbed 
in V,’. We further see that it is actually not necessary 
to suppose that F, satisfies the condition (2.36a): the 
same results follow as before, except that V, is not now 
a harmonic function and consequently the complete 
expression (2.39) for F,’ must be used.’ Usually, how- 
ever, it will be simpler to make our solutions F,, F,° 
satisfy (2.36a, b). 

5 By a well-known theorem in potential theory, it follows from 
Eq. (2.40) that V,’=V, if V>, is also an external harmonic func- 
tion. This cannot be assumed in advance, however, and is in 
general not the case. 

6 In any case, the problem is reduced to finding the appropriate 
solutions of Laplace’s equation. We might, alternatively, assume 
solutions for V,’, V,“ containing adjustable constants and then 
use (2.41), (2.42) directly. 

7 We can also dispense with the condition (2.36b) for F,“ by 
putting E,=F,’+V,’, where V,’“ is an internal harmonic 
function and F,’“ is given by an expression similar to that for 
F,’ in (2.39), using internal instead of external fields. 
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For the second and third terms in the series (p= 1, 2), 
it is not necessary to find F,’ from (2.39); we can pro- 
ceed more simply as follows. It can be shown from Eq. 
(2.21) (see Appendix II) that E, vanishes at infinity 
for p=1, 2. Hence, if our solution F, of (2.9a) also 
vanishes at infinity and satisfies (2.36a), it follows that, 
for p=1, 2, the function V, in (2.37a) is an external 
harmonic function. Thus we can use (2.37a) instead of 
(2.38) and work with V, instead of V,’. The terms in 
the series beyond the third do not vanish at infinity, 
and use of Eq. (2.39) (or something equivalent) cannot 
be avoided. 

The magnetic field is treated in exactly the same way. 
The (p+1)th terms in the series are given by 


H,=G,'+VU,’', H,°=G,+VU,, 


where 


1 
4nG,’=-—5 [ (aXE,-)r-1/j1as 
j=0 


Dp 
+curl © | (nXH,_,)r*'/j'lds 


Fl 


~v> { @-H,_)r/jus 


j=1 
+eurl f (axG,)/rds— vf (a-G,)/ras, 


and H,=G,, H,“=G, are particular solutions of 
(2.9b), (2.12b), respectively, which satisfy 


divG,=0, divG,=0. 


The functions U,’, U,“ are, respectively, an external 
and an internal harmonic function which satisfy the 
boundary conditions 


nXV(U,’—U,)=—nxX (G,’—G,+ H,”), 


a | (2.44) 
—-(Us!—nU,°) = —n- (Gy'—nG,°+ H,”) 
n 


on S. This gives a similar problem in potential theory 
to that encountered in dealing with the electric field, 
and quite similar remarks apply. Equation (2.44) de- 
termines U,’—U, to within an additive constant 
which is fixed by (2.18b). 

Actually, it is not necessary to find both the electric 
and magnetic fields separately. For the Maxwell equa- 
tions (2.1) and the boundary conditions (2.2)—(2.5) are 
invariant under the substitutions 


E-H, H--E, eu. (2.45) 
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Hence if we have found the electric field (say) with a 
given exciting field E®, H®, it is only necessary to 
write H®, —E® in place of E®, H® for the exciting 
field, and then carry out the substitutions (2.45) to 
pass from the electric to the magnetic fields (scattered 
and internal) or vice versa. Thus we can find, say, Ep, 
H,, Es, --- in succession and then find Ho, Ei, Ha, - -- 
by means of this principle (and similarly for the in- 
ternal field). 

We have thus shown that the terms in the series (2.7) 
can be calculated successively as far as desired, each 
term requiring only the solution of standard problems 
in potential theory, together with the evaluation of 
integrals such as those occurring in (2.39) and the find- 
ing of particular solutions of equations such as (2.9) 
and (2.12) which satisfy (2.36). As regards the integrals 
in (2.39), we see that they are all of the form 


f or™dS, 


where ¢ is a known function of position on S, determined 
by the preceding terms in the series. If m is even, we 
can express r™ as a polynomial in the Cartesian coordi- 
nates of the field point and a point in the domain of 
integration, so that Eq. (2.46) can be expressed as a 
linear combination of integrals of the form /ox*y*dS, 
etc., where a, 8 are positive integers. The evaluation of 
such integrals should present no difficulty in the case 
where Laplace’s equation is soluble in the coordinate 
system appropriate to S. In any case, our solution is 
expressed in terms of definite integrals (which do not 
contain a parameter). 

On the other hand if m in (2.46) is odd, the integral 
can, in a similar way, be expressed as a linear combina- 
tion of integrals of the form 


(2.46) 


J oxyt/ras, 


etc., which is a potential integral, the evaluation of 
which can be reduced to a standard problem in poten- 
tial theory. 

The problem of finding a particular solution of Eqs. 
(2.9) and (2.12) which satisfies (2.36) is dealt with 
elsewhere,* where it is shown that a solution can 
always be found by solving a Neumann problem and 
evaluating certain potential integrals, though volume, 
rather than surface potential integrals are required in 
general. 


The Case of a Perfect Conductor 


The case where the scattering body is a perfect con- 
ductor can be treated as a special case of the general one. 


*See a forthcoming note in Quart. Appl. Math. There it is 
pointed out that the solution usually given is not always valid. 
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SOLUTION OF ELECTROMAGNETIC SCATTERING PROBLEMS 


In place of Eqs. (2.2)—(2.5), the boundary conditions 
are NOW 


nX E=—nXE®, 
n-H=—n-H®, 


(2.47) 
(2.48) 


Now (2.48) follows from (2.5) if we put y=0, provided 
that H remains finite; also (2.47) follows from (2.2), 
(2.3) by making |e|—>, provided that e«E“ remains 
finite. A consideration of the way in which the successive 
terms in the series are obtained shows that, if we put 
u=0 and then make |e|—>0, H and eE™ do, in fact, 
remain finite. Thus the scattered field in the case of a 
perfectly conducting body is obtained if, in the general 
formulas, we put nx=0 and make |e|—0.® 

Alternatively, we can use the boundary conditions 
(2.47), (2.48) from the beginning in place of (2.2)—(2.5) 
and then proceed as before. The determination of 
successive terms in the series then leads to a Dirichlet 
problem for the electric field and a Neumann problem 
for the magnetic field. We cannot now, of course, deduce 
the magnetic field from the electric (or vice versa) as 
we can in the general case. 


3. THE DISTANT FIELD 


It appears from Eqs. (2.21) and (2.22) that the 
integrals determining E,, H, contain powers of r which 
increase with p. Consequently, as we recede from the 
body, the convergence of the series (2.7) for the 
scattered field becomes worse and worse, independently 
of the value of kl. In particular, the series (2.7) give 
no indication of the behavior of the scattered field in 
the wave zone. We shall now give alternative series for 
the field, valid outside any sphere completely surround- 
ing the body, which do not suffer from this disadvantage. 

The most natural procedure would be to use Eqs. 
(2.19) and (2.20), which express the field at any point 
outside S in terms of the field on S. We would then use 
the series (2.7) for the surface field and, in the wave 
zone, write in (2.19), (2.20), 


exp(ikr) exp(zkR) 


i 





exp(—zkr’-a), 


where R is the distance of the field point from some 
fixed origin, r’ the position vector of a point on S, and 
@ a unit vector in the direction of the field point. We 
can then expand exp(—ikr’-a@) as a series in ik, and 
hence, on rearranging, express the field in the wave zone 
as a series in ik multiplied by exp(zkR)/R. The dis- 


*It might be thought that it would be sufficient to make || 
(or, to be more precise, the imaginary part of e)—>, and that the 
results would then be independent of u. This must actually be the 
case; but our method of expansion in powers of k makes it im- 
possible to see what the limit would be: it would be necessary to 
sum the series before proceeding to the limit and then expand 
again in powers of k. The procedure given here obviates the neces- 
sity for summing the series. 
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advantage of this procedure is that it is then found 
that to obtain even the first term in the series in the 
wave zone, it is necessary to know éwo terms in the 
series (2.7) for the surface field, and, generally, to 
obtain p terms in the wave zone, we must know ~+1 
terms in the surface field. We thus lose accuracy in 
carrying through this procedure. 

We shall therefore employ an alternative method 
which is an extension and refinement of Rayleigh’s' 
original method. Outside any sphere completely sur- 
rounding the body, the scattered field can be expressed 
as the superposition of an E wave (or TM wave) and 
an H wave (or TE wave). Using polar coordinates 
(R, 6, @) with the center of the sphere as origin, the field 
components for an E wave can be expressed in the form® 


1 
Er=LS vn. 





E=-> ~ | CeRh (kR) 
sr 
1 1 aS,1 
Es=— 2 — —{kRh,(kR)], 
sind p(p+1) df R 


Hr=0, 





(3.1) 


ik 1 aS, 
—h, (RR) ’ 
sind p(p+1) d¢ 





8 — ——— 


——iy (RR), 


H,=ik b 
p(p+1) 30 





while for an H wave?® 


1 
Hr= > Si hol ER), 





* | FARA (RR) 
p(p+1) 0 R- ' 


1 1 08,1 
anes — —[kRh,(kR)J, 
sind p(pt+1) 06 R 


Er=0, 


He=> 





(3.2) 


tk 





» “ (kR) 
sind p(p+1) d¢ P 


1 a8, 
—h,(kR). 
p(p+1) 06 


* Reference 4, pp. 555, 557. 
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In Eqs. (3.1) and (3.2) the summations are, in each 
case, with respect to p from 1 to , h, denotes the 
spherical Hankel function of the first kind of order 9, 
and S,, 5, are surface harmonics of order p. 

In particular, in the wave zone, we have, for an E 
wave, 











OP exp(ikR) 
nnn 
06 R 
1 OP exp(ikR) 
E,= -Hi=— ———.,, 
sind d¢ R (3.3) 
where 
(—i)? 
P= 3 
p(p+1) 
and for an H wave 
1 dP exp(ikR) 
itn Se 
sind d¢ R 
aP ex (tkR) 
ane ee 
06 R (3.4) 
where 
(—i)? 
P=> _ 
p(p+1) 





The scattered field is thus completely determined 
outside the sphere if the surface harmonics S,, S, are 
known. Further, we see that the radial components 
Er, He in (3.1), (3.2) determine completely the E wave 
and H wave, respectively. 

We shall now suppose that the field components are 
expanded as power series in k, as in Sec. 2. Consider 
first the E wave. The expansion of the spherical 
Hankel function is given by 


«0 (—1)"xi s\* 
hg(a) = (—1)Ph2Hie-et (<) 
mmo mI (—p-+m-+4) \2 








2 (—1)"*t /x\* 
+2-?-ly? > (<) , 6 
m= m\T (p+-m-+-#) \2 


or 


hiy(x)= 2-7! > apn”, (3.6) 
m=) 


say, where the a,, in Eq. (3.6) can be read off from 
(3.5). We note that ay.,+0 if m is even (or zero). In 
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particular 


a= —1, do= — 31, a32= — 31/2. 


(3.7) 


The surface harmonics S, in Eqs. (3.1) will depend on , 
and we shall suppose that they are expansible as power 
series. Since the lowest power of & in the expansion of 
h,(RR) is k-?“", we see from (3.1) that, in order for the 
field to remain finite as kR-0, the expansion of S, must 
start off with k?*' (or a higher power of k). We there- 
fore write 


Sp= LD Spmketmt, (3.8) 
m=0 


where the S,‘” are surface harmonics of order p which 
are independent of k, the superscript m distinguishing 
different surface harmonics of the same order. 

If we now substitute Eq. (3.8) in the first of (3.1), 
use (3.6), and then rearrange in powers of k, we find, 
for the E wave, 


Er= 7 R«> Gj, p—-w5;™, (3.9) 
p=0 q=3—p 7 
where 
j+m=p+q-2, (3.10) 


and the summation with respect to j is from max 
(q—2, 1) to p+q—2. We now compare this result with 
that of Sec. 2. Using the notation of (2.7), we have 


En=>. (ik)?Eor. (3.11) 
p=0 


Suppose, then, that EZ,” (the radial component of the 
(p+1)th term in the series for E) is expanded in 
the form 


Eyr=>, R-¢>d S;, (3.12) 
q i 


where S;‘?:® is a surface harmonic of order j, the first 
superscript p referring to the power of k and the second 
superscript g to the power of R. Substituting Eq. (3.12) 
in (3.11) and comparing with (3.9), we find 


Ss = 1?S ;§? 9 /a;, —_— 


(3.13) 


provided that a; >-m0 (in the contrary case, S;‘?:*) 
must vanish). Thus, knowing the S;‘?-” from the “near- 
field” series (2.7), we can find the S;™ from (3.13), 
and hence from (3.8) and (3.1) [or (3.3) ] a representa- 
tion of the E-wave part of the scattered field which 
proceeds in powers of ki and can be used anywhere 
outside a sphere completely surrounding the body 
(“distant-field” series). Moreover, in (3.13) » can have 
any value such that p—m20 and a; »-»*0, so that, 
by using different values of » (or g), checks can be 
obtained [note that j, m, p, g are connected by (3.10)]. 
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SOLUTION OF ELECTROMAGNETIC SCATTERING PROBLEMS 


A check is also obtained by noting that the ranges of 
summation for q, j in (3.12) must be the same as in (3.9). 

Further, if we know, say, V terms in the “near-field” 
series, so that S;‘?-” is known for p=0, 1, ---, V—1, 
then, by putting p= in (3.13), we can (since aj9+0) 
find S;™ for m=0, 1, ---, N—1. Hence, if N terms of 
the “near-field” series are known, N terms of the “distant- 
field” series are also known. There is thus no loss of 
accuracy in passing from the near-field representation 
to the distant-field representation. 

In the wave zone, if Eq. (3.8) be substituted in (3.3) 
and the result rearranged in powers of k, we find 





) e—1 (—i i ; 
P=> kt 5 ——S;, (3.14) 
m2 1 j(7+1) 


The first term in the series for the wave-zone field is 
proportional to #, in accordance with the familiar 
result of Rayleigh. To find the Nth term in the series 
(3.14) (ie., the term proportional to k*¥*+), we must 
calculate S;“-? for j7=1, ---, N. These surface har- 
monics can all be found from Eq. (3.13) by putting 
q=3 or 4 according as 7 is odd or even (since @j,+0 if 
m is even). Thus, taking account of (3.10), 


SN) =PAS(NA.D/q; 4, (j odd) 


= iNS (N29 /a; =». (j even) Gan 
Hence, the Nth term in the wave-zone series can be found 
from the Nth and (N—1)th terms in the near-field series. 
To make the connection, we require only the term in 
1/R® in the expansion (3.12) for the Nth term of the 
near-field series, and the term in 1/R‘ for the (V—1)th 
term. Checks can, of course, be obtained by taking 
other values of g in Eq. (3.13). 

The H-wave part of the solution can be dealt with in 
exactly the same way: there are formulas completely 
analogous to Eqs. (3.8)—(3.15), using the radial com- 
ponent Hp instead of Ep and the surface harmonics 5, 
of (3.2) instead of the S, of (3.1). Alternatively, Hr 
can be deduced from Ep, and hence the H wave from 
the E wave, by the principle mentioned in Sec. 2. 

In conclusion, we shall consider briefly Tai’s? paper 
treating the scattering of a plane wave by a perfectly 
conducting spheroid, the direction of propagation being 
parallel to the axis of symmetry. In this paper, the 
scattered ‘“‘near field” is also expanded as a power series 
in k, but instead of using the differential equations (2.9) 
for the successive terms, Tai uses the equations (in 
our notation) 


curlEj>=0, curPE,=0, curl"E,=0,---, (3.16) 


together with the divergence equations (2.10), for the 
electric field, with similar equations for the magnetic 
field. Evidently Eq. (3.16) follows from (2.9), but the 
contrary is not the case. Tai further assumes without 
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proof that the required solutions of (3.16) vanish at 
infinity. We have seen that this is the case for the first 
three terms in the series (which are all that Tai con- 
siders), but is not the case for the higher terms. In 
passing from the “near-field” to the “‘distant-field” 
representation Tai also makes use of the equivalent of 
(3.1), (3.2), but does not make the connection via the 
radial components alone, as we do. No use is made of 
Eqs. (2.19) and (2.20). 

It will be found that Tai’s solutions of (3.16) do, in 
fact, satisfy our Eqs. (2.9), but it is not clear that this 
agreement is not partly fortuitous, since the solutions 
chosen of (3.16) are by no means the most general ones 
which satisfy the boundary conditions on S and which 
vanish at infinity. Further, Tai’s method of connecting 
the near field with the distant field seems to lead to 
difficulties, since explicit expressions for the wave-zone 
field are not given except in the case of the sphere. Our 
method of using (2.19), (2.20) to impose an additional 
condition on the near-field solution, and use of the 
radial field components to pass to the distant-field 
representation, seems to be preferable, leading as it does 
to a determinate mathematical problem of standard 
type at each stage of the calculation. 


APPENDIX I 


We wish to prove the relation (2.30), where V is any 
function which is well behaved on S and in-the immedi- 
ate neighborhood exterior to S. Let us, for clarity, 
denote the coordinates of a point on S by (x, y, z) and 
those of the field point by (x’, y’, 2’). Now 


f axeryras= f nxv(v/nas 
— f(nxva/nivas. 


The first integral on the right-hand side vanishes by 
Stokes’ theorem.” Hence, employing Cartesian co- 
ordinates, 


curl’ f (nX VV)/rdS 
== f Vin(v-¥9(1/r)—V¢a-¥'4/r)) as 


‘ f V[m¥?(1/r)+- 0’ (m-¥(1/r)) dS 


d/l 
=v fv2(2)as, 
On\r 


To apply Stokes’ theorem in the usual form, we imagine a 
small hole made in S. The integral taken over the remainder of S 
is then equal to a line integral taken round the rim of the hole. 
Making the hole shrink to zero, the required result follows. 
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which is the required relation. The restriction to Car- 
tesian coordinates can now be removed. Evidently the 
same relation holds if V is defined in the immediate 
neighborhood interior, instead of exterior, to S. 


APPENDIX II 


We wish to show that E,, H, defined by Eqs. (2.21), 
(2.22) vanish at infinity for p= 1, 2. Let us consider E,; 
the proof is entirely similar for H,. For p=1, the result 
follows at once, since the only integrals in Eq. (2.21) 
which do not vanish at infinity are independent of the 
coordinates of the field point, and these vanish when 
the operators curl, V are applied. For p=2, the only 
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terms which need be considered are 


fnxtuas+ (1/2) curl f (axE,)ras 


— (1/2) f n-Eeras. (II, 1) 


The first integral in (II,1) vanishes by Stokes’ 
theorem, since Hj»>=VU>.'"* In the second integral, 
omitting terms which vanish at infinity when the 
operator curl is applied, we can put r equal to a constant 
as far as the integration is concerned. The integral then 
vanishes since Ey=VVo. The second term in (II, 1) 
therefore vanishes at infinity. A similar argument shows 
that the third term also vanishes at infinity. The 
required result is therefore proved. 





Announcement 








Conference on Applied Mass Spectrometry 


CONFERENCE on applied mass spectrometry organized 
by the Mass Spectrometry Panel of the Institute of Petro- 
leum Hydrocarbon Research Group is to be held in London on 
Thursday and Friday, 29 and 30 October, 1953. The venue of the 
Conference is the Institution of Electrical Engineers, Savoy Place, 
London, and its main object is to bring together American, 
British, and European workers in the field of applied mass spec- 
trometry to discuss problems of current and future interest. The 
majority of papers are designed to interest those who use mass 
spectrometers in their daily work, but all the papers on the first 
day are devoted to subjects in analytical chemistry where mass 
spectrometry has proved particularly valuable. It is hoped that 
these papers will give rise to discussions between mass spec- 
trometrists and those who carry out similar analyses by alternative 
methods. 


In all there will be 18 papers from workers in the U. K., the 
U. S. A., Canada, France, Germany, and Holland, and these will 
cover broadly :— 


1. Quantitative analysis of gases, liquids, and solids, including 
the continuous monitoring and control of production com- 
position by mass spectrometry ; 

2. Applications to the study of molecular structure, free 
radicals, and electron/molecule collision processes; 

3. Recent developments in instrumentation and computing 
techniques. 


In order to cover the cost of papers and other conference 
expenses a registration fee of £2 2s. Od. will be charged. Applica- 
tions for further particulars and for registration forms should be 
made to W. J. Brown, c/o Metropolitan-Vickers Electrical Co. 
Ltd., Trafford Park, Manchester 17, as soon as possible. 
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The method previously described of solving electromagnetic scattering problems as power series in & is 
here applied to the ellipsoid, the first three terms in the series being obtained. The second term in the series 
for the wave zone field (that proportional to £*) vanishes, and the same is true of any body possessing a center 
of symmetry. Thus the terms in &?, k* in the wave zone field are here obtained. The direction and polarization 
of the incident wave, and the electromagnetic constants of the ellipsoid, are arbitrary. The final results are 
expressed in terms of certain elliptic integrals which are functions of the three principal axes of the ellipsoid. 
These integrals can all be expressed simply in terms of just two such integrals; they become elementary 
integrals in the case of a spheroid. Various special cases are considered, including that of a perfectly con- 
ducting elliptical disk and the complementary problem of diffraction through an elliptical hole in a perfectly 


conducting screen. 





1. INTRODUCTION 


HE problem of the scattering of an electromag- 

netic plane wave by an ellipsoid has been con- 
sidered by Méglich,' who showed that the scalar wave 
equation is separable in ellipsoidal coordinates. His 
solution is a purely formal one, however, as explicit 
solutions of the differential equations were not obtained, 
and a great deal of additional calculation would be 
required to bring it to a form suitable for numerical 
computation. 

The special case of a perfectly conducting spheroid, 
with the incident wave propagated parallel to the axis 
of symmetry, has recently been considered by Schultz? 
(for the prolate spheroid) and Tai*® (for the oblate 
spheroid). In neither of these papers, however, were 
calculations carried to a point where numerical com- 
putation could be easily applied—at least until more 
extensive tables of spheroidal functions are available. 
Schultz’s results are expressed as infinite series of 
spheroidal functions, while Tai gave explicit expressions 
for the scattered field which are only of use near the 
spheroid. 

A first approximation to the solution when the linear 
dimensions of the ellipsoid are small compared with the 
wavelength was given long ago by Rayleigh‘, and to 
this approximation the problem has also been con- 
sidered by Gans.’ But the only cases for which the 
solution has been carried further than this approxi- 
mation and reduced to calculable form appear to be 


1 F. Méglich, Ann. Phys., 83, 609 (1927). 

*F. V. Schultz, Scattering by a Prolate Spheroid, Report UMM- 
42, University of Michigan (1950). 

*C. T. Tai, Trans. Inst. Radio Engrs. (February, 1952). 

%* Note added in proof:—Dr. K. M. Siegel has since informed 
me that numerical calculations, based on Schultz’s work, have 
now been made for the prolate spheroid and that similar calcula- 
tions are in progress for the oblate spheroid. 

‘Lord Rayleigh, Phil. Mag. 44, 28 (1897). Rayleigh only 
considered the case where the direction of propagation was along a 
principal axis of the ellipsoid, with the electric vector along 
another principal axis. But to this approximation the general case 
can be deduced by superposition. 

*R, Gans, Ann. Physik 62, 331 (1920). 


those of the sphere® and the perfectly conducting 
circular disk (or the complementary problem of diffrac- 
tion through a circular hole in a perfectly conducting 
screen).? 

The present paper attacks the problem from the 
point of view of a general method developed by the 
author,® in which the solution of a scattering problem 
is expressed as a power series in the ratio dimension/ 
(wavelength), the calculations at each stage requiring 
only solutions of Laplace’s equation (together with the 
evaluation of certain potential integrals), rather than 
the more complicated Maxwell’s equations. The method 
is applicable to the ellipsoid, since the theory of ellip- 
soidal harmonics has been fairly extensively developed. 

The first three terms in the series are here obtained, 
and attention is focused mainly on the field in the wave 
zone. It turns out that in the wave zone the second 
term (proportional to k*) vanishes. Thus the wave 
zone field obtained here contains the terms in k* 
and k‘. In other respects the calculation is quite general : 
the electromagnetic constants of the ellipsoid, the 
ratios of the three axes, and the polarization and 
direction of propagation of the incident wave are all 
arbitrary. 

The final results for the wave zone field are expressed 
in terms of certain elliptic integrals which are functions 
of the lengths of the axes of the ellipsoid and lend 
themselves readily to numerical computation. In the 
case of a spheroid the elliptic integrals become ele- 
mentary integrals; and in any case the integrals can all 
be simply expressed in terms of only two of these 
integrals. Various special cases are considered, including 


6 J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York), p. 563 and following. References to 
the original papers are given. 

7C. J. Bouwkamp, Philips Research Repts. 5, 401 (1950); 
J. Meixner and W. Andrejewski, Ann. Physik 7, 157 (1950); 
H. Levine and J. Schwinger, Theory of Electromagnetic Waves, 
(Interscience Publishers, Inc., New York, 1951), p. 1; J. W. Miles, 
J. Appl. Phys. 20, 760 (1949) ; 21, 468 (1950). 

8 A. F. Stevenson, J. Appl. Phys. 24, preceding paper (1953). 
We shall refer to this paper as “EMS,” 
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that of a perfectly conducting elliptical disk and diffrac- 
tion through an elliptical hole in a perfectly conducting 
screen. 


2. CALCULATION OF FIRST THREE TERMS IN 
NEAR FIELD SERIES 


Let the equation of the ellipsoid be 
2/a+yv/P+2/e=1, (2.1) 


where a, b, c are the principal semi-axes. We suppose in 
the first place that a, b, c are all unequal, but this 
restriction can be removed in the final results. Let the 
(in general complex) dielectric constant and permea- 
bility of the ellipsoid be ¢, u, respectively, the external 
medium being a vacuum. We suppose a plane-polarized 
electromagnetic wave of unit amplitude incident on the 
ellipsoid. Let us define the incident wave by the three 
sets of direction cosines: 


(1, m, n): direction of propagation, 
(11, my, m1): electric vector, 
(/2, m2, M2): magnetic vector. 


These nine direction cosines are, of course, subject to 
the usual relations between the direction cosines of 
three mutually perpendicular directions. 

We consider a steady state with time factor e~’. 
The incident field is then given by 


E® = (1, my, n)e**(lztmytns) | 
H® = (ls, Moe, nz)ei*lztmytnz) 
where k= 27/X, \ being the wavelength in vacuum. 


According to the method of EMS, we expand the 
incident field in powers of ik in the form 


E®= > E, (ik)”, 
p=0 


(2.2) 
H®= > H, (ik)”. 
p=0 
The first three terms in the expansions are 
Eo = (11, mi, m1), 
E,© = (1;, my, m1) (lx-++-my+nz), (2.3) 


E,© =43(l;, my, ) (la+-my+nz)’, 


with similar expressions for Ho, ;, 2 obtained by re- 
placing (1, mi, m1) by (/2, m2, M2). 

Let (E, H) be the scattered field and (E“, H“) the 
field inside the ellipsoid. We suppose these expanded in 
a form similar to Eq. (2.2), 


E=> E,(ik)?, etc. (2.4) 
p=0 
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We shall now calculate the first three terms in the 
expansions in Eq. (2.4). For this, as explained in EMS, 
it is necessary to calculate only Eo, Eo“, H,, Hi, E;, 
E,“, since Maxwell’s equations are invariant under 
the substitutions E>-H, H-— E, ex. This means that 
if we make the substitutions 


(11, m1, 21)—> (lz, me, 2), 
(2.5) 
(/2, m2, M2)—>— (Li, m1, m1), en, 
we change E,, E,“, H,, H,“ into H,, H,“, —E,, 
—E,, respectively. Hence we can pass from the 
electric to the magnetic field or vice versa. 
According to EMS, and using the notation of that 


paper, Eo, ---, E.“ are given by the equations 
Eo= VV, Eo? = VV 9, (2.6) 
H,=G.t+-VU,, H,@=G,°+VU,, — (2.7) 
E.=F:4+0V2, E®=F,+0V2, (2.8) 
curlG,;=—Eo, curlG,“ = —«E)“, (2.9) 
curlF,= H,, curlF,“ =yH,, (2.10) 
divG,= divG,“ = divF,=divF,=0, (2.11) 


where Gi, F, vanish at infinity, Vo, U1, V2 are external 
harmonic functions, and Vo“, U,, V2 internal 
harmonic functions, which satisfy the boundary con- 
ditions on the ellipsoid, 


nXV(Vo— Vo?) = —nX E,, 
n-V(Vo— Vo) = —n- E,™, 
nXV(U;-— U,)= —nxX (G,—G,+H,), 

(2.12) 
n-V(U;—nU,) = —n- (G,—pG, +H), 
nXV(V2— V,)= —nxX (F.— F,+ E,), 

n- V(V.- eV) = = —- (F.— eF,+ E,), 


where n denotes a unit vector along the outward 
normal. Further 


fazas= [n-Has= fa-Bas=o, (2.13) 


where the integrals are taken over the surface of the 
ellipsoid. 

The method of solution has been fully explained in 
EMS. The calculations are somewhat long and in- 
volved, but are fairly straightforward applications of 
ellipsoidal harmonics. We shall omit the details and 
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give only the results (which can be verified), 
Vo= Axl q(&)+Arylo(&) +A s2l (8), (2.14) 
Vo =A, x+ AeMy+A3%z, (2.15) 
(G,).= Axel -(&)—Asyla(), (2.16) 
Gi) = (4 3y— Agg), (2.17) 
U,= BX,T,()+ B’X,T, (&) 
+ Biyal ve(&)+ Bozxl ca(E)+ Barylan(é), (2.18) 
U,©= BOX,+ BOX, + BO yz 
+ B,2x+ B;xy, (2.19) 
F,=F,’+VV2", (2.20) 


(F.’).= — $A [77a (E) +97 0(E) +277. (€)—T(E) J 
x SBiL eT ac(E)+ VT ve (E) +327 ce(€)— T(E) ] 


+ Boxyl an (€)+Cryzl»-(€), (2.21) 
V2" =A so2+Aoby+A dz, (2.22) 
1 1 
=— (x°+ +2") xT (§)——«I (€) 
10 5 
1 
——(30+B+¢*)xI(&), (2.23) 
50 
(F 2), == A,GF+2) 
ar 
a i At tt (2.24) 
Vo= DyxIg(E)+ Doyl,(€)+Ds2I.(€). (2.25) 


The y and z components of Eqs. (2.16), (2.17), (2.21), 
(2.23), (2.24) are given by cyclic permutations of x, y, 
z; a, b, c and of the suffixes 1, 2, 3 in the constants Aj, 
A», Az, etc. The complete expression for V2 is not given, 
terms which vanish at infinity to an order higher than 
1/R® being omitted. These terms do not contribute to 
the first three terms in the wave zone field, by EMS. 
The value of V2“ does not concern us here. 

The notation in Eqs. (2.14)-(2.25) is as follows: 
€ is one of the ellipsoidal coordinates of the point 
(x, y, 2), defined as the greatest root of the equation 


9 


2 e 2 
a+ét BP+E C+E 











Q(:)= ~1=0. (2.26) 


Further 


= (+) (P+) (P+r)O(»), 
v, v’=roots of equation 
1 1 1 


+ + 
ety P+v +p 


1()= fs 


R(u)=( (a+) vy u) (c?+) }}, 





=0 








« 


1,(#)= 
= Sl amis (a?-++u)R(u) 


du 





Re = ’ 
6(&) f (4 u) (Ou) ROO) etc 


du 
T,(t)= = He, 
- i (u— »)*R(u) 
2 du ) 
I= : 
= 


eo du 
I.= i ag ES 
f (a-+-u)R(u) 





(2.27) 








» du 
lam f , etc 
0 (a+) (+u)R(u) 
T,=T,(0), 
Ay=—(e- 1) filOhy, 
A, = (2/abc) fi(Oh, 
27 
fto=| (+ —| , (2.28) 
abc 


ul 1 
~ (u—1)T,— (1/vabe) 6(y—v’) 


ll. mM, NN 
( PMnat ), 
e+v P+v C+yp 


B’=same as B with », v’ interchanged, 














be 
Bi= gi(u){ — nes (mon+ nom)+ menc? 





+nymbh?+| BI,— alte) (T,—T-.) | 1 


eu 
+5 @-e)4., 


2 1 
i(u)= —1)(P+e)In-+—|]| , 2.29 
et)=| +t —] (2.29) 
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B B’ 
BOs. : B’® =—_____, 
(u— 1)vabc (u— 1)v’abc 
mn+nyem &—c 
By =g,(u) — ane ; Teli 





I.—T,. P—- 
qm! Aa eranla 
abc 2 


€u 
+ —(b’—c*)I4,A 1) 


Ci= (P—2)L(@+») B+ (@+ v’)B’), 
C= = BuO —AL (a+ )BO+ (t+ »’)BY 
D,= (1/10) file){ 1— eli (@ P+ Bm?+ cn?) 
+ €(b’mn.—cnm2)+[ (2—«)I— a" ,+4a/be JA, 
+ (Lat 21 .)Bit (3) eu (P+) A 1 — eu (P—2) Bi}. 


Any constants or functions not defined can be obtained 
by cyclic permutation of suffixes in these constants or 
functions and of the quantities a, b, c; 1, m, n;1,, mi, m1; 
ls, Me, Ne. 

Various relations connect the elliptic integrals (2.27) 
(and 7,, 7,-), of which we mention the following * 


Tot+Io+I=2/abc | 
@14+bl.+cl.=T, 
Tav= (Ta—Is)/(P—a), 
3IeatTartlac= 2/a%e, 
30°F eat bl av+Clac= 31a, 


iy Ie I, I. 1 
T,= ( + + )- . 
2\a'+v P+v C+y vabc 
The relations in Eq. (2.30) enable us to calculate all of 
the integrals J, J,, --- in terms of only two of them, say 
I ., Ty; while in the case of a spheroid, all integrals can be 
calculated in terms of only one of them (in the case of a 
sphere the formulae give the integrals without cal- 


culation). Our results for the wave zone field will be 
expressed in terms of these integrals. 


(2.30) 

















3. THE WAVE ZONE FIELD 


According to EMS, the expansion of the wave zone 
field in powers of k can be found by expanding the radial 
components Eor, etc., of the scattered near field in 
(positive and negative) powers of R and picking out the 
coefficients of 1/R*, 1/R*, where R denotes the distance 


* These relations are special cases of relations which connect 
the integrals /(), J.(£), ---, and which are useful in deriving and 
checking the solutions. We shall not give these more general re- 
lations, however. 
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of the field point from the origin. To find the first three 
terms in the wave zone expansion, we require the 
coefficients of 1/R*, 1/R* in Eor, E:r, and the coefficient 
of 1/R® in Er.” This necessitates expanding the 
integrals 7(£), etc., in powers of 1/R. We write 


a=x/R, B=y/R, y=2/R, 


so that (a, 8, y) are the direction cosines of the radius 
vector to the field point. 
From Eq. (2.26), when R is large, 


E= Re (a+ 0 P+2y7)-+0(1/R?). 


Hence, expanding the integrals I(&), etc., 
powers of £, we find 


I(&)=2/R+ (1/R(—3(@+ P+) 
+a°a?+ b°6°+c*y ]+0(1/R), 
T,() = 2/3R*+ (1/R®)[— (1/5) (3a?+8?+c*) 
+a°a? + B+ c*y*]+0(1/R"), 
Tav(§)= 2/SR°+0(1/R’), 
Ta(€)=2/5R°+0(1/R’). 


in inverse 


We can hence find the required coefficients in the 
expansions of Eor, Eir, E2r from the formulas of the 
previous section. We thus find that the coefficient of 
1/R* in Eor and the coefficient of 1/R*® in Eyer both 
vanish. Hence, from EMS, the second term (proportional 
to k®) in the expansion of the wave zone field vanishes. 
It can be shown that the same is true for any body 
which possesses a center of symmetry. For the remain- 
ing coefficients, when expressed in terms of surface 
harmonics, we find, using the notation of EMS: 


(4/3) (A1a+AB+A3y), 

Sot 9 = prot p+ psy + By + gevat 7208, 

S,2 P=natrB+rsy, 

S3% 9 = (2)A of a'a?+ B+ y?— (3) (3a? +e+ey}” 
+ (2)A flare? + PB + cy?— (3) (3P+2+a")] 
+ (B)Asy[o'e? + B+ y*— (3) (32+0°+2)], 

where 

pi= (6/5) [ (P+) (2+ ») B+ (P+y') (2+ vB’), 

q= (2/5)((?—¢)A1+3Bi], 

r= (2/75)[ (9a?— 26?— 2c?) A, +5Bi— 


In Eq. be 2), B, B’, --- are to be obtained from 
B, B’, by carrying out the substitutions (2.5). 
The vomaatubea constants ps, ---, 73 are obtained from 
Egs. (3.2) by cyclic permutation. 


§,09=— 


(3.2) 
50D,]. 


” The coefficients of 1/R® in Eog and of 1/R in Esp were also 
calculated, as these furnish checks on the work. 
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The quantity P of formula (3.3) of EMS, which 
determines the “E-wave” part of the wave zone field, is 
now obtained in terms of the harmonics of Eqs. (3.1), 
as far as the term in k*‘, as follows [formulas (3.14), 
(3.15), (3.7) of EMS]: 


1 1 1 
P=P[4S,° Dr 3)4.—_§, (1, 4)4.—__§,@, »| 
2 18 18 
The term in &* vanishes, as mentioned before. 

The E-wave part of the wave zone field is thus 
completely determined as far as the term in k‘, and the 
H-wave part of the solution can be deduced by making 
the substitutions (2.5). There remains the somewhat 
tedious task of collecting our results and simplifying 
them by means of the formulas of this and the pre- 
ceding sections. The final’ results are given in the next 
section. 


4. FINAL RESULTS 


By Eqs. (3.3) and (3.4) of EMS and the formulas 
developed in the preceding two sections, we have for the 
wave zone field: ” 

OP 1 dPret*® 








E,= Hy=({ —+— — ’ 
06 sind d¢d/ R 
a (4.1) 
1 OP dP\et*® 
aii ——~—) 
sind dp 00/ R 


where, as far as the term in #, 
P= (Kyat+KB+Ksy)+h(Liat L28+Lsy 
+My? + M?+ M3y+NiBy+ Noyat Nia8 
— (1/30) (Kia+ K+ Kay) (@o? + 0°8+c?y*)], (4.2) 


and P is obtained from P by making the substitutions 
(2.5). Here (R, 0, @) are polar coordinates of the field 
point, while (a, 8, y) are direction cosines of the radius 
vector to the field point, and are therefore functions of 
6, @ which depend on the choice of the polar axis. The 
constants K,, Ll, --- are defined as follows: 


Ki= (9) (e-DAOh, 
ISLi= file){ (e— 1h (3) (6a°—-—c*) 
~ (a+ b?m?+ en?) ]+ €(b¢mn,—2nm,)} 
+(fi(e) Pat (e—1)[ (e—2)1+ ea*T.—4a/ (bc) ] 
+é&u(P+)/ (abc)}+ file)gi(u){ To— Te) 
X[(u/2) (B?+-c2) (mn2+-nm2) — mn2b?— nmzc*] 
— eu (b°—c*) (mn2+nm2)/(abc)}+[ file) P 
X g1(u) To—T iL (e— 1) hie) 
+ eu(eu— 2) (b—c?)/ (abc) ], 
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M\= 1 (- 1) (Zqonny+Tqcmm— 21 yell) 
450 


2¢ 
+ ————-— (2a°/],— ¥mm.— enn), 
abc (>-a?b*) 
15SNi= — (3) (u—1) filu) (P—A)le+g1(€) 
XL (€/2) (P+?) (mny+ nm) — bmn, — nm, | 


+ fi(u)gr(€)lel eu (b?—c*)/ (abc) — (u— 1) ki (€) J, 


where 
ki(e)=81,—CI.— (€/2) (8+) (I,—T.), 


Q= (e— 1)*(Zasl oe+ Tel cat] cal ab) 





4e(e—1) La 4é 
(+537) 


abc Doe a*h?c? (08?) 





J ; : Ia—T 2 5? 
-f Ra} | ab— ac)/(¢ _ ); 





2 udu 
r= f =I,,—cJ, etc. 
o [Rw F 
L?=7+2+-, 
>.@7b? = a?b?+ Bc?+-c?a?. 


I, Iq, etc., are the elliptic integrals defined in Eq. (2.27) 
and are connected by the relations (2.30); they are 
functions of a, b, c. The functions fi, gi of € or uw are 
defined in Eqs. (2.28) and (2.29). The remaining con- 
stants Ke, K3, --- of Eq. (4.2) are obtained by cyclic 
permutation of a, b, c;1, m,n; 1, m1, 1; le, me, m2, as in 
Sec. 2. 

If we write, in analogy with Eq. (4.2), 

P=F(Kyot+ ---)+k(Lia+:--], (4.3) 

then K,, --- are obtained from K,, --- by making the 
substitutions (2.5). 

For a nonabsorbing ellipsoid (¢-real), the scattered 
radiation is plane-polarized, to this approximation, 
since our formulas show that E,/E, is then real. The 


same is true of the perfectly conducting ellipsoid, 
considered in Sec. 6. 


5. SCATTERING COEFFICIENT 


The scattering coefficient s (ratio of energy scattered 
by ellipsoid to energy incident on ellipsoid) is easily 
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found from Eqs. (4.1), (4.2), (4.3) to be 
s= (PBc2+ mcta?+ n?a*b*)-! 


x | (8/3) (|K,j|24+|R|2)+ (16/3) 4° 


j=l 


3 


x| Re X (K;L;*+K;L;*)— (1/150) 


X ((3a?+8?+c*) (| Ki|?+ | Ki |?) 
+ (36°-+2+a") (| K2|?+ | Ke|?) 


+ (e-+ot+89(IKs|*4+1 R19) || +089. (5.1) 


6. PARTICULAR CASES 


In what follows we shall make the usual choice of the 
z axis as polar axis and the zx plane as the plane ¢=0, 
so that 


a=sin@ cos#, B=sin@sind, y=cosé. 


(1) Spheroid 


If two of the principal axes of the ellipsoid are equal, 
the elliptic integrals become elementary integrals. We 
find for the 


prolate spheroid (a=b<c): 
c+(ce—a’)! 


I =(c—a*)“lo 
“ (c?’—a?)! 


while for the 
oblate spheroid (a=b>c): 
I=2(@—¢)- cos“(c/a). 


In either case, the remaining integrals can be calculated 
from Eqs. (2.30). There is also no loss of generality in 
taking the direction of propagation to lie in, say, the 
zx plane. There is no great simplification in the formu- 
las, however, and we shall not write down detailed 
expressions for the field. 


(2) Sphere 
- If a=b=c, we find easily 


I=2/a, I,=2/(3a*), 
J =2/(7a"), 


I oa= 2/ (Sa*), 
J'=4/ (35a). 


There is further no loss of generality in taking the z axis 
as the direction of propagation and the x axis as the 
direction of the electric vector, so that 


n=l,=m.=1, 


the other direction cosines vanishing. We then find 
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from Eqs. (4.1) and (4.3) for the field: 








= - 
E,e=Hy= {er( “a, + ka® 
e+2 ut+2 
e—1 
x [Ft us) cosd+ F (u, €)+ cos26 
6(2e+3) 


u—1 etkR 


+ cos cos¢—, 
6(2u+3) R 


e—1 yw-1 
E,=—Hy=- {#0x(— +" cost) + Ha 
e+2 pwt+2 





e—1 
cosé 
6(2e+3) 





x| #6 u)+F (u, €) cos6+ 


yu 1 eikR 


+ cos || sing—, 
6(2u+3) R 


F (e, uw) = (3/10) (e4+- 2)? (e€— 6e+- 44+ ey). 





where 


This field agrees with the rigorous solution for the 
sphere, if powers of ka above the fourth are neglected." 


(3) Perfectly Conducting Ellipsoid 


As explained in EMS, we can deduce this case by 
putting »=0 and making | «| in our general results. 
The field is thus still given by Eqs. (4.1), (4.2), and 
(4.3), where now 


K,= (2/37 ah, 
Ly= (1/157 4) {iL (3) (60?— B?— c?) — (P+ B?m?+ cn?) ] 
+b’mn.—c*nm2}+ (11/1512) (I+a"l,), 
M,= ol tort Laon 2Todly 


2 

+a mm,— nm) 
abc (3. 076") 

Q’= Tavl be+ Decl cat Teal ad 











4 da? 4 
——{ J+ J "+e 
abc a? a*b*c? (> ab") 
1 P-—e 1 
Ny=— lo+ (mn,+nmy,), 
18 J,+-/. 15] 5. 
2k 
”  Siebl. 


't Expansions from which the field can be determined to this 


order are by Stratton (reference 6), p. 571, but some of 
Stratton’s formulas are in error. 
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L,=——_[o?P + ?'m?+-2n?—} (6a?—b’— 2) ] 
15 (Io+ I.) 


2ls 2a 
+—— [14 +10-27n| 
15(7,4+-7.)? bc 
BP 
+————(mn,+nm,), 
30(I5+ I.) 


1 [aonnet+]4-mme2— 21 p-lle 
- 45 Tal oct Tock eat Tl cal ad ' 
PC 1/15 
h+ 
45], (b?+-c?)Ib-— 2/ (abc) 


X (mnt nme— (hh/Ta) (I.-C) J. 





N,= 





The remaining constants Ko, K3, --- 
cyclic permutation as before. 


are obtained by 


(4) Perfectly Conducting Elliptical (or Circular) Disk 


The case of a perfectly conducting disk whose bound- 
ary is the ellipse 


#/a+9/P=1, (6.1) 


follows from the preceding one by making c—0. In this 
case the integrals J., Ja, and I», become infinite like 
1/c, but we can use the relations (2.30), where 
necessary, in proceeding to the limit. We thus find for 
this case: 


K,=(2/3I,)h, K=(2/3Is)m, Ks=0, 
L,= (1/157 a) {1iL3 (6a?— b*) — (a+ b’m?) |+ bmnz} 

| + (,/151.*)(I+a°l,), 
L= (1/157 ») {mL} (68?— a?) — (a2P+ Bm?) ]—a2lng} 

+ (m,/15Ty?) T+87 >), 

L;=0, 
M,= (1/45R)[ (61 50+Tas)lli— (3 aat+ 27 av)mmy ], 
M2= (1/45R)[ (61 aat+1av)mm,— (3750+ 27 as)lli ], 
M3= (1/45R)[ (Jas— 3 os)llit (Lav— 3] aa)mmy ], 

R=9] gal vo— Tar? +4(a2+8*)/a°d!, (6.2) 
Ni=N2=0, 
N= (1/18) (@®—8)n2/(Ia+Io)+ (1/151 as) (mi+ml,), 
K,=K,=0, 
Ry=— (2n2/3)/(a+1»), 
[,=L,.=0, 
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L3=———_[ P+ B'm?+ } (a?+8) ] 
15(Za+ I») 
2ne 
ae Fe] 
15(Ta+Io)? 
a’— > 
+————(Im,+-ml,), 
30(Ta+T>) 


M,=M.=M;= 0, 
N,= (87/457 4)hi+ (1/15) (32 s0+J as) (Io/Te)li— mnz], 
N.=— (a2/451,)m,— (1/15) (32 eat av) 


XC (e/Is)m+ilnz ], 
N;= 0. 
The integrals J, Ja», --- are here to be evaluated with 
c=0. 


In particular, for a circular disk (a=), we have 
I,=2/(2a*), Iaa=3n/(8a'). 


In this case, we can, without loss of generality, take the 
zx plane parallel to the direction of propagation, so that 


l=siny, n= cosy, 


where y is the angle of incidence (angle between the 
direction of propagation and the normal to the disk). 
We may now further advantageously consider the 
special cases where the incident wave is polarized with 
the electric vector parallel or perpendicular to the plane 
of incidence (where by “plane of incidence” we mean the 
zx plane). The general case can be deduced by super- 
position from these two cases. We characterize them 
more percisely by requiring that in the first (parallel) 
case the magnetic vector is parallel to the y axis, and in 
the second case the electric vector is anti-paraliel to the 
y axis. Hence, 


m=0, 


Parallel polarization: 


L= cosy, 


lL= n2=0, mo2= 1. 


m,=0, ,=—siny, 


Perpendicular polarization: 
1=n,=0, m=-—1, 
l,=cosy, m2=0, mn2=—siny. 
We thus find for the circular disk: | 
Parallel polarization : 
Eo= Hy= {k’a* (4/32) cosé cosp 
+ ka{ (2/452) (16—3 sin*y) cos@ cos 
+ 36 sin2@(1+2 cos2¢) 


eikR 


— (2/152) sin*é cos@ cos¢ }} a, 
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E,= — He={ — k*a*(4/3n) sind 
+ka*[ — (2/452) (16—3 sin*y) sing 
+ (2/9) sin’é sing 
eikR 


— 126 sin@ sin2¢ }} — 
where 
d= sin /[15 (92+ 64) ]. 
Perpendicular polarization: 
Ee= Hy= { — k’a* (4/32) cos8 sing 
+ ka®{ (2/452) (5 sin*y— 16) cosé sing 
+ (2/152) sin?@ cos@ sing 
— (4/452) siny sin2@ sin2¢ ]} 


eikR 





’ 


E,= — He= { a®— (4/32) cos+ (2/32) siny sind } 
+ ka*{ (2/452) (5 sin*y— 16) cosp 
+ (2/45) (54-2 sin*y) cos@ sin*é 
— (3/452) siny (3+sin*y) sind 
+ (3/452) siny sin@ cos*é 


eikR 


— (8/457) siny sin@ eee oth 


In the case of normal incidence (y=0), the formulas for 
a circular disk agree with those of Bouwkamp’ to the 
order (ka).* The case of oblique incidence does not seem 
to have been considered before to this order. 


(5) Diffraction through an Elliptical or Circular Hole 
in a Perfectly Conducting Screen 


If the ellipse, Eq. (6.1), represents the boundary of 
a hole in a perfectly conducting screen, the diffracted 
field (z>0O) can be deduced from the complementary 
disk problem by making the substitutions” 


(11, my, m1)—>(l2, me, m2), 
(6.3) 
(lo, m2, n2)—>— (li, ™\, m), 


E—-—H, H-E (6.4) 
Instead of Eq. (6.4), we can keep the expressions (4.1) 
for the diffracted field and make the substitutions 
P——P, P—P, or 

K,>-K,, KrokK,, etc. (6.5) 


Using Eqs. (6.3), (6.5) and the results for the elliptical 
disk, the diffracted field (for the same incident field as 
before) is therefore given by the formulas of Sec. 4, 


2 See, for instance, J. Meixner, Z. Naturforsch., 3A, 506 (1948). 


. 
~ 
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where now: 
K,=K2=0, K3=(2m/3)/(UatIn), 
Li=L,=0, 
L3= — (m,/15) (La+I1 >)“ La? + b’m?+ 3 (a+ 8") | 
— (2m,/15) Ta+]o)U+3 (8-8) Tan] 
+ (1/30) (a?— 82) (To +1,)—(lm2+ml.), 
M,=M.,=M;=0, 
N= Bl2/ (457 4)+ (1/15) (32 o0+7 a0) L (1 0/Ta)lo+mny |, 
Neo= —a?m2/ (4514) — (1/15) (37 aatTav)™ 
XL (Za/Is)m2—In,], 
3=0, 
K,=—(2/3]q)lz, K2=—(2/3I»)mz, K3=0, 
L,= — (1/157 4) {lof 4 (6a?—b*) — (@??+ Bm?) | 
— b’mn,} — (12/157 ,") (I+ a7J,), 
L2= — (1/151) { m2[4 (6b?— a?) — (a2P?+ b?m?) ] 


" +a*lny} — (m2/157,?) T+ 877,), 
L3= 0, 


M,= (1/45R)[ (32 act 21 as)mm2— (6150+ as)lle], 
M.= (1/45R)[ (31 e+ 20 as)llo— (6Zaat+lav)mme], 
My= (1/45R)[ (31 50—Tav)ll2+ (32 0a—Tav)mme], 
N,=N.=0, 

N= (m/18) (a?— 8) (at+Io)-!— (1/15] 0s) (lme+milk), 


R being given by Eq. (6.2). 

In particular, for a circular hole, and using the same 
notation as for the circular disk, we find, using an 
obvious notation : 


Parallel polarization: 
Eo= Hy= (Egs)aisx; 
Ey= — Ho= — (Eny)aisx- 
Perpendicular polarization: 
Eo= Hg= — (Egy /)aisx, 
Ey=— Ho= (Eoy)aisx- 
The transmission coefficient / of the elliptical hole 
(ratio of energy transmitted by hole to energy incident 
on hole) is given by one-half the scattering coefficient s 


of Eq. (5.1), using the appropriate values of the con- 
stants. For a circular hole this gives 


Parallel polarization: 


t= (16/272) secy (ka)[4+sin’y 
+ (1/25) (ka?) (88—54 sin*y—5 siny)]. 
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ELECTROMAGNETIC SCATTERING BY AN ELLIPSOID 


Perpendicular polarization: 
t= (64/27x*) cosy (ka)‘{1+ (1/25) (ka)?(22—5 sin) ]. 


The tangential electric field in the hole is of some 
interest. This can be found from the formulas of Sec. 2 
for the near field, by first finding the magnetic field on a 
perfectly conducting elliptical disk and then making 
the substitutions (6.3) and (6.4). To calculate the 
magnetic field on the disk, we take the case of a 
perfectly conducting ellipsoid and then proceed to the 
limit : 

c—0, 2z—>+0, 
2/c—(1—27/a—?/B*)!. 


We can only find two terms in the series, as the third 
term in the near field series has not been found com- 
pletely. We thus obtain for the electric field in the 
elliptical hole: 


E,= (2n,/a*b) (Ia +1 >)'x(1—22/a?— y?/8*)- 
+ikl — (fit 2m2/abIy) (1—2?/a?—4?/b*)! 
+ (1/a*) (fis?+ foxy) (1—2?/a?— y°/b*)-*], 
Ey= (2n;/ab*) (Ia +1») y(1—27/a?— y*/8*)-4 
+ikl (— fot 2l2/abI.) (1—2°/a?—y*/b*)! 
+ (1/8?) (fizy+ fay?) (1—2?/a?— °/B*)-*)], 
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wher 


° fi= (2/a*) (Last 3I ac) (lm1—Im2/T>), 

fo= (2/ab*) (Tavt+3Z 55) (mny+ I ol2/Ia). 
For the circular hole, this gives 
Parallel polarization: 
E,= — (2/m) sinp(x/a)(1—1°/a?)-4 

— (4/3x)ika[ (2—sin*y) (1—1?/a?)! 
+ (1+sin*p) (x°/a*) (1—1°/a?)-*], 

Ey= — (2/x) sinp(y/a)(1—1°/a?)-4 
— (4/3m)ika(1+sin*y) (xy/a*) (1—1°/a*)-4, 


where r= (x?+-y*)! denotes distance from the center of 
the hole. 


Perpendicular polarization: 
E,= (4/3)ika cosp (xy/a*) (1—1?/a?)-4, 
E,= (4/3m)ika cosy 
X[2(1—1°/a*)*+ (9°/a") (1—1?/a?) 4]. 


The foregoing results for a circular hole are in agreement 
with those of Bouwkamp’ in the case of normal inci- 
dence (y=0) to the order in ka here considered. 
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The statistical definition of information is compared with Boltzmann’s formula for entropy. The immediate 
result is that information J corresponds to a negative term in the total entropy S of a system. 


S=So-—I. 


A generalized second principle states that S must always increase. If an experiment yields an increase A/ of 
the information concerning a physical system, it must be paid for by a larger increase AS» in the entropy of 
the system and its surrounding laboratory. The efficiency & of the experiment is defined as &=AI/ASo<1. 
Moreover, there is a lower limit & In2 (&, Boltzmann’s constant) for the ASo required in an observation. Some 
specific examples are discussed: length or distance measurements, time measurements, observations under a 
microscope. In all cases it is found that higher accuracy always means lower efficiency. The information AJ 
increases as the logarithm of the accuracy, while AS» goes up faster than the accuracy itself. Exceptional 
circumstances arise when extremely small distances (of the order of nuclear dimensions) have to be measured, 
in which case the efficiency drops to exceedingly low values. This stupendous increase in the cost of observa- 
tion is a new factor that should probably be included in the quantum theory. 





1. DEFINITIONS' 


THEORY of information has been recently de- 
veloped and has been found to have many im- 

portant applications in the field of telecommunications. 
The present author has shown that this theory also can 
be extremely useful in pure physics.*~* A certain ex- 
pression can be defined that measures the amount of 
information in a given operation. It will be proved that 
this quantity is very closely connected with the physical 
entropy of statistical thermodynamics. The aim of the 
present paper is to examine and discuss this very im- 
portant connection. A theoretical relation will be 
derived first, and the exact meaning of this formula will 
be discussed on a variety of examples that will give a 
clear understanding of the physical content of the 
theory. 

We start with the definition of the measure of in- 
formation, as it results from the previous work of 
mathematicians and communication engineers. The 
definition is based on statistical considerations and we 
select the simplest possible example. We consider a 
certain system, which could initially obtain Pp different 
structures, all of them having equal @ priori proba- 
bilities. With the information, the number of possible 
states is reduced to P;, and we take the logarithm of the 
ratio P)/P, as a measure of the information. 
_Initially: Information J>=0, number of possible 
structures Po. 

Finally: Information /,;>0, number of possible 


! Paper read at the Harvard Physics Colloquium (October 1, 
1951); at Brown University (February, 1952) ; and before the Am. 
Phys. Soc. (May 3, 1952) (see also Phys. Rev. 87, 221 (1952). 

* LL. Brillouin, J. Appl. Phys. 22, 334 (1951). 

+L. Brillouin, J. Appl. Phys. 22, 338 (1951) 

*L. Brillouin, J. me Phys. 22, 1108 (1951). 

§C.E. Shannon and W. Weaver, Mathematical Theory of Com- 
munication (University of Illinois Press, 1949). 

* L. Brillouin, Am. Scientist 38, 594 (1950). 


structures P;. 


Po 
1,=K In— 


P; 
= K (InPo—InP;)---Innatural logarithm, basee. (1) 


The coefficient K may differ, according to the unit 
system. For instance 


K=logee gives I=loge(Po/P:) (la) 


and measures information in bits (binary digits). Let us 
now recall the statistical definition of entropy and the 
famous formula of Boltzmann and Planck. A quantized 
physical system is able to take a number of discrete 
microscopic structures, which Planck calls the distinct 
“complexions” of the system. These complexions are 
assumed to be equally probable a priori. Let P be their 
number. The entropy of the system is given by the 
expression 

S=k InP, (2) 


where k is Boltzmann’s constant 


k=1.38 10-'* cgs centigrade degrees. 


We may now compare this entropy formula with the 
definition (1) of information, using similar units in both 
formulas and taking 
K=k. 
We obtain 
Si=So-I 1, (3) 


So=k\InPo, initial entropy of the system, 
S,:=kInP;, final entropy with the information /;. 


This proves directly that “information” corresponds to 
a negative term in the final entropy of a physical system. 


Information =negentropy (negative entropy). (4) 
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THE NEGENTROPY PRINCIPLE OF INFORMATION 


This point of view was developed by the present author 
in some recent papers,>~“where the following points 
were stressed : 


(A) Information can be changed into negentropy and 
vice versa. If the transformation is reversible, there is no 
loss, but an irreversible transformation always corre- 
sponds to a loss. 

(B) Any experiment by which an information is ob- 
tained about a physical system corresponds in average to 
an increase of entropy in the system or in its surround- 
ings. This average increase is always larger than (or 
equal to) the amount of information obtained. In other 
words, an information must always be paid for in 
negentropy, the price paid being larger than (or equal 
to) the amount of information received. Vice versa, 
when the information is lost, the entropy of the system 
is increased. 

(C) The smallest possible amount of negentropy re- 
quired in an observation is of the order of k. A more 
detailed discussion (see next section) gives the value 


k In2=0.69k= minimum of information (5) 


as the exact limit, a result which checks with a previous 
discussion of L. Szilard.’ In binary digits, this minimum 
represents just one bit. 

(D) These remarks lead to an explanation of the 
problem of the Maxwell’s demon, which simply repre- 
sents a device changing negentropy into information 
and back into negentropy. 

(E) When definition (1) is applied to a system of 
signals sent on a cable (or on any telecommunication 
channel), the information formula used by Shannon* is 
obtained. The average information per signal is 


I=—K¥ pslnps 6) 


when a set of signals, a, b, ---j--- appear with the @ 
priori probabilities pa, ps, ---ps* - *. Summarizing these 
results we may state a generalization of the second princi- 
ple: In any transformation of a closed system, the 
quantity “entropy minus information” must always in- 
crease, or may at best remain constant,® 


AS,=A(So—I,)>0. (7a) 
We may define the quantity N (negentropy) 
N=-S, A(N+D<0. (7b) 


The sum of negentropy plus information must always 
decrease. Negentropy corresponds to the “grade’’ of 
energy in Kelvin’s principle of “degradation of energy,” 
and it is no wonder that the importance of negentropy 
was recognized by a close friend of Kelvin, who wrote :* 


“It is very desirable to have a word to express the 


™L. Szilard, Z. Physik 53, 840 (1929). 
°P. G. Tait, Sketch of Thermodynamics (Edmonston and 
Douglas, Edinburgh, 1868), p. 100. 
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Availability for work of the heat in a given magazine; a 
term for that possession, the waste of which is called 
Dissipation. Unfortunately the excellent word Entropy, 
which Clausius has introduced in this connection, is 
applied by him to the negative of the idea we most 
naturally wish to express. It would only confuse the 
student if we were to endeavour to invent another term 
for our purpose. But the necessity for some such term 
will be obvious from the beautiful examples which 
follow. .. .” 

An isolated system contains negentropy if it reveals a 
possibility for doing mechanical or electrical work. If the 
system is not at a uniform temperature 7, but consists 
of different parts at different temperatures, it contains a 
certain amount of negentropy. This negentropy can be 
used to obtain some mechanical work done by the 
system, or it can be simply dissipated and lost by 
thermal conduction. A difference in pressure between 
different parts of the system is another case of 
negentropy. A difference of electrical potential repre- 
sents another example. A tank of compressed gas in a 
room at atmospheric pressure, a vacuum tank in a 
similar room, a charged battery, any device that can 
produce high-grade energy (mechanical work) or be 
degraded by some irreversible process (thermal con- 
duction, electrical resistivity, friction, viscosity) is a 
source of negentropy. 

The physicist working in his laboratory uses such 
sources of negentropy and obtains information. With 
the help of this information he may make an appropriate 
decision by which he decreases the entropy of the 
laboratory, thus recuperating part of the negentropy 
previously used in getting the information (remarks 
A, B,D). 

Our general viewpoint agrees completely with similar 
discussions by D. Gabor® who states :”” 

“one cannot get something for nothing, not even an 
observation.” 


2. ENTROPY LIMIT FOR AN OBSERVATION 


We want to discuss in the present paper a variety of 
examples of applications of the principle of negentropy 
of information, and to show how it applies in different 
branches of physics, technology, and even in some very 
general problems of human knowledge. 

The first problem is to discuss more accurately the 
question raised under (C) in the preceding section: 
What is the smallest amount of negentropy required to 
perform an observation and to obtain a certain informa- 
tion? The question was discussed in general terms in a 
previous paper,’ where it was shown (Eq. 22) that the 
limit was of the order of magnitude of k. In order to 


*D. Gabor, J. Inst. Elec. Engrs. 93111, 429 (1946); 94III, 369 
pag 26 D. Gabor, Phil. Mag. 41, 1161 "(1950) ; and D. Gabor, 
Théorie des Communications et la Physique, La Cybernétique, 
(Editions Revue d’Optique, Paris 1951), p.115. ™ 
” D. Gabor, “Light and information” Edinburgh’ lecture, 1951 
to be published). Also M.I.T. lectures, October, 1951. 
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obtain a more accurate limit, we must consider some 
specific examples. We may read, for instance, an indica- 
tion from an ammeter. The needle and its spring repre- 
sent an oscillating system with a very low proper fre- 
quency. The needle exhibits a Brownian motion of 
oscillation, with an average kinetic energy kT and an 
average total energy 
E a= kT. 


G. Ising" considers that an additional energy, 
E;>4E,.=4kT, (8) 


is required to obtain a correct reading. This energy will 
be dissipated in friction, Joule effect, and viscous 
damping of the ammeter after the physicist has per- 
formed the reading. This means an increase of entropy, 
for the whole system 


AS = E,/T> 4k. (9) 


If 4k is needed for an accurate observation, we want to 
show that 0.7% is the limit, for which we just obtain a 50 
percent chance that the observation is correct, with a 50 
percent chance that the deflection observed might 
simply be the result of thermal agitation. Let us con- 
sider a harmonic oscillator of frequency v with quantized 
energy levels E,=nhv. The problem of the ammeter will 
correspond to the limit of very low frequency. The 
energy level nhyv has a probability 


pa= Bem*= "7 — —(n+1) z 


x=hv/kT, B=1—e~, 


with 
(10) 


ao 


Panfaret, 


n=O n=0 


(11) 


Hence 


(12) 


Pu>a= Pet Piasnt: =e” ! 
(13) 


Po<n<q= pot Pit: ++ Piq-y=1-—e 


for the probabilities of states below g or above g—1. We 
may define a median quantum number m by the condition 


(14) 
(15) 


Po<n<m= Pn>m (hence e~-™*=4$), 
mx=\n2~0.7, En=mhv=kT \n2. 


This median value can be compared with the average 
value 
1 


. (16) 
e7—1 


> npr»= 
n=O 


For low frequencies, this gives 


hvRT, x1, fix=1, E=nihv=kT, (17) 


and we notice that the median value is smaller than the 
average value. The situation is different for high fre- 
"G. Ising, Phil. Mag. 51, 827 (1926); M. Courtines, Les 


Fluctuations dans les Appareils de Mesures (Congres d’Electricité, 
Paris, 1932), Vol. 2. 
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quencies. Next we compute the average quantum value 
for states n>q 


a 


E np, Beer Sd (gtr? 
n=@q r=() 


Nq= = 
Pr>a 





, withn=q+r, (18) 


gu 


but we have conditions (11) and (16) to use and we 
ebtain 


ig=qtn since 7f=H. (19) 


The average quantum value 7%,’ for the group of states 
n<q is directly obtained from the relation, 


Pr <qlig +Pu> ghg=n, 
which yields 


for n<q. 


Let us apply these results to the median value 


g=m, Rm=m+n, te 


in’ =fi—m, n<m 


For low frequencies 


(22) 


fim=Ni(1+1n2) ~ 1.77 | 


Rim!’ =7i(1—In2) ~ 0.3 


We may now consider the problem of making an 
observation and discussing its reliability. Suppose we 
observe, at a certain instant of time /, an energy corre- 
sponding to n>q quanta. The chance that this high 
quantum number may be due to thermal fluctuations is 
P»> - The chance that the resonator would have ob- 
tained normally n<q and absorbed some additional 
quanta (to reach a level above q) is P,, <,. If we accept 
equal chances for these two cases we must choose for ¢ 
the median value 


q= m= (1/x)In2. 
If we take the Ising value (Eq. 8), we have 
qr= (1/x)-4 
Pa>q €% 1 


Puce 1-e* @-1 54 


and 





(23) 


which gives about 2 percent chance for errors caused by 
thermal agitation. 

At time ¢ we observe more than g quanta on the 
resonator. In case this has been caused by thermal 
fluctuations, the average excess energy has been ob- 
tained from the surrounding medium, and according to 
Eq. (19) it will be 


E,=nhv=qhv+ihv. (24) 
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(24) 


If we had actually g quanta absorbed from an outside 
source, the excess energy ghv came from this source and 
was added to the normal 7ihy average, giving again (24). 
At any rate, the excess energy ghv is dissipated later on 
and absorbed by the surrounding thermostat at tem- 
perature T. If Eq. (24) was the result of fluctuations, 
this means simply that the thermostat gets back some 
energy it had previously lost. If Eq. (24) results from 
actual absorption, we have gq quanta finally absorbed by 
the thermostat, hence an entropy increase 


kin2 if g=m 


(25) 
4k Ising 


AS=ghv/T=qkx= | 


This entropy increase of the surrounding thermostat is 
the cost paid for the observation. Its lowest value k ln2 or 
approximately 0.7k is obtained when we accept a 50 
percent chance of error. 

It is very curious that by selecting a limit m<7 (Eqs. 
15 and 17) we nevertheless have a certain amount of 
energy absorbed to bring the resonator back to normal. 
This is because the limit m may be lower than the 
average 7, but (Eq. 22) the average 7, of quanta above 
m is larger than 7. The result is general and applies to 
low or high frequencies, although our special numerical 
examples were selected for low frequencies. 


3. HIGH FREQUENCY RESONATOR, AND THE 
LIMIT OF OBSERVATION 


Let us now consider a resonator with high frequency, 
when hy can be of the order of kT or larger than kT. The 
quantity x is no more a small quantity, and condition 
(15) for the median value will usually not yield an 
integer value. We thus have to choose the next integer 
up 

q>m 


integer. (26) 


The accuracy of the observation is then better than 50 
percent and the AS higher than k In2 (Eq. 25). 

Let us now select a different case that corresponds to 
the problem of Maxwell’s demon. We have molecules in 
an enclosure at temperature 7, and we use an additional 
source of light, emitting quanta hy, in order to see the 
molecules. A molecule is observed when it scatters at 
least one quantum hy, which is later on absorbed by a 
photoelectric cell or in the eye of the observer. This 
quantum hy must be above the limit of the blackbody 
radiation in order to be distinguishable from that 
general background. 

We previously assumed (2) that these requirements 
lead to a condition 


hv>kT. 
We now want to show that we may lower the limit down 
to 


hv> kT \n2 (27) 


THE NEGENTROPY PRINCIPLE OF INFORMATION 
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if we again accept a 50 percent chance of error. Condi- 
tion (27) gives 


x=hv/kT=\n2, m=ni=1, (28) 


as can be seen readily from Eqs. (15) and (16). The 
average value and the median value coincide and 
correspond to just one quantum. 

The ground state with zero quanta has a probability 
2, equal to the total probability of all states with 1, 2, 3 
or more quanta. If we observe one quantum (or more) 
on the resonator, the chance that it might be the result 
of actual absorption is 50 percent, the chance that it 
may be the result of fluctuations is 50 percent. When 
this quantum is dissipated and reabsorbed by the 
surrounding medium at temperature 7, we obtain an 
entropy increase 

AS=k |n2 (29) 
for this medium. 

In these examples, the observation gives us just one 
“bit” of information—namely, a “‘yes’”’ or “‘no” answer 
to a certain question: Has energy been absorbed by a 
certain resonator? Is there a gas molecule on a certain 
location? One binary digit of information represents 


(30) 


in thermodynamical units and must be paid for by 
more than & In2 in negentropy. The same limit of & In2 
per bit of information was also obtained in the discus- 
sion of the capacity of a channel in the theory of 
telecommunications.” 

We must note that the information obtained is valid 
for a short period of time only: the resonator’s damping 
soon dissipates the excess energy, or the molecule 
moves away from the observed position. This law of 
decay corresponds to another character of the second 
principle. 

The preceding discussion definitely shows that the 
second principle holds only in average, as was specified in 
Sec. 1B. The second principle is always limited by 
the possibility of unpredictable fluctuations. It may 
happen that one particular observation could be made 
at an exceptionally low cost, but we have no way to 
foresee when and how this may happen. Only averages 
can be safely predicted. 

An amount of information corresponding to a sizable 
number of bits results in an extremely small contribution 
to the entropy of the system on account of the 10~'® 
factor in Eq. (30). The problems we discuss are of no 
great importance for thermodynamics, but the con- 
nection between entropy and information is funda- 
mental for the theory of information, which cannot be 
built consistently without it. Furthermore, we shall 
consider special conditions where the entropy cost of an 
observation may become enormously higher than the 
limit (30). 


kin2~10~*, cgs centigrade degree 





2 J. A. Felker, Proc. Inst. Radio Engrs. 40, 728 (1952); D. A. 
Bell, Am. Scientist 40, 682 (1952). 
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4. ENTROPY COST OF A MULTIPLE OBSERVATION, 
RELIABILITY OF AN OBSERVATION 


In the preceding sections we considered the case of an 
experiment requiring only one observation and we found 
that it resulted in an entropy increase of the laboratory. 


AS> Aik (31) 
with 
In2 low frequencies hyv< kT 


hv/kT high frequencies hy> kT. 


The limit corresponded to a 50 percent chance of error. 

Our next problem is to discuss an experiment in- 
volving simultaneous readings. At the same time we 
want to introduce a different limit for the permissible 
errors caused by thermal fluctuations. We define the 
“reliability” r of an observation by the following 
condition : 


Probability of a correct obser- 


vation P.=1-—(1/r) 
Probability of an _ incorrect (32) 

reading caused by thermal 

fluctuations P;=1/r. 


Our previous discussion was based on the assumption 
that the reliability r had been given its lowest possible 
value, 2. We now want to consider the general case 


r> 2. 


Ising’s condition (Eqs. (8) and (25)) corresponds to the 
case of a single observation with r= 54. 

The reliability of an observation should not be con- 
fused with the accuracy of an experiment, which will be 
discussed in the next section and represents quite a 
different quantity. Let us start with the case of low 
frequencies, and assume that we must observe n 
oscillators. On each of them, we select a limit 


E,=qhv, hv«kT 


for the amount of energy required in the observation. 
According to (12) we compute the following proba- 
bilities: 


Py=eFl'T=e-4n for EDE, 
resulting from fluctuation, (33) 
P,=1—P, for a correct observation, 
on any one of the oscillators. We introduce the notation 
E.=A,kT. (34) 
The probability for a correct result on all » oscillators is 
P= P,*=(1—¢-4*)", (35) 


and there are 1—P cases where one or more of our 
observations are incorrect. We want the total observa- 
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tion to have a probability P, of being correct (Eq. 32). 


1 
P= (—e4yr=(1-—). (36) 


If we consider an observation requiring only one reading, 
we have 
n=1, A,=Inr. 


The results of Sections 2 and 3 correspond to 


n=1, r=2, A,=I1n2. 


Higher r and m values lead to higher A values. For 
instance, with r=2 (50 percent chance of errors), we 


compute 
n|1 2 4 100 

(r=2) 

A, 


10 000 
9.58 





(37) 





For large r or m values we certainly obtain large A 
numbers, and we may compute an asymplotic expression. 
We take the logarithms of both sides of Eq. (36) and 
compute 

r>1, n>, 


1 1 


Tr 
hence 
1 
ng 4ens—, 


r (38) 
A,=In(r-n). 
We thus must take a limit A,k7T on each of the n 


oscillators which we want to observe. The total energy 
required in the experiment is 


E=nA,kT, (39) 


and this energy is finally dissipated in the damping 
mechanism of the oscillators. The total onepy increase 
for the observation is thus 


AS= E/T=nkA,. (40) 


In conclusion, A, may vary practically between 0.7 and 
a few tens or may be one hundred. 

The case of high frequencies is different. One single 
quantum hy per resonator is enough for a reliable 
observation since these frequencies do not practically 
appear in the blackbody radiation 


E,=hv=AkT, A=hv/kT, hv>kT. 
We thus end up with a coefficient 
- f s low frequencies hv<kT ay) 
hv/kT high frequencies hy>>kT 


The transition from low to high frequencies would be 
more difficult to discuss and should depend upon the 
special problem under consideration. 
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5. EXPERIMENTAL ERRORS, ACCURACY, 
AND INFORMATION 


The amount of information to be obtained from an 
experiment is closely related with the accuracy of the 
experimental setup. We started with the definition of 
nformation 


I,=k \n(Po/ Pi), (1) 


where Po=number of equally probable possibilities 
before observation, P;=number of equally probable 
possibilities after observation, and J,;= information ob- 
tained from the observation. We now want to discuss 
the general problem of accuracy, experimental errors, and 
information. Let us start with a simple and well-defined 
example. On a total length / we observe that the position 
of a certain point is at x (error Ax) (Fig. 1). We define 


| ee error 6,=Ax 
Relative error 6,=Ax/xp. (42) 


(Comparative or proportionalerror 6,.=Ax/I 


The first two quantities are familiar to the physicist, but 
the last one does not seem to have been mentioned very 
often. Nevertheless, it is the quantity that really 
matters in connection with information theory. It con- 
tains the ratio of the uncertainty Ax (that remains after 
the observation was made) to the original uncertainty /, 
corresponding to the whole field of observation (ratio of 
separating power to the field of the instrument). This 
ratio //Ax will also play a role in the entropy cost of the 
observation. 
We define the accuracy @ of the experiment 


@= (1/8,) = (l/Azx). (43) 


This definition fulfills the requirement that increasing 
accuracy should correspond to smaller and smaller 
comparative errors. The amount of information ob- 
tained from the observation, according to our definition, 
Eq. (1), is 


l 
Al=k In—=h In@= — k Iné,. (44) 
Ax 


The accuracy should not be confused with the reliability 
defined in the preceding section. The accuracy is limited 
by a number of physical reasons: separating power of 
the instrument, thickness of the marks along a yard- 
stick, and stability of the instrument. If the system 
under observation is very heavy and very stable, 
thermal agitation will not be of importance, but if we 
observe the position of the needle of an ammeter, the 
brownian motion of the needle may play a role. 

Reliability is based exclusively on the role of thermal 
agitation and Brownian motion. It accounts for the 
possibility of completely wrong indications resulting 
from thermal fluctuations only. 

The distinction will be made clear on the following 
example : Let us assume we use pulses propagating along 
a line. The total duration of the observation is @, and the 
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shortest pulse our receiver can detect is At. The accuracy 
is 8/At. In setting up the receiver we select a lower limit 
E, to the intensity it can record. If E, is very much 
higher than kT, reliability is high, but when E, ap- 
proaches kT, reliability is low. This situation is ex- 
plained in Fig. 2. 


6. LENGTH MEASUREMENTS 


Let us start with a well-defined problem, which 
corresponds to measuring a length with a yardstick. We 
assume that we know that there is a certain test object 
in our field of observation, and we want to measure the 
position of this particle with an error Ax. We divide the 
total length / into m intervals, Ax, 


n=1/Ax=1/6.=@ accuracy. (45) 


The problem is to discover which one of these cells Ax 
contains the particle. We may use » beams of light of 
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high reliability € 
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low accurocy 
low reliability 


frequency » falling down upon the cells and received in 
n resonators below the cells. If the cell is empty, the 
resonator is excited. If the cell contains the particle, the 
light is absorbed by the particle and does not reach the 
resonator, which is in the shadow. We thus examine 
successively the first, second, third . . . cells, until we 
find the particle. This means scanning the distance / by 
steps Ax. 


Particle in cell 


number 1 2 3+-+ m--+ nm—-1 
Chance 1/n 1/n 1i/n 1/n 1/n 1/n 
Number of at- 


tempts required 1 2 3 m n—1 n—1 


“4” coefficient A n—1 An-1 has An-1 An-1 Bast 
The coefficient A ,_; appearing in this table was defined 
in Section 4 and depends both on the reliability 7 and on 
the accuracy @ required in the experiment. It takes into 
account the fact that our experiment requires (n—1) 
individual observations. 
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If the particle is in the mth cell, we will discover it 
after m trials, thus using an energy mAkT. We assume 
that we can use low frequencies and take the A values 
from Eqs. (37) and (38). If we have reached the cell 
(n—1) without finding the particle, we know it must be 
in the last mth cell, and no additional experiment is re- 
quired. Hence, our coefficient A is A,_; and the average 
energy required in the experiment is 


a. 
(AE)_y= kT ——{1+2+3-+--+n—14+0—-1] 
n 


—— ] 
2 ’ 





n 


and the average entropy increase, after the light has 





n= 1 sé 


1 5 
-AS=0 In2 -1.23 
- 


1 
-AT=0 In2 In3—1.1 
k 


1 
-A(S—ID=0 0 0.95 
k 


On the average, the entropy increase is larger than the 
information obtained, but if the particle happens to be 
in one of the first cells we may exceptionally observe its 
position at a lower cost. This corresponds to the general 
remarks made at the end of section 3. 

The efficiency of the experimental method can be 
defined as the ratio of AJ (information obtained) to AS 
(entropy increase—negentropy loss), 


P Al Inn 2 
roe ee : n+1 
4in—l 








nN 


for large nm, andr=2. (49) 


The higher the accuracy, the lower the efficiency. Our 
discussion was based on the assumption that our error 
Ax was not too small and that we could use low fre- 
quencies hy<kT. If Ax became very small, we would 
need short wavelengths and high frequencies in the 


41 a 2 


A incident beam 
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been absorbed in the different resonators, is 





m+1 1 
| a 


(AS) y= (AE) a,/ T=kA | 
. ¥ 


Let us compare this entropy increase with the informa- 
tion obtained [Eq. (44) ]: 


1 n+1 1 
-A(S—-I=An-1 ——-|-inn>0. (47) 
k 2 n 


The following table proves that the difference is always 
positive and that our generalized Carnot Principle 
holds. We use the A values from Eq. (37) corresponding 
to a reliability 2 (50 percent chance of errors resulting 
from fluctuations) 


n>1 

1 n 

—— In2(n—1)~——— Inn 
2 2 


(48) 
Inn 


n—1 
Inn. 








illuminating beams in order not to throw light on more 
than one cell. The quanta /v would become large and the 
efficiency would be much smaller. 


7. HOW TO MEASURE A DISTANCE? 


We shall come to similar conclusions when we con- 
sider a different problem: how can we experimentally 
define a distance L between two points A and B? We 
first must have some material particles at both A and B, 
and the physical way to measure the distance AB is to 
send a beam of light on the particles A, B and observe 
the scattered waves with their interference pattern. The 
number of fringes between A and B gives the number 
of half wavelengths \/2 over the distance L (Fig. 3), 


nd/2= L. (50) 


If we want to be more specific, we must consider an 
actual interferometer, for instance a Perot-Fabry appa- 
ratus used for measuring the length of a standard meter. 
Reducing the method to its essential features (Fig. 4) 
we may think of two parallel reflecting plates A and B, 
and a system of standing waves between them. The 
problem is to count the number of planes of maximum 
intensity between both plates A and B. This could be 
done by using a photocell P and moving it progressively 
from A to B. The relation (50) gives the frequency of the 
light 


v=nc/2L. (51) 
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We need g quanta Ay absorbed in the photocell P to 
observe properly the position of one plane of maximum 
intensity. Altogether, the radiation energy absorbed 
during the experiment is 


E=nghv=n’qhc/2L. (52) 


Hence the corresponding entropy increase during the 
observation, 


E nqhe wn’q Axr 
AS =—=— —=k— —_, (53) 
y 2k - & 


introducing the characteristic distance Axr for a tem- 
perature 7, defined by the relation 


Axr=hc/kT ~1.44/T cm Kelvin centigrade degree. (54) 


Let us assume that we use the smallest number g of 
quanta under certain experimental conditions. We shall 
discuss this point later on. We thus measure the length 
L with an error that may not exceed \/4, 


AL=\/4=L/2n, Q@Q=2n, accuracy. 


Hence, 
AS=}knqgAxr/AL. (55) 


Let us now discuss the question of the number gq of 
quanta required to observe the position of a fringe. 


(A) Large Distance—Low Accuracy— 
High Temperature 


These conditions correspond to small quanta and low 
frequencies hv<kT. 


hv nhc 1Axr 
—=— — =- —<I. (56) 
kT 2LkT 4AL 


We are here working under the conditions specified in 
Sec. 4, where we discussed in a general way an ex- 
perimental device using a large number » of simultane- 
ous observations. We obtained the following result: 


E.=qhv=A,kT, A,>0O.7. 
Hence 
kT AL 
q=A,—=4A, 
hy AXr 





>1. 


The coefficient A, was given in Eqs. (37) and (38). 
Finally, we compute from Eq. (55) the entropy in- 
crease on this case A. 


AS=A,kn. (57) 


The “information” obtained is 


L 
Al=k In—=k In2n (58) 
AL 
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U 
and the efficiency of the observation 
&=AI/AS=\n2n/A ,n<1. (59) 


If we had required higher reliability, and a lower chance 
for spurious observations caused by thermal fluctua- 
tions, we should have taken the A, coefficient from 
Eq. (38). The entropy cost would be higher, the 
efficiency lower. 

Let us be satisfied with a reliability 2 (50 percent 
chance for errors) and use Eq. (37). A, is always larger 
than In2n, but for the case »=1 when A, is In2 and the 
efficiency unity, the negentropy principle of information 
yields our generalized Carnot principle, 


A(S—I)=k(A,n—In2n)>0, (60) 


a formula very similar to our previous Eq. (47). 


(B) Short Distances or High Accuracy and 
Low Temperature 


This means a high frequency 


hv>kT, 
—apn meen, (61) 


Here we are operating well beyond the limit of the 
spectrum of blackbody radiation at temperature T. We 
may use one quantum only on each fringe, and Eq. (55) 
yields 


q=1, 


Axr 
AS=hkn—. (62) 
AL 


The information is still given by Eq. (58), and the 
efficiency is 


AI I\In2n AL 
§6=—=4—_ —-<. (63) 
AS n Axr 


We may write, in this case, a relation which reminds us 
of the uncertainty relation 


AS-AL=tknAxr, 
with 
n=L/2AL=}$@ (@, accuracy). (64) 
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The entropy cost AS may become extremely large when 
really small distances L are being measured with 
reasonable accuracy. For instance, let us take 

L=10-" cm, n=L/2AL=100, 


Axr=510- cm for T=300° Kelvin. (65) 
Hence 
AS=2.5k 10". 


Comparing case (A) [Eq. (57) ] and case (B) [Eq. (62) ] 
we note that the coefficient A, (nearly unity) has been 
replaced by Axr/44L which may increase without 
limits and has the numerical value 2.5 10” in our 
preceding example. Figure 5 summarizes the results and 
shows the entropy cost AS or the energy degraded AE, 
in our problems of length measurement, as functions of 
temperature. The transition between cases (A) and (B) 
occurs approximately when AL=~ Axrr=1.44/T. 

The range of temperatures, from a fraction of an 
absolute degree to some thousand degrees, may intro- 
duce a factor varying from 1 to 10*. This does not seem 
to be of great importance when compared to the wide 
variations provided by the factors depending on length. 


8. DISCUSSION OF OTHER SCHEMES FOR 
MEASURING DISTANCE 


The preceding discussion emphasizes the great diffi- 
culty of measuring extremely small distances. One 
might think that these difficulties came from the 
experimental procedure, where short wavelengths were 
needed to measure short distances. It is possible to 
imagine a different method, using long wavelengths, 
larger than the distance L, and observing the difference 
in the intensities of forward scattering and backward 
scattering. When this problem is properly discussed, it 
gives in case (A) (AL><Avxr) a result of the same order 
of magnitude as the one computed in Sec. 7. As for 
case (B) (AL<Avxr), the new method is much worse 
than the previous one and yields an entropy increase AS 
going up like AL~ instead of AL~ with the method of 
Sec. 7. Altogether, it seems that the very large AS 
corresponding to the observation of extremely small 
distances represents a new and fundamental difficulty. 

Another problem was investigated, and the results 
will be summarized briefly—that of the observation of a 
particle under a microscope. According to the general 
remarks of Sec. 5, we have to limit the field of 
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observation in order to be able to define the accuracy of 
the experiment and the amount of information obtained. 
This can be done by assuming that the light received in 
the microscope was propagated in a wave guide of 
limited cross section (Fig. 6). Such a wave guide has a 
certain set of proper waves, and, when the frequency » 
of the light and the aperture @ are specified, the number 
of proper waves that can be excited is finite. A well- 
chosen superposition of these proper waves yields a focus 
F in the focal plane (s=0), and short pulses can be used 
to define the time of observation. With these specifica- 
tions, the number of degrees of freedom of the optical 
system is defined. An energy larger than kT is required 
on each degree of freedom for a correct observation, and 
this energy is absorbed in the eye of the observer, hence 
giving an increase AS in entropy for the observation. 
Here again one must distinguish two cases 


(A) Ax>Axr and Ay>Arxr. 


The separating power is not very high, and light of low 
frequency (hv<kT) can be used, giving a moderately 
large AS. 


(B) Ax<Axr and Ay<Avxr. 


High separating power requires light of high frequency 
(hv>kT) and the entropy cost is increased by a factor 
(hv/kT)* or (hv/RT)*, depending upon the accuracy in 
time and the short light pulses required. 

These results are in complete agreement with those 
obtained in Sec. 7 for the simpler case of one- 
dimensional length measurements. Details of these 
discussions will be given elsewhere. 


9. MEASUREMENT OF TIME INTERVALS 


After discussing length measurements, we now turn to 
another fundamental problem—time measurement. In 
most usual clocks, some mechanism is used to move 
hands in front of a dial. This simply reduces the 
observation of a time interval to the measurement of an 
angle or of a length. The observation, in such a case, 
proceeds as in the preceding sections. 

This procedure, however, is not very accurate, and we 
shall consider another type of time measurements, 
which corresponds essentially to the method used in 
electronic timing devices, where very high accuracy can 
be achieved. A time interval ¢ is defined as the distance 
in time between two pulses, which may be electric 
pulses sent along a line to a receiver. The situation is 
sketched in Fig. 7. The first pulse coincides with a pulse 
coming from an electronic timing device. This electronic 
clock sends a succession of short pulses, at intervals 
6, and @ is also the length of the signal pulse at time /. 
Each pulse from the clock is used to switch on a certain 
receiver. Receivers numbered 1-2-3---m are suc- 
cessively connected to the line from which the signal 
pulse is supposed to come. If there is no signal during 
the interval when the receiver is switched on, nothing 
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happens. If there is a signal, the receiver is actuated. 
We thus note, for instance, that receiver No. 0 and 
receiver No. m have been actuated, and we conclude that 
the length of the time interval ¢ was 


t=n6. (66) 


The switching mechanism does not require, in principle, 
any amount of energy. It can be obtained by changing 
the voltage on a crystal diode, with no current flowing 
unless a signal pulse comes in. The operation can also be 
reduced to changing the voltage on a gating grid in an 
electron tube. When the signal pulse arrives, it must be 
recorded, and this means energy dissipation. We may 
think of using a tuned receiver, but usually an amplifier 
is needed. This is just an auxiliary device to increase the 
power and we are not going to consider the energy re- 
quired in the amplifying system itself. 

In such a problem we have to specify the total duration 
r of the experiment, in order to be able to define the 
amount of information and the entropy cost. We use 
definitions similar to those introduced in Sec. 5. We 
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consider the comparative error & and the accuracy @, 
6.= At/r=0/7r=1/@. (67) 


The over-all situation is exactly similar to the one 
previously discussed in connection with length meas- 
urements. 

The information obtained amounts to 


Al=k1n@ (see Eq. 44). (68) 
The entropy cost (Eq. 46) is 





mt+1 1 
(69) 


AS = kA | 
2 n 


with A,_1 given by (37) for the case of reliability 2 or 


for a problem requiring high reliability r (Eq. 38). The 
generalized Carnot principle holds 


A(S—IN>0. (70) 
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In the problem of time measurements, we always remain 
under conditions corresponding to case (A) of Sec. 7. 
Pulses of duration @ require a band width 
Av=2vy=1/6 vm, maximum frequency. 

We want to prove that this condition yields low fre- 
quencies 

hym<kT. Hence, 0=1/2vy>h/2kT, (71) 
a condition which can be written 


1 1.44 10-” 
§>—Axr=— 
2c 6 T 





seconds, T Kelvin temperature. (72) 


Axr is the characteristic length at temperature T defined 
in Eq. (54). Condition (72) is practically always 
fulfilled. This condition can be examined from the point 
of view of the uncertainty relations. It is well known 
that time ¢ and energy E represent a couple of comple- 
mentary variables. Hence, when we measure / with an 
accuracy Af we certainly introduce an unknown pertur- 
bation AE in the energy E 


AEAt~h. (73) 


The uncertainty AE must be compared with the normal 
energy fluctuations resulting from thermal agitation at 
the temperature T 


(A1E) w= (( 8) mw) i= ntkT, (74) 


where » represents the number of “active” degrees of 
freedom of the system—namely, the number of vibra- 
tions of low frequency (hv< kT). High-frequency vibra- 
tions are not practically excited and contribute very 
little to energy fluctuations. We thus have to compare 
AE and (A,E)w. 


h 
AEK(AiE)w, Ab>——. (75, Case (A)) 
nikT 


This is the case considered in this section. The pertur- 
bation resulting from the time measurement is negligible 
and can be ignored. Conditions (72) and (75) are 
similar but for the factor n'. 


h 
AE>(AiE)n, At<——. (76, Case (B 
>(ArE)m AKS——. (76, Case (B)) 


These conditions would result in a large perturbation of 
the system. Too much accuracy in the definition of time 
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might even destroy the system under observation, since 
it would require high frequencies, yielding large quanta 
hv, of the order of (A,E), or more. The general problem 
of the perturbation introduced by observation will be 
discussed in the next section. 


10. GENERAL REMARKS—CONNECTION WITH 
QUANTUM CONDITIONS 


There are two levels to be distinguished in physics, 
the classical level and the quantum level. Physics starts 
on the classical level and all our apparatus are described 
with classical ideas (Bohr and Rosenfeld, and Bohm). 
From this point of departure the physicist proceeds to 
atomic problems and quantum theory. Consistency 
requires that quantum theory should, in the limit of 
large quantum numbers, reduce to classical theory 
(correspondence principle). 

Elsasser characterizes the classical level by the 
possibility of “nonperturbing experiments’ of limited 
accuracy. These classical experiments can be performed 
if the following conditions are satisfied : 


AqAp)))h and AEA?)))h. (77) 


This means that the accuracy is low enough to permit 
independent determinations of p, g, EZ, and ¢. Our dis- 
cussion enables us to add another requirement, 


AIS ASKSo. (78) 


The information A/ obtained is always smaller than the 
entropy cost AS, and this should remain much smaller 
than the initial entropy So of the system under observa- 
tion. This condition is needed in order to insure that no 
large change in the entropy of the system might ever 
occur. 

In all our discussions we had to use quantum condi- 
tions, because we actually live in a quantized world. 
When, however, the experiment performed was on the 
classical level, we noted that Planck’s constant h 
dropped out from the final results, which contained 
only Boltzmann’s constant k. This proves that our 
“Negentropy Principle of Information”’ really is a new 
principle and cannot be reduced to quantum conditions. 

However, when the quantum level was reached, the 
constant h could no longer be eliminated, and informa- 
tion theory exhibited a strong interaction with quantum 
theory. In the problem of length’s measurement, case 
(A) was on the classical level and case (B) on the 
quantum level. 

On the classical level, the general situation is as 
follows. We define the accuracy @ of the experiment 
(Sec. 5) and obtain the information AI. 


Al=k in@. (79) 


%N. Bohr and L Rosenfeld, Phys. Rev. 78, 794 (1950). D. 
Bohm, Quantum Theory (Prentice Hall, New York, 1951). 

4“ W. Elsasser, Phys. Rev. 52, 987 (1937). Phil. Sci. 18, 300 
(1951). Louis de Broglie physicien et penseur, Albin Michel, 
(Paris, 1953), p. 87. 


BRILLOUIN 


The observation dissipates a certain amount of energy 
and results in an increase of entropy (loss of negentropy) 
AS in the laboratory. We found, on a variety of ex- 
amples, expressions of the general type 


AS=a@+45, (80) 


where a and 6b differ in each special case. These coeffi- 
cients may be constant, or a may vary as In@. At any 
rate, we could always prove 


AS>AI _ generalized second principle (81) 
and define the efficiency of the experiment 
&=AI/AS<1. (82) 


We discussed extensively and exclusively the problems 
of length and time measurements. The reader may 
convince himself that any physical experiment can be 
described in terms of time intervals and lengths. A 
mass can be obtained from a collision process (angles to 
be measured). Any quantity (mass, current, force, field) 
is finally measured by the displacement of a pointer in 
front of a scale (length measurement). The results 
obtained are quite general and apply over the whole field 
of mechanics, physics, and chemistry. 


11. CONCLUSIONS—-THE LIMITS OF EUCLIDEAN 
SPACE 


In addition, we discovered some special difficulties for 
measurements of very high accuracy, especially when 
extremely small distances were involved. We defined a 


characteristic length Axy at a given temperature T 
(Eq. 54) 


Axr=hc/kT =~ 1.44/T cm Kelvin degrees. (83) 


Normal (classical) conditions were found when the 
error AL in the observation of a distance L was larger 
than Axr [Sec. 7, case (A) ], and efficiencies were 
comprised between unity and 10-5, roughly speaking. 

When, however, extremely small distances had to be 
measured, requiring AL<Avxz, the efficiency of the 
observation was enormously lower and could drop to 
10-® [see example (65), Sec. 7, case (B)]. Similar 
situations were found in many other examples, sketched 
in Sec. 8. In our example of Sec. 7, case (B), the 
entropy cost increased in proportion to AL (Eq. 64). 

We are thus led to the conclusion that extremely 
small distances represent a mathematical abstraction 
corresponding to impossible physical conditions. Euclid- 
ean space is an idealization which does not correspond 
to physical reality. It can be used on the classical level 
but becomes completely unrealistic on the atomic or 
nuclear level. The physicist operating in a given 
laboratory disposes of a limited supply of negentropy, 
which results in a limit to the small distances he can 
actually measure. 

The very large variation in the efficiency of observa- 
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THE NEGENTROPY PRINCIPLE OF INFORMATION 


tions, which we emphasized, cannot be safely ignored, 
and it seemed to remain unnoticed until now. These 
remarks indicate clearly that the actual cost in equip- 
ment and machinery required in nuclear experimenta- 
tion corresponds to the increased cost in entropy. After 
all, the cost of operating a big cyclotron or synchro- 
cyclotron is in proportion to the high energy needed for 
each observation and dissipated in the target. Hence, it 
sounds reasonable to discuss it in terms of entropy, and 
the expense in dollars really depends upon the physical 
expense in entropy. 

The conclusion is that there is no precise limitation to 
the small distances that can be measured but that the 
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entropy cost increases enormously when distances be- 
come really small. 

It often has been suggested that many of the diffi- 
culties of quantum theory could be eliminated by the 
introduction of some sort of minimal length. The pre- 
ceding remarks indicate that a precise minimum length 
could hardly be justified. What they emphasize is the 
increasing difficulty of measurements for shorter and 
shorter distances, and they suggest that the increasing 
cost of the observation might be the new factor needed 
in the theory. Since entropy is always related to 
probability, it seems that very short distances and 
times should be given a very low probability coefficient. 
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A duality between the two types of negative resistance is noted. It is demonstrated that with series or 
parallel “‘resonant circuits” one can form either class by using either a nonlinear choke or nonlinear con- 
denser. This ac characteristic can be converted to a similar dc one by using a bridge rectifier. With such an 
arrangement one can excite oscillations in a resonant circuit or produce relaxation oscillations. Several quite 
general oscillatory circuits are described, as are some multistable and counter circuits. The interaction with 


mechanical systems are considered. 


N a previous paper some rather novel experimental 

results were described. These experiments showed 
that simple circuits, mostly involving iron cored chokes, 
can produce oscillations, bistability, etc.' The present 
paper is an attempt to systematize and generalize these 
results somewhat, and also to present some new 
observations. 


NEGATIVE RESISTANCE 


A region of negative slope on the current-voltage 
characteristic of a device is referred to as a region of 
negative resistance. The extent of this region cannot 
be indefinite since infinite power cannot be controlled ; 
and there are two possible ways in which the curve can 
bend into the surrounding regions of positive slope. 
These are shown in the first and last diagrams of Fig. 1. 
For convenience we will refer to these curves as types 
1 and 2. We should note that the circuits represented 
display markedly different properties in their action.’ 
These drawings make clear a duality between the 
two types that has proven a practical help in suggesting 
new circuits. In a class 1 negative resistance, current 
is a single valued function of voltage, while voltage 
is a multiple valued function of current. The opposite 
is true of class 2. Thus a constant current source (high 
internal impedance) is preferred while measuring the 


'R. S. Mackay, J. Appl. Phys. 24, 311 (1953). 
* G. Crisson, Bell System Tech. J. 10, 485 (1931). 


properties of a second-class device, exemplified by a 
neon bulb, while an adjustable voltage source is used 
with elements of the first class, such as the plate 
characteristics of a tetrode vacuum tube. The data on 
a device of the second class might appear as in the 
center part of Fig. 1 and could be replotted as in the 
right-hand graph. If one tried to take the data directly 
as shown in Fig. 1(C) the plot would follow the dotted 
lines, i.e., display discontinuous jumps separated by 
hysteresis depending on whether the voltage was in- 
creasing or decreasing, and the region of negative slope 
would not be traced out. 

The properties of circuits involving such elements 
are all made obvious by drawing load lines on the curves ° 














E I E 
CLASS 3 CLASS 2 


A) (8) (c) 


Fic. 1. Though each is characterized by a region of negative 
slope on the E-/ curve, the two types of negative resistance are 
vastly different in their behavior. The shallower the —R region, 
the slower will be a discontinuous transition between opposite 
sides. 
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Fic. 2. Current drive for demonstrating negative resistance in 
nonlinear condenser circuits. In the above case discontinuous 
jumps in the ac voltage across the condenser are observed as the 
current (grid excitation) is steadily increased or decreased. The 
parallel connection is thus of class 1. 


and noting the number of intersections or possible states 
of the circuit with given applied voltages. For example, 
a class 1 negative resistance placed in series with a 
sufficiently large impedance yields a combination whose 
characteristics are such that an increase in applied 
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(A) (8) 


Fic. 3.(A) Counting or scaling circuit (as distinguished from a 
bistable circuit). Any two second-class negative resistances are 
used. The corresponding connection for two elements in which 
voltage is a multiple valued function of current places the ele- 
ments in series. (B) Nonlinear reactance form showing a push 
button as an example of a pulse source. This circuit is also tristable 
at high supply voltages and, counting distortion of the wave 
shape (observed across one condenser) or triggered oscillations, 
it can display four indefinitely stable states. At certain voltages 
the more stable form, containing a light bulb in each arm, can be 
pulsed into a steady state of oscillation from a steady condition 
of both bulbs being on. 


voltage causes a sudden snap down in current and a 
decrease in voltage causes an abrupt increase in current 
(the opposite of a class 2 element alone). Ferroresonant 
circuits of this type, using a small series condenser, 
have displayed characteristic times of seconds. 


NONLINEAR REACTANCES 


In the previous paper the use of a series combination 
of saturating choke and linear condenser to produce 
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some rather unexpected oscillations was described. 
This oscillatory state was maintained because of the 
region of negative slope on the plot of ac voltage 
(average over a cycle) vs ac current. For ac currents 
and voltages a nonlinear choke in series with an 
ordinary (suitably tuned) condenser will display a 
region of negative impedance of class 2. (The fact that 
this negative region does not appear on an instantaneous 
volt-ampere curve will be seen to limit the simplicity 
with which one can maintain oscillations in other 
components). A maximum dip is achieved when the 
condenser is large and the voltage at the high end of the 
range. If the same two components are connected in 
parallel there will then be displayed a class 1 negative 
impedance. It might be worth pointing out that, with 
a given set of components, the external voltage to reach 
this region will be several times as high in the parallel 
resonant case. Placing a resistor in series with the 
parallel combination deepens the negative resistance 
observed with a voltage source, while it is made smaller 
by resistance placed in the parallel loop. In the series 
or class 2 case, series resistance decreases the effect 
which can be returned with a parallel resistor. 

These observations also apply if the condenser is the 
nonlinear element. If one purchases a ceramic condenser 
of fairly high capacity, it will probably, at the time of 
this writing, be quite nonlinear. They can easily be 
checked by any standard capacitance bridge that is 
coupled to the test condenser through a much larger 
capacity condenser. An adjustable dc voltage is then 
fed to the junction of the two condensers through a 
megohm resistor and the capacity noted as a function 
of applied voltage. Those used by the author (a random 
selection of 0.01-mf Centralab “Hi-Kaps” rated at 
600 volts, and collected over a period of time) usually 
showed an increase in capacity, followed by a decrease 
to about one fourth, as one approached the rated volt- 
age. They have given satisfactory results at 50 mega- 
cycles (incrementally as a frequency or other modu- 
lator) while, in the magnetic case, even ferrite cores 
begin to fail riear 10 megacycles. 

The experiments with condensers are somewhat more 
difficult because of their smaller nonlinearity. Also, 
they must be done at higher frequencies (the following 
were done at 500-5000 cycles rather than 60 cycles) 
when using the capacities readily available (though heat- 
ing produces misleading effects if the frequency is too 
high). Because sources of several hundred volts in this 
frequency range are not common, the constant cur- 
rent drive of Fig. 2 was used. It is a pentode with 
current feedback that forces the load current to 
follow the grid voltage. When a 3-volt signal, from 
any oscillator, is applied to the grid of the pentode, 
a 600-volt swing can be observed across the con- 
denser with an oscilloscope. The inductor with which 
the condenser was resonated was a General Radio 
type 940c decade inductor. This parallel circuit dis- 
played discontinuous jumps as the grid excitation was 
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SINUSOIDAL AND RELAXATION OSCILLATIONS 


varied and so, for ac current and voltage, it is a class 
1 negative impedance. A series circuit is of the other 
class. 

Another interesting and possibly useful effect is the 
hysteresis and discontinuity observed if one graphs 
the voltage across the paralleled nonlinear condenser 
and coil as the exciting frequency is varied. The curve 
shows a maximum whose approach from the left is 
discontinuous and double valued, depending on whether 
frequency is increasing or decreasing. Corresponding 
effects are found in the other cases. 

It might be noted that the effect of a nonlinear C 
can be obtained with a parallel combination of linear 
C and saturating L, the latter supplying an increasing 
portion of the capacitive current as the voltage increases 
(as one approaches parallel resonance). 


BISTABILITY AND OSCILLATION 


A region of negative resistance implies a double 
valuedness or bistability that can be used to give a 
counting action or to produce relaxation oscillations. 
If one is to build a counter or scaler one must, in addi- 
tion to providing distinct steady states, also supply a 
short time “memory” that allows the circuit to pro- 
gress in the direction it was headed, once it has reached 
a symmetrical intermediate state, i.e., provision must 
be made so that a pulse will first turn an element on 
and later, an identical pulse at the same point must 
turn the same element off. A general scheme combining 
two separate bistable units in parallel is shown in Fig. 
3(A). The condenser, acting into the load resistors 7, 
switches off one element when its neighbor goes on 
and, by maintaining a reduced voltage for a time rc, 
assures proper counting action if the input signals are 
not too closely spaced. The negative resistance can be 
any pair of two terminal elements from class 2, e.g., 
neon lamps, thermistors, back-biased germanium 
diodes, —p junctions, etc. An excellent low-speed 
counter was made using a pair of old spark plugs in the 
position designated —R. In the nonlinear reactance 








+2 
ae 1 Lape 
-R | cass 2 FR] 
oy 
r>|-R] CARBON 
3 FLAMENT 
CLASS 1 -R | 


—— 





Fic. 4. Some general relaxation oscillator circuits for use with 
these or other negative resistances. The upper pair of connections 
is for class 2 elements and the lower two are the corresponding 
ones for class 1. The lower left figure brings out a comparison 
between types but there is a closer correspondence with a simple 
series connection of choke and —R. The lamps can also be used 
in a parallel connection. 
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Fic. 5. A full-wave bridge can be used to convert an ac negative 
slope characteristic to a similar de one. Thus a series connection 
involving a nonlinear reactance can be used to give a class 2 
negative resistance as shown. 


case no commutating condenser is needed since the 
transient carries the circuit through the symmetrical 
state in which both halves are conducting equally. 
Each time the circuit in Fig. 3(B) is momentarily 
pulsed the arms will interchange heavy and light 
currents, and then remain in that state until the next 
impulse. The light bulbs, rather than an rc time con- 
stant, determined the switching action in the cases pre- 
viously reported. If the supply voltage is made too 
high, these circuits will tend to “free-run” (switch 
between end states) just as do the corresponding 
multivibrators. 

Figure 4 depicts a few configurations leading to relax- 
ation oscillations and brings out some differences in 
the two classes of negative resistance in this respect. 
The upper pair of figures applies to elements of the 
second class, and the left-hand one is actually the 
general case of the familiar neon-lamp relaxation 
oscillator. The upper right connection corresponds to 
the previously reported relaxation oscillations in ferro- 
resonant circuits. With a piece of very fine wire the 
same can be done using a nonlinear dielectric to provide 
the regions of negative slope. The lower figures show 
the corresponding circuits applicable to first-class 
elements. In the left-hand circuit the application of 
voltage brings about an increasing flow of current in 
the choke, thus dropping the voltage across the negative 
resistance and its load resistor. At some critical voltage 
the negative resistance will then switch to its other state 
in which it draws more current and drops the voltage 
on the choke and its resistance, thus causing its current 
to start decreasing and the voltage rising, etc. The 
lower-right figure represents the connection suitable for 
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producing oscillations in parallel connected resonant 
circuits. The circuit is of course less satisfactory because 
the negative temperature coefficient of carbon is so low. 
If one replaces this light with a frankfurter it will cook 
itself and, when done, automatically switch to a low 
“keep warm” current because of its electrolytic therm- 
istor action (the increased ionic mobility causing a drop 
in resistance by a factor of four). A hot dog oscillator 
is possible but difficult to adjust. 


STATIC NEGATIVE RESISTANCE 


It is well known that negative resistances can excite 
oscillations in tuned circuits. Class 1 negative resistances 
can excite parallel resonant circuits while those of 
class 2 are used with the lower impedances of series 
resonant circuits. At first thought one might think 
that these nonlinear reactance circuits might be suit- 
able for maintaining oscillations in circuits tuned to 
frequencies much below the supply frequency. A little 
thought shows this to be untrue. A sixty-cycle wave, 
amplitude modulated at 1 cycle per second, has no 
Fourier components suitable for exciting a 1-cps reso- 
nant circuit, i.e., one could not excite oscillations in 
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Fic. 6. The parallel ferroresonant circuit giving a class 1 negative 
resistance on the dc volt-ampere curve. 


the circuit by placing it in series with a variable resistor 
across the ac line and cranking the resistance up and 
down at a one cycle rate. Similarly a negative resistance 
that is to produce oscillations (except in a light bulb 
which is similarly affected by current flow in either 
direction) must display its region of negative slope 
to de meters in a static measurement. 

A full-wave bridge rectifier (selenium rectifier stack) 
was placed in series with one of the resonant circuits. 
Thus alternating current could flow freely in both 
directions through the resonant circuit while yet having 
dc flow in the load or output. (The half-wave connection 
requries two rectifiers, not one). A dc negative resistance 
of the same class as the original was thus produced 
(Fig. 5). Possibly a more fundamental way of consider- 
ing this action is to say that the switching action of the 
four diodes interchanges the output connections every 
half cycle, and thus any external dc voltage helps or 
hinders the flow of ac in a similar manner on each half 
cycle. In these experiments the nonlinear element was 
a small audio choke occupying about a 1.5-inch cube 
and rated at 200 henrys (one would not wish to use a 
filter choke because of its air gap). A parallel connection 
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Fic. 7. Oscillator connections. In the upper figure relaxation 
oscillations are produced with a period of approximately RC. 
The lower connection depicts a series resonant circuit being 
excited at its natural frequency. 


of choke and condenser gave an instantaneous class 1 
negative resistance when used in conjunction with the 
bridge rectifier (Fig. 6). 

Figure 7 depicts the oscillatory circuits used with the 
series connection. Placing a resistor and condenser 
across the output resulted in relaxation oscillations of 
a period close to RC. This is a bit different from the 
situation in Fig. 4(A), and corresponds to the oscillations 
noted when a neon bulb is placed in series with a battery 
and a parallel combination of resistance and capacitance. 

This class of negative resistance was also expected to 
be capable of exciting low-frequency (compared with 
the rectified supply frequency) oscillations in a series 
tuned circuit. The lower diagram of Fig. 7 represents a 
successful experiment. Sinusoidal oscillations having 
the proper dependence on (LC)! were excited when 
the de bias was proper. If the 12-k-ohm resistor was 
left out the amplitude of oscillation was greater but 
the wave shape became somewhat distorted. The 
condenser was shunted by a resistor to give a dc path. 
Different (large) values of L and C were tried and 
worked. 

It is known that different electromechanical systems 
(e.g., D’arsonval meter movements, loudspeaker-like 
structures, etc.) can appear as huge inductances, the 
flow of current temporarily storing energy in the work 
done against mechanical restoring forces rather than 
in magnetic fields. These negative resistances might 
be very suitable for producing oscillations in such 
systems and might well prove to be a practical way of 
maintaining periodic or oscillatory motion in certain 
mechanical systems. 

The unrectified form of negative resistance can also 
maintain oscillation in many mechanical systems. For 
example the classic floating ring experiment can be con- 
verted into a perpetually jumping ring by resonating 
the iron cored coil that does the lifting.* As the ring 
drops the increasing coupling with the shorted turn 
causes the circuit to suddenly switch to the high current 
state thus causing the ring to again rise; after which 
the current switches down again allowing the ring to 


3R. S. Mackay, “Coupled electrical-mechanical oscillatory 
systems,” Am. J. Phys. (to be published). 





ta 
si 


—a~ Q 2d “TS 


Cad al 


ition 


eing 


ss 1 
the 


the 
nser 
s of 
the 
ions 
ery 
nce. 
1 to 
vith 
ries 
tsa 
ring 
hen 
was 
but 
The 
ath. 
and 


ems 
like 
the 
ork 
han 
ight 
uch 
y of 
tain 


also 
For 


Ling 
ring 
urn 
ent 
lich 
to 


tory 





SINUSOIDAL AND RELAXATION OSCILLATIONS 


drop back. The hysteresis in the changes of field main- 
tain motion. Rather than a triggering action, smaller 
sinusoidal oscillations can also be produced in this and 
many other circuits of magnets placed. near movable 
metal. 

If the tungsten filament lamp of Fig. 4 is replaced 
by a “universal” motor, which has related delay and 
variable effective impedance properties, the motor 
speed and current will vary cyclically, the former 
possibly dropping to zero for appreciable intervals. 
The capacity must be adjusted to the load, an increase 
in which can cause steady running (this system being 
velocity rather than position switched). Many trans- 
ducers can be driven thus. A wound-field galvanometer 
(above) need not require a rectifier. 

Two other interesting circuits are shown in Fig. 8. 
The first is derived from Fig. 3 by replacing the com- 
mutating condenser with a 7.5-watt incandescent lamp. 
The second replaces the common load impedance by a 
300-watt lamp. Both circuits used filament transformers 
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Fic. 8. Two oscillatory circuits derived from the counter circuit 
of Fig. 3. Rather unusual effects are observed if the two halves 
are not perfectly balanced. 


for the nonlinear elements as in the previous paper. 
Both display relaxation oscillations. Possibly their most 
unexpected properties come from the slight asymmetry 
of the two halves due to commercial tolerances on the 
components. 

The first circuit was studied by noting the voltage 
across one of the two lower condensers as the supply 
voltage was adjusted by a Variac. First a 50-ohm 
resistor was placed in series with the common condenser. 
A small increase in input voltage caused an abrupt jump 
in the condenser voltage which was followed, in 1 second, 
by another large abrupt jump during which the light 
flashed on and remained on. Removal of the 50 ohms 
led to some strange actions. An increase in voltage 
caused a sudden jump in condenser voltage. A decrease 
in input from this point caused the voltage to jump 
up more and the light to go on. However a further in- 
crease in input, rather than a decrease after the first 
mentioned jump, caused the voltage to drop and the 
light to go on. If the input was then dropped the light 
flashed on and off at about 5 cycles per second. 
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Fic. 9. Assymetric circuit showing unusual discontinuity and 
hysteresis which, among other things, turns on the bulb over only 
a restricted range of voltages. 


In the second circuit an increase in input caused the 
“off”? side to “fire”. A further increase brought about 
a small rise in voltage followed by a sudden drop as 
the bulb went on. A drop in input then resulted in 
oscillation. The oscillation of both these circuits was 
much faster and less stable than the previously re- 
ported ones. 

Figure 9 shows a circuit in which the bulb is fully 
on over a limited range of voltages, and not for higher 
or lower ones. This is for increasing applied voltages. 
If the applied voltage is steadily dropped from maximum 
the bulb will never come on. This circuit could be used 
as a maximum reading voltmeter, the bulb being off 
if the input voltage has ever exceeded a critical value. 


OTHER POSSIBILITIES 


The use of a saturating choke in series with a saturat- 
ing condenser might result in higher gain since the 
flow of power in either one has a similar effect on the 
resonant frequency of the combination. It might be 
noted that, unlike a nonlinear resistor such as a therm- 
istor, a nonlinear C or L alone (unresonated) cannot 
show a region of —R, even though the degree of non- 
linearity be great and the Q high. The inclusion of an 
instantaneously nonlinear resistor might improve the 
above circuits. 

One might build more stable multistable circuits and 
circuits of higher gain when using nonlinear condensers 
by using not the ac voltages automatically fed back to 
the condenser, but the rectified output purposely fed 
back as de across the condenser. Thus the condenser 
would expose all of each cycle to a particular degree of 
saturation rather than just approaching it as the cycle 
progressed. The analog of a self-saturating magnetic 
amplifier could also be built to supply limited feedback. 

In closing it might be noted that in the series resonant 
cases, when one is above the discontinuity, the non- 
linearity is usually such that changes in applied voltage 
tend to appear across the linear element, often enlarged, 
while leaving the voltage across the nonlinear one 
regulated to a constant value. 

Thanks are to be extended to Mr. Carter Collins and 
Mr. Harold Morris for their help in making some of 
these observations. 
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The method of Kac and Siegert for finding the output probabi ity density characteristic function for 
receivers with square law envelope detections is discussed, and a parallel development is given for the square 
law rectifier. Procedures are then outlined for determining the probability density functions directly, i.e., 
without solving the eigenvalue problem or inverting the characteristic function. The method depends on 
expanding the density function in an orthonormal series, the coefficients of which are expressed in terms of 
cumulants, which in turn are obtained from the system kernel by straightforward quadratures. 

As an example to illustrate the procedure, a receiver with Gaussian IF and Gaussian audio-frequency pass 
characteristics is treated in detail, and the output probability density functions are found for various 
sinusoidal input signal strengths and IF vs audio band-width ratios. . 





INTRODUCTION 


HE upper limit on radio receiver performance is 
often determined by the ability of the equipment 
to detect weak signals in the presence of system, or 
presystem noise. Since this noise is basically random in 
its fine structure, the degree of signal contamination and 
consequent equipment malfunction must be described 
statistically, i.e., by means of expectations, probability 
distributions, etc. Considerable attention has been given 
in recent years to statistical analysis of electronic 
circuitry and particularly, because of the common re- 
quirement for “detectors” in systems, to nonlinear 
circuits. Some of the names in the literature associated 
with this work are Rice,' Middleton,? Van Vleck,* 
North,‘ Marcum,® Goudsmit,*® Fubini, and Johnson’ as 
well as Smith® in England, to mention only a few. 

The springboard for this paper is a work by M. Kac 
and A. J. F. Siegert® who have investigated the statis- 
tical effects of uncorrelated Gaussian (white) noise with 
and without signal for a system comprising an IF 
amplifier, a square law envelope detector, and an audio- 
amplifier. They have derived an exact formula for the 
first probability distribution of the output voltage for 
such a system—an important result because of its 
generality both with respect to IF and audio pass band 
characteristics, and the unrestricted form of the signal 
wave assumed. Their expression for the probability 
distribution is, however, unsuitable for most engineering 
applications, first because it depends on inverting a 
rather complicated characteristic function which may 
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Pulsed Radar: Mathematical Appendix, The RAND Corporation, 
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No. 43-20, Jan. 1943. 

7 E. G. Fubini and D. C. Johnson, Proc. Inst. Radio Engrs. 36, 
1461-1467 (1948). 

*R. A. Smith, Proc. Institution Elect. Engrs. (London) Part 
IV, 98, 43-54 (Oct. 1951). 

*M. Kacand A. J. F. Siegert, J. Appl. Phys. 18, 383-397 (1947). 


not be possible in closed form, and secondly the explicit 
expression for the characteristic function depends on 
the solution of a certain eigenvalue problem which none 
but the most experienced in dealing with integral equa- 
tions are equipped to solve. 

This paper provides a means for using the Kac- 
Siegert method in its widest generality without the 
necessity of finding eigenvalues, and without dealing 
with the characteristic function at all. It depends on the 
fact that the cumulants of the output distribution are 
rather simply related to the system operator so that by 
employing any of the well-known orthonormal systems 
for expanding density functions, i.e., Gram-Charlier, 
Laguerre, etc., one may compute the output probability 
distribution to any desired degree of accuracy by 
straightforward techniques. The procedure is illustrated 
in Sec. IV for a system in which the IF and audio- 
amplifiers possess Gaussian band pass characteristics of 
arbitrary band width. 

This treatment will depart from that of Kac and 
Siegert in one important respect. As was previously 
mentioned, their detector is an “envelope detector,” 
that is, it consists of a square law rectifier followed by an 
appropriate smoothing circuit to attenuate the high- 
frequency residue. This action is accomplished mathe- 
matically by resolving the input voltage into sine and 
cosine components which are then squared and added to 
give the output voltage. This approach appears to be a 
carry-over from the original derivations of the detector 
output probability density where no separate audio- 
amplifier is considered. Since this treatment is to include 
audio filtering as a specific function, the smoothing 
circuitry referred to above will be included in the audio- 
filter. This point of view leads to a simplification 
of the mathematics. In addition, the theory will be 
slightly more flexible, since it will be possible by remov- 
ing the audio-amplifier completely to determine the 
probability density function for the detector alone, i.e., 
without smoothing circuits, or to obtain the result of 
Kac and Siegert by modifying the audio filter so as to 
account for the additional smoothing action. 
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SECTION I 
The System Operator 


Figure 1 illustrates the system under investigation. 
The IF amplifier is characterized by the voltage-fre- 
quency function Fjy(w) or its Fourier transform f,(¢) ; 
similarly for the audio-amplifier. The voltage, E(?), 
applied to the square law detector is given by the 
familiar formula, 


E()= f folt—2) E(a)de. (1) 


The output, E*(#), of the detector is obtained by 
squaring the input. It may be expressed by the double 
integral formula, 


E()= f f fult—2) E(x) Es(y) fiylt—y)dxdy. (2) 


This voltage is applied to the audio-amplifier. The 
output voltage of this amplifier is given by the linear 
operation, 


F,(i)= f falt—2) EX(x)de. (3) 


—2 


On substituting from Eq. (2) and after making certain 
substitutions of variables, one obtains the following 
formula for the output in terms of the input voltage: 


Ey(t)= f f E,(t—u)g(u, s)E(t—)dudv (4) 


where, 


s(%, »)= f farlu—2)fols)fulo—s)ds. (5) 


—2 


Equation (4) r.h.s. is the system operator, and the 
function g(u, v), the system kernel. 

One comment concerning the limits of integration 
seems in order at this point. The realizability of the IF 
and audio filters implies their inability to predict; 
consequently, the functions /;, and f, vanish for negative 
arguments, and so the integrals may be extended over 
the entire time domain. Notice also that the so-called 
“high-frequency terms” produced by frequency addi- 
tion in the detector have not been neglected. They are 
included in Eo(t) to the extent they are passed by the 
audio amplifier. This residue need not be given special 
attention in the derivation of the characteristic function 
but may be discarded later on if desired. 


Expansion of the System Kernel 


The next step in the development is to expand the 
function g(u, v) into the uniformly convergent bilinear 


series, 
g(u, ») = 2) Ajhj(u)h;(2), (6) 


where the /;(x) and A; are respectively the jth normal 
orthogonal eigenfunction and corresponding eigenvalue 
of the integral equation 


Ni(x) = f g(x, )h(y)dy. (7) 


—2 


For such an expansion to exist it is sufficient, first, that 
g(u, v) be symmetric which can be verified by appealing 
to Eq. (5), and secondly, that g(u, v) be positive semi- 
definite. On referring to Eq. (4) it will be verified that 
g(u, v) will be positive semidefinite if for all input func- 
tions, E;, the output is non-negative. Since the detector 
output is always non-negative, one has as a sufficient 
condition for positive semidefiniteness on g(u, v) that 


fa(x)>0. (8) 


This restriction on the audio-amplifier characteristic 
may actually be too stringent for particular IF amplifiers, 
but it will be carried along in order to guarantee the 
validity of the general result. 

On substituting Eq. (6) into Eq. (4) the system 
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Fic. 1. Block diagram of receiver. 


operator reduces to 


Eo(t)= > AjLe;(t) P (9) 


where , 
ej()= f Ei(t—x)hj(x)dz. (10) 
The input voltage is now expressed as the sum of 
signal plus noise, v7z., 
E;(t)=SO+N (0) (11) 
so that for the output one gets, 


Eo) =X AdsiO+niOF 


where - on 
si)= f S(t—x)h;(x)dx (13) 
and “i 
n= f N (t—x)h;(x)dx. (14) 


We are now in a position to find the characteristic 
function for E(t) for the case where N(t) is an un- 
correlated Gaussian process. 
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The Characteristic Function 


For any fixed ¢, let N(t) be normally distributed. 
Further, let 


(N (th) N (te) w= G05 (t1= te), (15) 


where @o is the noise power per unit frequency and 
5(/;=t2) is a unit impulse function at /;=/.. Then, by 
Eq. (14), for any fixed ¢, the ;(¢) will be normally 
distributed. And, furthermore, since the functions h; 
are orthogonal, 


(nj(t) ne (t)) m= G05 jx; (16) 


where 6;, is the Kronecher delta. Consequently, for any 
fixed time, /, the vector n(¢) defined by 


n(t)=[m(), (0), «++ J (17) 


has a multi-dimensional probability distribution given 
by, 








dn;(t) nj(t)? 
dPTn(t)]= = 18 
(0-1 eee | —| (18) 


The characteristic function ®(£, ¢) of Eo(¢) is now given 
by, 


H(é, Dmavecttin= f ° f 


exp{7éA,[s;(1)+n;}} 


dn; ni 
<I ep(-~), (19) 
i (2mgo)? 2¢0 





which may be integrated by completing the squares, 
giving 


(é, )=[[[1—2td 0 


si)? 2t&dA ho 
x exp( . ) . (20) 
2¢0 1-— 27£A jo 





This is the result for the square law rectifier corre- 
sponding to that of Kac and Siegert for the square law 
envelope detector. Their result can be obtained directly 
from this by observing that in the case of the envelope 
detector for each variate of noise present in the input an 
extra independent variate of noise corresponding to the 
“out of phase” voltage component is added to the 
output. And, since the 7; are independent, this has the 
effect of multiplying the characteristic function, Eq. 
(20), by its value for noise alone. Under these conditions 
the noise power per cycle must be split equally between 
the two components. For Kac and Siegert the noise 
power per cycle is taken to be unity, so letting ¢9=3, 
s(t?=PO+¢O=e+ (in their notation), and 
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changing the exponent of the term in brackets from 
—4 to —1, yields their formula. 


The Case of No Audio-Filter 


The output probability density function, P’ (Eo), can 
be derived in this case by inverting the characteristic 
function. Here we have 


F,(w)=1 (21) 
fa(x)=6(x=0). (22) 

From Eq. (5) we get 
g(u, ») =fiy(u)fiy(0), (23) 


and from Eq. (6) we see that there is but one eigenvalue, 
\, and eigenfunction, h(u). These are found to be 


r= f foerar=f [Fowles 


and 





u 
h(u)= ; (25) 
IN 


The inversion of the characteristic function is then 
found to be 








— 2podrté | 
exp| —— ————_ 
: 2h0 1—2godté 
P'(Ea)= fem. ly 
c (1—2podzE)! 
1 Eo s(t) Eo i 
exp| -—|—+s«*]} cosh -~(~*) 
2gpol A go \A 
= . (26) 
(2rpoAEp)! 


Now, od and s(t)A are respectively the rms noise power 
and signal power entering the detector. So, normaliz- 
ing these variables as follows: 





s(t)*A/goaArA=X (27) 
we get 
e4(X+¥) coshs/ XV 
P'(Y)= (29) 
(2rY)! 


This result may be verified easily by taking the 
distribution for the noise voltage, n, into the detector to 
be 


dP(n)= 





dn . 
——}. 30 
ae(-Z) 


For rectification in the detector, make the substitution, 


Y= (nt+V/X)?. (31) 
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This gives, and 
dY ‘ 
dP(Y)= 1 As*5;(t)?= fse—meru v)S(t—v)dudv. (37) 
2(2rY)! i 


X {expl—3(V#+ X4)*]+exp[—3(Y!—X4)*}} (32) 
which reduces immediately to Eq. (29). 


SECTION Il 
The Cumulants for the Output Probability Density 


In principle, the probability density function for the 
output voltage can be obtained from the characteristic 
function, Eq. (20), by a Fourier inversion. However, 
except in very special cases, i.e., infinitely wide audio 
pass band, it is a very difficult problem to find the A; 
and h; required to determine ®(§, /) explicitly, let alone 
to accomplish the inversion. The alternative is to 
find suitable methods for approximating the density 
function directly. 

There are several well-known orthonormal systems 
suitable for approximating probability density func- 
tions. Two of these systems, the Gram-Charlier and 
the Laguerre, are discussed in Sec. ITI. 

Particularly simple coefficients for these approxi- 
mating series arise when they are expressed in terms 
of the cumulants of the probability density function. 
The cumulants, K,, are defined by the following 
identity : 





co _ -(ag)” 
exp{ 2 Kx ; )=90, (33) 


n=l nN 


where @(£) is the characteristic function.* So, taking 
the logarithm of (é, 7), Eq. (20), and expanding in 
powers of i£, we get 


(n—1)! 





Kx ()= (260)" ay 


7 


+ (2g0)"-*! Do A;"5;(0)?. (34) 


The » times iterated kernel, g*(u, v), is defined by 


g"(u, anf Sots %1)g (a1, %2)*** 


Xg(xn-1, 0)dx1-+-d%n1. (35) 


By virtue of Eq. (6) it is easily verified that 


Dare f “gnu, udu (36) 


—2 





*See M. G. Kendall, The Advanced Theory of Statistics (Charles 
Griffin and Company Ltd., London, 1943), Vol. I, for a complete 
discussion of cumulants and their relation to statistical approxi- 
mation methods. 


Thus, the formula for the mth cumulant becomes 


- J "ot u)du 


N Y_w 


n! 
Kn (t) = (2¢0)" - 





1 @ 
rt Sf S(t—u)g"(u, 0)S(t—v)dudv}, (38) 


which may be evaluated by straightforward quadratures. 

Now, Eq. (38) can be derived by a more direct 
process. This is accomplished by noting that K,, is 
equal to a certain algebraic expression involving the 
first » moments, each of which can be evaluated by 
raising Eo(t) as expressed in Eq. (4) to the appropriate 
power and then averaging. 

The formulas for the higher moments become pro- 
gressively more complicated because of the large number 
of ways noise can be paired with noise, but on forming 
the required algebraic combination, Eq. (38) results. 
Since this procedure is extremely tedious, a derivation 
of Eq. (38) along these lines will not be included. It is 
mentioned, however, because it illustrates that the 
condition of positive semi definiteness imposed on the 
kernel g(u, v) via Eq. (8) to insure uniform convergence 
of the Mercer series, Eq. (6), is mathematically suff- 
cient but not necessary and does not constitute a re- 
striction on the validity of Eq. (38). In fact, Eq. (38) 
is valid for any kernel if the corresponding system 
output voltage has moments up to and including the 
nth. This will be the case in any practical receiver. 


SECTION Ill 
Two Orthonormal Systems 


For approximating the output probability density 
functions two different orthonormal systems are 
especially useful. The first, the Weber-Hermite system 
which gives rise to the Gram-Charlier series, type A, 
is particularly suited to those functions which approxi- 
mate the normal. In terms of this series, P’(Eo) is 
given byT 











P' (Eo) : > ao(——— 30) 
( 0 we 2. 1# JK: ), (< 
where 
(x) di?; 1 ( “| (40) 
(x) =— api -— 
. dxi\| (2x)! o 





t See reference * and reference 5 for discussions of convergence, 
methods of grouping terms, evaluation of additional a; and further 
details. 





a omolif. sat 


tl 


Fic. 2. Frequency characteristics of the Gaussian system 





and 
agn= 1 


a,=a2=0 





(41) 
Kz | 
aa=-— 
6K.} 
For density functions which approximate the 





Rayleigh distribution, the following seriest which 
derives from the orthonormal system of Laguerre is 
useful : 
K, x ' Kiko 
P= & 8p'0( ), (42) 
Kz i= Ky 
where 
2 
WP) (2) =—{ x (K1*/Ka)—le-2) (43) 
dxi 
and 
1 
l'(K1*/Ke) 
=B.=0 . (44) 


Ky? 2— (KiK3/Ke2’) | 


~ 6K2 TE (K2/Ks) +3) 
SECTION IV 


The Case of Gaussian IF and Audio with 
Sinusoidal Signal 


To illustrate the method consider the case in which 
the IF has a Gaussian pass band of width o centered 
at the very high frequency, fo. Similarly let the audio 
have a Gaussian pass band of width », centered at zero 
frequency (see Fig. 2). Thus 








Futn=en - (f+ fo) }+en[- fs i) - 
ae f 
Fa()=exp(-—) (46) 


and 


x 
fig (x) = 2 (20)! exp| — (22a)? | COSWwoX (47) 


a2 
fa(x)= (2mv*)! exp| — (2rv)? —| (48) 


t In this form, the series seems to be due to Marcum, reference 5, 
which see for evaluation of additional 8; and details concerning 
the derivation. 
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By means of Eq. (5) and (35) we calculate§ 


4a” coswy(u— 2) 



































g(u, v) = 
(1+ 27)! 
(2aa)* 
xexp— (u—v)?+— (uta, (49) 
4 1+ 27? 
— —— Sarta® coswo(u— v) 
g°(u, v)= . ae 
[(1+2y?)(1+-7°) }} 
(2ma)?( 1+7° . 1 
Xexp— | -(u—v)?+ (w+oF|, (50) 
4 (1+27 i+’ 
82a" COswo(u— Vv) (220)* 
e(u, 2)= exp— 
[ (1+ 2y*) (2+-y*) (2+3y?)]! 4 
2+7° 2+37’ 
| (u—v)?+ (wto|, (51) 
2+3y7? (2+-77) (1+ 27’) 
where 
y=0o/¥ (52) 
From these equations we get 
f g(u, u)du=20\/r=Af (53) 
” 2o°r 1 Af 
f g*(u, u)du= =- (54) 
- (1+2y?)! 2 (1+2y’)! 
“ 4o*r! 61 «Af? ; 
f g?(u, u)du= =- : (55) 
eal 2+3y? 22+37 


where the noise band width of the IF is defined to be 


fi [Fy(f laf 
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Fic. 3. Output probability densities for the 
Gaussian system (signal absent). 


§ These formulas have been obtained by neglecting the terms in 
coswo(u-+v) which represent the high-frequency residue. They are 
vanishingly smali for sufficiently large wo. 
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Let the input signal voltage be 
S(t) = (2S)* coswol, (57) 
where S is the average power. [This is also the average 


signal power applied to the detector because of Eq. 
(45) ]. We then calculate|| 


f fse u)g(u, v)S(t—v)dudv=S 





(58) 
‘ 1 af 
f J S(t—u)g?(u, v)S (t—v)dudv=- ————S (59) 
2 2 (1+)! 
f fse-weran v)S(t—v)dudr 
1 Af ‘ 
2[(2+7%)(2+37)} 


Thus, by means of Eq. (38) we get for the first three 
cumulants, 











K,=N(1+X] (61) 
N? 1+2y7\! 

k= | 142x( ) | (62) 

(1429) 1+7 

4N3 2+3y*\! 
K;= j+3x/ ) | (63) 

2+3y7L 2+7° 
where 

V= Af (64) 


is the average noise power at the input to the detector, 
and 


X=S/N (65) 


is the signal-to-noise power ratio at the input to the 
detector. 
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Fic. 4. Output probability densities for the Gaussian system 
(signal-to-noise ratio= 1). 





| Again, omitting the high-frequency terms in coswo(2t—u—?). 
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Fic. 5. Output probability densities for the Gaussian system 
(signal-to-noise ratio= 2). 


The output probability density functions are now 
expressed in terms of the orthonormal series discussed 
in Sec. III. They have been plotted in Figs. (3), (4) 
and (5) for selected values of the input signal-to-noise 
ratio X and band-width ratio y. As was pointed out in 
the preceding footnotes, the treatment in this section 
neglects the high-frequency detector residue terms. 
Consequently, on letting 7 pass to zero we do not obtain 
the case of infinite audio band width discussed in 
Sec. I. Rather we obtain in the limit the well-known 
density function for the square law envelope detector 
with no additional audio filtering. These curves are 
labeled y= e, and the notation y=0 is reserved for the 
curves of Eq. (29). 

The curves labeled y=0 and y=e are exact. Those 
for y=1 and y=2, were computed with the Laguerre 
series, and those for y=4 and y=8 were obtained from 
the Gram-Charlier series. In each case the convergence 
is fairly rapid (three terms were the most required) for 
graphical accuracy in the interior regions. Accuracy for 
the extremes, i.e., Y~O and Y very large is not claimed. 
For the region Y~O the series do not converge to zero 
rapidly enough for practical computation. In this region 
the curves have been corrected so as to go to zero ina 
sensible way. The tails for Y large appear as computed 
with the terminated series. 

It will be noted that the tendency toward normality 
with increased y (i.e., reduced audio band width) is 
pronounced. This is an illustration of general behavior 
of integrated noise derivable from the Central Limit 
Theorem. The tendency toward normality with in- 
creased signal-to-noise ratio is somewhat evidenced on 
passing through Figs. 3, 4 and 5. This phenomenon is 
also well known. It is due to the tendency of the detector 
characteristics toward linearity with the resulting dupli- 
cation in the output statistics of the Gaussian IF 
distribution. 


Appendix I. General Formula for K,, for the 
Gaussian System 


We will now derive the Mercer series, Eq. (6), for 
g(u,v) and obtain the general expression for the mth 
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cumulant. This will serve as a check on formulas (61) Then Eq. (66) becomes, 
through (63). P - ii 
To start with, write dae? comse(s—9) x (-- -*) 


g(u, v)= 
(1+ 277)! 2 





41a” coswo(u—v) wr) 

u, v)=—— =e a = 

. (+a Lt 
1+7’ 


1+27 





f (x°+- y”) — 2try 

; (70) 
1-—? 

We now make use of Mehler’s formula, i.e. : 


P (x?+- y") — 2txy | 


-exp-| 


and make the substitutions, exp— } —— o" -—— 
(1+2y*)! — + 
u=——_——1, (67) = (1-2) E y(x)Hj(y)— (71) 
id q2? 


2ra 


(14+2y2)! and, after expanding coswo(u—v), we obtain the eigen- 
=- y, (68) value pairs 
21a 20./r (1+ 2y?)'—17' 
AS=jo=———— | (72) 
(1+ 2y*)'—1 1+ (1+2y7)! 
t= (69) 


(1+ 2y?)!+-1 and the corresponding pairs of eigenfunctions, 


ra 
c 


(1-+2y2)}41 


(270)? wv? 2rou 
exp(-- -- ) (- ) 
(1+2y7)! 2 (1+2y7)'7 | sinwou 
h;S+ €(u) = (4x)! inane hile . 
[247 !\/m(1+ 277)? ]}} COSWol 


Here H ;(x) is the Hermite polynomial defined by 





d! 
H (x)= (—)ie*—e~™. 
x? 
On summing with Eq. (72), we get 


« 


E=E OME Os) 


p= 


2(20+/7)" 
[ (1+ 2y2)8+-1)"—[ (1+ 2y2)!— 1)" 
For the sinusoidal input signal defined by Eq. (57) we get 





xz 


s;5 “= (2s) f COSwo (t— x)h 5+ © (x)dx 


—o 


25 \} Gj!) ( sinwot } 
-( -) (+ ayy ——_| for j even | 
204/r 24/2 (7/2)! \ coswot r: 


=0 for j odd. 


This result is valid for wo sufficiently high to justify neglecting the high-frequency residue. 
_ On summing with Eq. (72) and (76) we get 
« ~ — C . 2S (204/ mr)" (1+ 277)! 
LD As*si(P=L (As5)*sS(P+L (As°)"*8;° (0? =- eon 
ind ind i= {L(1+2y*)!+ 1 P*—([ (1+ 2y*)!— 1 Pr}! 
Finally, by means of Eqs. (34), (56), (64), and (65) we get for the mth cumulant, 
(2N)"(n—1)! [+21 C+ 27-1) 
=— 1+2X | (+2), 
C(1+2y*)#+1)]"—[(1+2y7*)!—1]" [(1+2y?)#+ 1]"+[ (1+ 2y*)*—1]" 
which reduces for n=1, 2, and 3 to Eqs. (61), (62), and (63), respectively. 
"© See Watson, J. London Math. Soc., 8, 189 (1933). 
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Appendix II. Signal Detectability for the 
Gaussian System 


Lawson and Uhlenbeck” in discussing various detec- 
tion criteria suggest a “deflection criterion” which is 
based on measuring the change in the average output 
brought about by the signal. It is suggested that this 
change should be comparable to the standard devia- 
tion due to noise alone in order that the signal be 
“detectable.”’ In terms of the cumulants, then, we have 
for detectability 


K,5* | K,* 


Se= = 
(K.,*)3 


~1. (79) 


Related to this criterion is one obtained by using the 
standard deviation of the signal plus noise, i.e., 


K,S**— K,* 
S,=- —~1 (80) 
(KoS+)! 

These quantities have been investigated by Smith* 
for a variety of filter shapes and detector character- 
istics. By direct substitution from Eq. (61) and (62) 
we get for the Gaussian square law system, 


So= X (14272)! 


X (1+ 27’)! 
S,=- — (82) 


14+2y2\ 
on) 
1+7° 
For relatively narrow audio band width, i.e., y large, 


which is the region of interest for the reference, these 
expressions reduce to 


(81) 





(83) 


X 
So~—(2y)! 
9t 


X (2y)4 


——. (84) 
2?(1+2v2X)} 

These are in agreement with the formulas given by 
Smith. 

The “Ideal or Threshold Detector” provides another 
means for determining signal detectability. With this 
device a “detection” is called if the output voltage at 
any particular time exceeds a certain threshold. The 
level of this threshold is then adjusted so that “false 
alarms,” i.e., detections in the absence of signal, are 
relatively infrequent. The probability of a detection at 
any instant can then be written 


‘Pa(X, =f P’ (Eo, X)dEo. (85) 


J. L. Lawson and G. E. Uhlenbeck, Threshold Signals (Rad. 
Lab. Series), No. 24, p. 161. 
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Marcum® has considered the case of a square law 
envelope detector with video integration, i.e., succes- 
sive samples of the detector output are numerically 
averaged rather than applied to a filter. The probability 
density function for this average output is given (in 
our notation) by the formula, 


a Eo (a—1)/2 
P’ (Eo, PS o=—( ) 
NA\NX 


Eo EoX\3 
xexp| ~a(—+x) |r] 20 —) | (86) 


where a is the number of samples averaged. The cumu- 
lants for this distribution are given by the formula, 


N"(n—1)! 
K,*=————-(14+ nX), 


a”! 


(87) 


the first few of which are 


*= N(1+X), 


K.*=—(1+2X), 


a 


2N3 
K;*=—(1+3X). 


a 


(90) 


We now set 
a= (1+27*)}, 


and notice that fairly good agreement exists between 
these cumulants and those for the Gaussian audio 
system. Consequently, (1+ 2+) can be interpreted as 
the approximate number of samples averaged by the 
audio filter.** 

It is now possible to obtain a fairly good first approxi- 
mation to the probability of detection, Pa(X, 7), by 
referring to the appropriate curves in reference 5. 


(91) 


List of Symbols 


E;(t) 
E(t) 
F’(t) 
E(t) 
F z(w) 
fir 
F,4(w) 
fa(t) 


IF input voltage 

IF output (detector input) voltage 
Detector output (audio input) voltage 
Audio output voltage 

IF voltage transfer function 
Fourier transform of F jz(w) 

Audio voltage transfer function 
Fourier transform of F,(w) 

g(u, v) System kernel defined by Eq. (5) 
h;(u) jth normal eigenfunction of g(x, v) 
dj; Eigenvalue corresponding to h;(u) 


** This is not an exact treatment because the probability density 
function for the Gaussian system cannot be put precisely into the 
form of Eq. (86) unless y=0. However, the mean values will 
correspond exactly, the variance will be correct to within a factor 
of less than V2 in X, and the asymmetry will be in error by a factor 
less than 4/3 in K; and V3 in X. 
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e;(t) Component of E,(#) along h;(x) [see Eq. o Band-width measure for Gaussian IF 
(10) ] amplifier 

S(t) Signal component of E;(t) v Band-width measure for Gaussian audio- 

N(t) Noise component of £;(?) amplifier 

s;(t) Signal component of e;(/) [see Eq. (13)] a/v 

nj(t) Noise component of e;(#) [see Eq. (14)] ag Noise band width of IF amplifier 

Po [F input nowe power per unit frequency H ;(x) jth Hermite polynomial [defined by Eq. 

?(£, t) Characteristic function of the prob- (74)] 

: _, ability density of Eo(/) wo Center frequency of the IF amplifier 

S Signal power at input to the detector er on : : 

V ian een nk femal ten tien dibniion K,S* First output cumulant for signal plus 

powe I . 

X Signal-to-noise power ratio at input to | . _ ; 
the detector Ky | First output cumulant for noise alone 

Y Audio output voltage measured in units ae Second output cumulant for signal plus 
of NV noise 

K, or K,(/) nth cumulant [defined by Eq. (33) ] K,* Second output cumulant for noise alone 

g"(u, v) n times iterated kernel [defined by Eq. So, S. Detectability criteria [see Eqs. (79) and 
(35)] (80) } 
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The Energy Stored in Metal Chips during Orthogonal Cutting 


M. B. Bever, E. R. MARSHALL, AND L. B. TickNoR* 
Department of Metallurgy, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received February 23, 1953) 


Chips of a gold-silver alloy were made by orthogonal cutting with apparatus which permitted the deter- 
mination of the chip geometry and cutting forces. From these data the stresses and strains and the shear and 
friction energies were calculated. Three rake angles were used to obtain different shear strains. The energy 
stored in the chips was determined as the difference in the heat effects associated with the dissolution in 
liquid tin of samples of cold worked and annealed chips in an isothermal calorimeter of high precision. With 
increasing strain the stored energy increased, but the ratio of the stored energy to the shear energy decreased. 





INTRODUCTION 


HE orthogona! (two-dimensional) cutting process, 
illustrated schematically in Fig. 1(a), is an 
effective experimental procedure for subjecting metals 
to precisely known amounts of plastic deformation. 
Piispanen' and Merchant** have demonstrated that 
a continuous chip forms by a process of shear, as shown 
in Fig. 1(b). The energy expended in cutting goes into 
plastic deformation of the chip and friction between the 
chip and tool; by comparison the energy expended in 
“generating the new surfaces is negligible. Part of the 
energy of deformation appears as heat and the re- 
mainder is stored in the chip. In the investigation 
reported here, the energy stored was determined as a 
function of the amount of plastic deformation. 
Epifanov and Rebinder have investigated the energy 
* Present address: Department of Chemistry, Swarthmore 
College, Swarthmore, Pennsylvania. 
!V. Piispanen, Teknillinen Aikakauslehti 27, 315 (1937). 
?'V. Piispanen, J. Appl. Phys. 19, 876 (1948). 
3M. E. Merchant, J. Appl. Mech. 11, A168 (1944). 
*M. E. Merchant, J. Appl. Phys. 16, 267 and 318 (1945). 


5G. I. Epifanov and P. A. Rebinder, Doklady Akad. Nauk 
S.S.S.R. 66, 653 (1949). 


stored in chips by drilling in a calorimeter. They 
simultaneously measured the energy input to the drill 
and the heat evolved and considered the difference as 
the energy retained in the chips. 

A variety of methods has been employed to measure 
the energy stored in metals deformed by various 
processes. A recent paper® reviews past work and reports 
on an investigation of the energy retained during rolling 
of a gold-silver alloy. The method of measuring this 
energy had previously been described briefly’ and is 
identical with the one used in the investigation re- 
ported here. 

The determination of the retained energy by this 
method differs from that of Epifanov and Rebinder' in 
that the measurements are conducted in two steps 
rather than simultaneously. In the first step chips are 
formed by machining and the forces on the tool and 
the chip geometry are measured. From these measure 
ments the stresses and strains, and the shear and friction 
energies are calculated. In the second step the heat 


6M. B. Bever and L. B. Ticknor, Acta Met. 1, 116 (1953). _ 
7M. B. Beverand L. B. Ticknor, J. Appl. Phys. 22, 1297 (1951). 
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ENERGY STORED 


effect associated with the dissolution of the chips in a 
calorimeter is determined. The corresponding effect 
for an equal quantity of annealed chips is also deter- 
mined. The difference between these heat effects, ad- 
justed to infinite dilution, is the stored energy of cold 
work. 

The advantage of this method derives from the fact 
that the heat of solution of the gold-silver alloy in 
liquid tin is small. The stored energy, therefore, is the 
difference of two small quantities. Simultaneous 
methods, on the other hand, depend on the difference 
between the energy input and heat evolved, quantities 
large compared with the stored energy. The advantage 
of the present method, however, is restricted to com- 
binations of solutes and solvents having small heats of 
solution. 

Orthogonal cutting permits a simple analysis whereby 
basic information, such as stresses, strains, and energies, 


(a) 











WORK PIECE 

















Fic. 1. (a). Elements of orthogonal cutting and 
(b). Formation of chips by shear. 


can be found. Since the amount of energy going into 
plastic straining can be calculated, the stored energy 
can be expressed as a fraction of the strain energy. For 
a complex process such as drilling, it is not possible to 
divide the energy input between deformation and 
friction and consequently the stored energy cannot be 
calculated as a fraction of the energy of deformation. 

Data on the stored energy of cold work have funda- 
mental interest, for example in connection with the 
kinetics of recrystallization, x-ray diffraction measure- 
ments on worked metals and the theory of dislocations. 
Such data also have practical value in predicting the 
temperature at the tip of a tool in cutting or at a grit 
In grinding.® 





*h. 3. Trigger and B. T. Chao, Trans. Am. Soc. Mech. Engrs. 
73, 57 (1951). 

‘J. O. Outwater and M. C. Shaw, Trans. Am. Soc. Mech. Engrs. 
14,73 (1952). 
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Fic. 2. The geometry of orthogonal cutting 
[after Merchant (reference 4) ]. 


PROCEDURES 
A. Orthogonal Cutting 


The equations for calculating the stresses, strains 
and energies involved in continuous chip formation 
have been derived by Merchant.’* The following 
geometric quantities, also shown in Fig. 2, are required 
for the calculations: a=the rake angle of the tool, w, 
=the width of cut (or chip), 4:=the depth of cut, Z; 
=the length of cut, and L,=the chip length. 

The angle ¢ between the direction of shear and the 
work surface is calculated from the following equation: 


(L2/L1) cosa 





tang= , (1) 
1— (L2/L;) sina 
The shear strain ¢ in forming a chip is given by 
e=cotg+tan(y—a). (2) 
The cross-sectional area of cut is 
Ao=wyhh. (3) 


The forces exerted by the chip on the tool were 
measured by a force dynamometer of the electric strain 
gauge type. A similar planing dynamometer has been 
described by Loewen, Marshall, and Shaw.” The two 
force components measured were F,, the cutting force 
(along the work surface), and F,, the thrust force 
(perpendicular to the work surface). 

The shear stress S, during chip formation is 


S,=(F, sing cosg— F; sin*g)/Ao, (4) 
and the shear energy W, per unit volume removed is 
W,=S,e. (5) 


The total work expended in cutting per unit volume 
removed, W,, is 


W = (Fe L1)/(Ao- Li) =F / Av. (6) 


© Loewen, Marshall, and Shaw, Proc. Soc. Exptl. Stress Anal. 8, 
1 (1951). 
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TaBLe I. Forces and related quantities in cutting experiments. 








Width of cut, w: =0.187 in.; depth of cut, ¢: =0.003 in.; area, Ao =5.61 X10~4 in?; length of cut, L1 =2.02 in. 





Observed* Calculated 
Le Fe Fy Se W, We Wy 
in. Ib in. lb in. Ib 
a in. lb lb ¢ € psi. per in. per in. per in.’ 
45° 1.235 41.7 —0.12 37.25° 1.179 35 400 41 800 74 300 32 500 : 
30° 0.972 77.6 12.37 28.75° 1.801 53 100 95 500 138 200 42 700 
15° 0.519 274 12.73 14.88° 3.759 119 700 450 000 488 300 38 300 











Finally, the friction energy per unit volume removed, 
W,, is the difference between the total work and the 
shear work 


W,=W.—W,. (7) 

In the experimental work an annealed alloy of 74.9 
weight percent gold and 25.1 percent silver was used. 
This alloy was a homogeneous solid solution. Three 
different shear strains were obtained by using rake 
angles of 45°, 30°, and 15°. A decrease in rake angle 
increases the shear strain. The width, depth, and length 
of cut (w, 41, Li, respectively) were held constant in 
all tests. The cutting speed was 12 inches per minute. 
Carbon tetrachloride was used as a cutting fluid in order 
to insure a continuous chip with a sharply defined 
shear plane. Approximately eighty chips were obtained 
for each rake angle. Table I gives the observations 
(each one representing an average for eighty chips) 
and a summary of the calculations based on these data. 
The chips were stored in dry ice during the interval of 
one or two days, which elapsed between the cutting 
operation and the calorimetric measurement. 


B. Calorimetric Measurements 


energy stored in rolled specimens of a gold-silver alloy 
has also been reported.*:7 The experimental procedure 
and the calculations, therefore, will be described here 
only briefly. 

The calorimeter consisted of a bath of tin held at 
240°C in a Dewar flask immersed in a constant-tem- 
perature salt bath. Samples could be added under 
vacuum from a holder maintained at 0°C. The tempera- 
ture changes of the tin bath resulting from an addition 
were followed with an accuracy of about 0.01°C by a 
thermocouple and potentiometer. After an initial drop 
in temperature owing to the absorption of heat by the 
cold addition, the exothermic dissolution of the gold- 
silver alloy in tin raised the temperature nearly to its 
original value. The complete return to the original tin 
bath temperature was brought about by heat transfer 
from the salt bath following approximately an ex- 
ponential relation. A calibrating addition of tungsten 
furnished information on the coefficient K for this 


TABLE II. Measured values of the energy stored in 
gold-silver alloy chips and related quantities. 








Stored energy, Ex: Fraction 
Rake 








cal per cal stored 
_ ° ° angle Strai g re in. Ib Est/Ws 
The stored energy was determined as the difference "a “ ‘Stom gram per in.® (percent) 
in the heat effects of dissolution in liquid tinofasample =~ 45° 1179 1439 4024 2300 5.6 
of cold worked chips and of an equal sample of fully 30° 1.801 48 0.29 2800 2.9 
annealed chips. The isothermal calorimeter used, its IS 3.159 56 0.34 3300 0.73 


operation and the method of calculation have been 
described." The use of this method for measuring the 
























exponential heat transfer and the energy equivalent 
(‘water value”’) of the calorimeter C>. 


x . . The heat effect of an alloy addition was calculated 
<2 6F “ in two parts: (1) the heat corresponding to the product 
256 st 5 of the energy equivalent C, and the decrease in the 
as temperature of the calorimeter after complete dissolu- 
« eo “ tion of the sample at time f. and (2) the heat exchanged 
oe aL Total Work ,Wes 7 between the salt bath and the tin solution in the in- 
us es terval from the addition of the sample at /, to time /. 
“= ar — Thus, 

3 e , “Shear Work Ws 7 te 

z o- f C,T+K | ATdt. (8) 

re) | i ! T1 ty 
10) I 2 3 4 5 


SHEAR STRAIN, « 


Fic. 3. The work of cutting as a function of shear strain 
for a gold-silver alloy. 


L. B. Ticknor and M. B. Bever, Trans. Am. Inst. Mining 
Met. Engrs. 194, 941 (1952). 


The heat effects of additions of cold worked and 
annealed chips were measured in a single run. A number 
of possible errors were thereby minimized. The heat 
effect of dissolution of the alloy in tin is a function of 
the composition of the resulting tin-gold-silver solution. 
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In the dilute range of interest here, this function is of 
the form A+Bx, where B has been found by a large 
number of measurements®" to be —36 and ~x is the 
composition (in atomic percent solute); A is the heat 
effect per gram-atom of alloy at infinite dilution and 
can be calculated. The difference in A for the cold 
worked and annealed samples is equal to the stored 
energy E,; of cold work (in cal per gram-atom of alloy). 
Values of E,, determined in this manner for samples 
of chips are listed in Table IT. 


DISCUSSION OF RESULTS 


Figure 3 shows the work of cutting plotted against 
shear strain. Both the total work W, and the shear work 
W, rise at an increasing rate with shear strain, while 
their difference, equalling the friction energy, remains 
approximately constant for strains ranging from 1 to 4, 
The total work is considerably larger than the shear 
work, except at high strains. Thus, the total work is not 
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Fic. 4. The energy stored in chips of a gold-silver alloy 
as a function of shear work. 


a good approximation to the shear work over most of 
the range of strains of interest here. 

Since the friction work does not contribute ap- 
preciably to the plastic deformation of the bulk of the 
chip, the stored energy should be expressed as a func- 
tion of shear work rather than of total work. This rela- 
tion is shown in Fig. 4. The stored energy tends to level 
off with increasing shear work. Figure 5 shows the stored 
energy against shear strain. The rate of increase of the 
energy stored decreases markedly with increasing shear 
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Fic. 5. The energy stored in chips of a gold-silver alloy 
as a function of shear strain. 


strain. Neither of these graphs, however, clearly indi- 
cates a saturation value for the stored energy. Clarifica- 
tion of this point was desirable, but it was not possible 
to obtain higher strains, because the smaller rake angles 
necessary (e.g., 0°) caused the chip to become dis- 
continuous. 

Table IT gives the stored energy as a fraction of the 
energy of deformation. This fraction drops from over 5 
percent at a shear strain of roughly 1 to less than 1 
percent at a shear strain of nearly 4. These fractions 
of stored energy may be compared with those obtained 
with rolled specimens of the same alloy.* These values 
ranged from 4-5 percent for rolling strains between 
0.2 and 0.8, to 2 percent for a rolling strain of 1.4, and 
1.3 percent for a rolling strain of 2.5. The fractions of 
stored energy reported here also agree as to order of 
magnitude with the results of Epifanov and Rebinder,® 
who found that the stored energy was a few percent of 
the total work of drilling. 

For comparable strains the amount of energy stored 
was less in the rolled specimens of this alloy® than in 
in the chips. This difference can be attributed to 
the difference, in the mechanism of the deformation 
processes. 
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Free Surface Motion Induced by Shock Waves in Steel*?} 
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An optical technique, reported in a previous paper, has been used to measure surface oscillations on a 
series of thick 5.5-in. diam steel plates of different thicknesses while they deform under explosive attack. 
Data obtained from the four 1025 steel specimens illustrated in the previous paper, and data obtained from 
two additional specimens have been analyzed partially. Results are compared with predictions from the 
theory of elasticity for the case of a diverging pulse. Elementary theory, known to be incorrect in the physica! 
regime studied, is shown to give many satisfactory predictions for large distances from the charge. 


INTRODUCTION 


HE phenomenon studied! is produced when an 
explosive charge is detonated in intimate contact 
with a steel plate. Figure 1 illustrates the sequence of 
events that occur when a typical 4-in. specimen is fired. 
Initially, a curved shock-like compression pulse (A — A) 
propagates into the specimen. Later, the pulse interacts 
with the free surface to produce deformation (B—B); 
the compression pulse is reflected from the free surface 
as a tension pulse. Time-dependent histories of the 
slopes associated with twelve equally spaced points on a 
diam of the free surface have been recorded for several 
usec after arrival of the initial pulse. The equipment 
used consists of a sweeping-image camera that views the 
virtual images of point light sources in the polished 
surface of the specimen. During the time in which the 
specimen is undisturbed, the camera maps the virtual 
images into twelve straight line ‘races on the film. The 
straight lines are deflected when the deformation 
propagates across the surface; the deflection amplitude 
is a measure of the radial slope of the free surface. 
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Fic. 1. Interaction of high explosive with 4-in. steel specimen 
to produce a shock wave. The initial pulse is shown for two 
different times. 


* Supported in part by Armament and Mechanics Branches, 
U. S. Office of Naval Research. 

f Presented as a paper at the American Physical Society meeting 
at Salt Lake City, Utah, June 25-27, 1952. For Abstract, see 
Phys. Rev. 87, 910 (1952). 

1W. A. Allen and C. L. McCrary, Rev. Sci. Instr. 24, 165 
(1952). . 


THE PHOTOGRAPHIC RECORD 


A typical photographic record from a 4-in. specimen 
is reproduced in Fig. 2. The sketch, which represents a 
reproduction of the photographic data as interpreted 
by a recording microdensitometer, illustrates some of 
the principal events that occur during the first few 
usec. The origin of time is chosen when the initial 
longitudinal pulse arrives along the axis at the free 
surface (4). The deformation produced by the initial 
pulse persists for about 4.24 usec. At time=2 usec, the 
initial longitudinal pulse arrives at the edge (B) of the 
specimen. At time=7 usec, an unusual disturbance 
originates at the edge (D) of the specimen and travels, 
apparently with constant velocity of about 5 mm/usec, 
toward the center (EZ). At time=9 usec, a pulse that 
originates earlier at the edge of the specimen has arrived 
at the center (C), where it appears to be reflected (F) 
with reversed amplitude. 

Assume that the radius 7, of the deformation inter- 
section with the free surface at time /, Fig. 1, can be 
represented by the relation developed in the previous 
paper,' 


ry = (ct)?+2(/+d) (ct), (1) 


where c is the sound velocity in the steel, 6.2 mm/ysec. 
The distance /+d, Fig. 1, represents the apparent origin 
of a spherical pulse that arrives at the edge of the 
specimen 2 usec later than its arrival on the axis. 
Substitute known values into Eq. (1) and solve for the 
apparent origin of the pulse, 


1+d=190.5 mm. (2) 


As suggested in the previous paper,' a spherical wave 
decreases its curvature when it passes from a high 
sound velocity medium into a low sound velocity 
medium. Consequently, the actual calculated origin d’ 
of the spherical disturbance is indicated in Fig. 1 by 
the distance 

d'=d/v, (3) 


where » is the ratio of the detonation velocity in high 
explosive, 7.8 mm/ysec, to the longitudinal wave 
velocity in steel. Equation (1), with appropriate con- 
stants, has been plotted in Fig. 2 as the hyperbola AB. 
The excellent agreement between theoretical and experi- 
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mental data is taken as evidence that the incident 
pulse is spherical as assumed. 


DATA ANALYSIS 


The principal method used to analyze the data essen- 
tially is the same as reported.' It has been found slightly 
more expeditious, however, to perform the required 
integrations by numerical hand methods than by use 
of the REAC. In addition to the reported method, 
a supplementary method of data analysis has been 
devised that offers certain conceptual advantages over 
the basic method. The previously reported method 
involved an integration over distance r; to obtain 
particle displacement y=. A subsequent differentiation 
was made with respect to time / to obtain particle 
velocity y=v. The supplementary method of data 
analysis allows calculation of particle velocity v without 
the necessity to calculate displacement u. The intrinsic 
experimental data contained in Fig. 2 can be repre- 
sented by the symbolic equation 


v.=f(r, 0), (4) 


where the subscript indicates partial differentiation 
with respect to radius r. To a close approximation, 
((r,/) is considered to be proportional to the trace 
amplitude that passes through (r, /). Integrate Eq. (4) 
to obtain the relation 


ri(t 
y= f f(r, t)dr, (3) 
ro(t 


where the arbitrary function of time has been inter- 
preted as plate displacement at infinity and has been 
set equal to zero. Differentiate Eq. (5) with respect to 
time to obtain the relation 


ri(t) 
yar= f fidr—Fof (ro, t) +f (1, 2). (6) 


ot) 


The limit ro(¢) can represent any definite point on the 
plate; the limit r;(¢) has been specified by Eq. (1). 
In Eq. (6), *9=0 because ro is a constant. The function 
f(r, 1) also vanishes because the trace amplitude has 
value zero along AB, Fig. 2. Equation (6) can be written 


in the form 
ri 
yar= f fdr. 
Lai) 


Since / is proportional to the deflection amplitude of a 
trace, f:(r, 4) is proportional to the slope of a trace that 
passes through (r, /). The particle velocity y=v, Eq. (7), 
is the space integral over the deformation. If neighbor- 
ing traces are assumed to be similar, an average value f, 
can be chosen, and Eq. (7) can be written in the form 


— 
~) 
— 


y~filri—ro). (8) 
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Fic. 2. Photographic record of 4-in. specimen from 


sweeping image camera. 
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Fic. 3. Transient configurations of free surfaces of family of steel! 
specimens for time intervals A/=0.26 usec. 
Integrate Eq. (8) to obtain the relation 
(9) 


where distance 7;—79 has been treated as a constant. 
Equation (9) states that trace deflection is a rough 
measure of particle displacement. 


y=u~f(ri—ro), 


RESULTS 


. The deformation curves associated with four speci- 
mens illustrated in the previous paper! are reproduced 
in Fig. 3. The successive curves represent the transient 
configurations of the free surface at time intervals 
At=0.26 wsec. The smoothness of the displacement 
curves is a result of the numerical integration process. 
The broken curves associated with the 1.0-in. and 1}-in. 
specimens indicate the deformation regime where the 
measuring technique breaks down. For both specimens, 
however, it was possible to measure the axial displace- 
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EN 


ment over a time interval in excess of 1 usec. The data 
of Fig. 3 have also been plotted in Fig. 4 to illustrate the 
probable experimental scatter connected with the meas- 
urements. Figure 4 represents particle displacements of 
representative points located at distances r=O, 10, 
--+, 60 mm, respectively, from the center of the speci- 
mens. Data for even distances in cm are differentiated 
from data at odd distances by use of a different symbol. 
Figure 4 suggests that initial curvature of all lines is 
either constant or concave upward. This result is in- 
terpreted to mean that particle velocity v, and conse- 
quently stress, does not begin to decrease immediately 
behind the front of the pulse, but tends to maintain or 
increase its value. Experimental points of Fig. 4 sug- 
gest existence of a sinusoidal fine structure departure 
from the curves as drawn. 

Figure 5 represents two additional specimens fired 
to determine the reproducibility of the experiment. 
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Fic. 4. Displacements for particles at various distances 
from axis of steel specimens. 
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Figure 6 is the alternative method of data presentation. 
Note that the initial behavior during the first 2 usec of 
the two 2-in. specimens is similar, although subse- 
quently the auxiliary specimen deformed considerably 
more than the original specimen. Agreement between 
the two 1}-in. specimens is good. Figure 7 represents a 
sketch of axial particle velocity associated with the 2-in. 
specimens. This curve was obtained by differentiation 
of the axial displacement curve of Fig. 6. It is probable 
that the particle velocity curve of Fig. 7 gives a rough 
idea of the initial shape of the pressure pulse p through 
the relation 

p=pcv, (10) 


applicable to plane flow. Figure 7 indicates a plastic 
pulse that travels at 4.6 mm/ysec. For a 2-in. specimen, 
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Fic. 5. Transient configurations of free surfaces of two auxiliary 
steel specimens for time intervals At=0.26 usec. 


this velocity accounts for the observed time delay T in 
usec between arrival times of the elastic (Z) and plastic 
(P) pulses at the free surface. The quantity T can be 
evaluated by the relation 


1 1 
T= —-—)508= 2.86. (11) 
4.6 6.2 


Note that the critical points (EZ) and (P) in Fig. 7 
represent the respective free surface velocities 0.048 
mm/yusec and 0.125 mm/sec. Convert these velocities 
to stresses by means of the formal relation, Eq. (10), 


where the value v used is one-half the measured value 


to account for the effect of the free surface. In English 
units, these stresses amount, respectively, to 169 000 psi 
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Fic. 6. Displacements for particles at various distances from 


axis for two auxiliary steel specimens. 


and 441 000 psi. Previous investigators? have obtained, 
for essentially the same geometrical configuration used 
in this experiment, a maximum stress of about 330 000 
psi by means of the Hopkinson bar technique. Use of 
Eq. (10) to calculate stress is of doubtful validity since 
the formula was derived for the acoustic case; the rela- 
tion is known not to apply to conditions behind the 
front of a divergent pulse.’ It is clear that free surface 
particle velocity has no ready translation into stress in 
the cases where actual fracture of the specimens has 
occurred. The 2-in. specimen of Fig. 6 suffered a slight 
4-mm thick spall that extended about 1 cm in both 
directions from the axis. It is not believed, however, 
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Fic. 7. Axial particle velocity of 2-in. steel specimen whose 
displacement curve is shown in Fig. 6. The elastic (EZ) pulse 
appears to be followed by a plastic (P) pulse. 


2 J. S. Rinehart, J. Appl. Phys. 22, 555 (1951). 
3 F. G. Blake, Jr., J. Acoust. Soc. Am. 24, 211 (1952). 
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Fic. 8. Comparison between experimental and theoretical data for 
axial particle displacement of steel specimens. 


that this fracture contributed appreciably to observed 
transient deformation of the free surface. 


COMPARISON OF RESULTS WITH ELASTICITY 
THEORY PREDICTIONS 


Comparison of experimental results with theory re- 
quires adoption of a set of theoretical assumptions that 
lead to physically realistic predictions. In the physical 
regime studied, effects of plastic flow, finite elastic 
deformations, and actual mechanical deployment of 
fragments fractured from the specimen properly should 
be given considerable attention. For the present, how- 
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ever, certain experimental results will be compared with 
those predicted from elementary elasticity theory. This 
comparison requires that elementary linear theory be 
extrapolated into a regime where it is known not to be 
applicable; considerable deviation of theoretical pre- 
dictions from experimental results will be expected. 
The theoretical problem will be specified as follows: 
Given a spherical cavity of radius a within a homogeneous 
ideally elastic infinite medium, find the elastic wave motion 
that results from application of a pressure pulse to the 
interior of the cavity. This simplified problem will be 
considered because the actual problem, that is, inter- 
action of a cylinder of high explosive with a metal 
plate, essentially is insolvable. It is not unduly restric- 
tive to assume the actual phenomena to be spherically 
symmetric since experiment has shown the initial pulse 
diverges from a point. Elastic properties of the steel 
will be specified by the following quantities :5 E= 2.139 
megabars/cm?, p= 7.849 g/cc, and c=0.310, where E, p, 
and o, respectively, are Young’s modulus, density, and 
Poisson’s ratio. The pressure p imparted by high ex- 
plosive to the steel is assumed to be expressible in 
the form 
p=0 for 


t<0, (12) 


(13) 


where fo is peak pressure, a is a time-decay constant, 
and time ¢ is measured from arrival time of the detona- 
tion wave at the high explosive-steel interface. The 
properties of the high explosive are specified by the 
quantities: pp>=0.283 megabar/cm*, a=2 usec. The 
value of the peak pressure fo has been calculated in a 
previous paper® for a high explosive-steel interface 
from an assumed pressure of 0.17 megabar/cm? in the 
detonation front. The value of the time-decay constant 
a has been inferred from published theoretical data,’ 
where curves are given that describe the dynamics of 
the combustion products behind plane and spherical 
detonation fronts in explosives. Specifically, it has been 
shown that pressure behind a detonation front decays 
to 1/e of its peak value in the distance 0.31a@ and 0.14a 
for plane and spherical flow, respectively, where dis- 
tance is measured from the detonation front toward the 
origin. The quantity a is defined as the distance traveled 
by the detonation wave. The time-decay constant a for 
plane and spherical flow is assumed to be given by the 
respective relations: 
a=7.8/0.31a, 


a=7.8/0.14a. 


p=poe*' for ¢t>0, 


(14) 
(15) 


To fit the conditions of the problem, an origin a of 
the disturbance must be chosen. There are at least two 


4 J. A. Sharpe, Geophysics 7, 144 (1942). 

5A. E. H. Love, A Treatise on the Mathematical Theory of 
Elasticity (Dover Publications, Inc., New York, 1944), fourth ed., 
p. 105. 

6 Pack, Evans, and James, Proc. Phys. Soc. (London) 60, 1 
(1948). 

7G. I. Taylor, Proc. Roy. Soc. (London) 200, 235 (1950). 
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alternatives: first, a can be taken equal to either d or d’ 
of Fig. 1; second, the high explosive mass of the original 
1-in. diam 2-in. charge can be expressed in terms of an 
equivalent sphere of high explosive placed in contact 
with the metal. A spherical charge is certain to be more 
effective than an actual cylindrical charge of the same 
mass because the center of mass of a spherical charge is 
closer to. the metal. Consequently, an equivalent spherical 
charge will contain less high explosive than the actual 
cylindrical charge. A radius, 


a=15 mm, (16) 


was chosen arbitrarily, and calculation has shown that 
this choice simulates the actual results of the experi- 
ment with fair accuracy. In addition, an actual experi- 
ment was performed which confirmed that such a 
sphere produces physical effects on a steel plate equiva- 
lent to those produced by a standard cylindrical charge. 
Substitute Eq. (16) into Eqs. (14) and (15) to obtain 
the values of the time-decay constant a for plane and 
spherical flow, respectively, 


a= 1.68, (17) 
a= 3,71. (18) 


The actual value a=2 chosen for the time-decay con- 
stant represents a weighted average between the re- 
spective theoretical values of Eqs. (17) and (18). 

Solution of the theoretical problem is well known.?:4:*.? 
In Fig. 8, the experimental curves indicated by circles 
represent one-half the measured displacement of the 
axial particles on the free surfaces of the four different- 
sized specimens. The curves for the 2-in. and 1}-in. 
specimens each contain data for two separate experi- 
ments. The theoretical curves indicated by solid lines 
are predictions from elasticity. Calculation of the theo- 
retical curves involved considerable labor using an 
electronic calculator. This machine, the IBM CPC, has 
been described elsewhere in connection with another 
problem." 


CONCLUSIONS 


As expected, elementary elasticity theory does not 
give in all respects an accurate account of the complex 
physical phenomena associated with this experiment. 
It has been inferred, however, that the initial particle 
velocity approximately follows the r~ attenuation law 
predicted by theory* provided the origin is chosen 
a=15 mm. At the distance where the initial pulse has 
decayed to sonic proportions, the theoretical displace- 
ment curve has several features of similarity with the 

* Kawasumi and Yosiyama, Earthquake Research Inst. (Tokyo) 
13, 496 (1935). 


*H. L. Selberg, Arkiv Fysik 5, 97 (1952). 
” W. A. Allen and R. H. Stark, J. Opt. Soc. Am. 41, 636 (1951). 
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experimental curve. For example, the theoretical and 
experimental curves associated with the 4-in. specimen 
of Fig. 8 have the following points of similarity: 


1. The respective pulse lengths are approximately the same. 

2. The respective pulse amplitudes are approximately the same. 

3. Both curves have a negative phase. 

4. The rising portions of both curves have curvature of the 
same sign. 

5. The decaying portions of both curves have curvature of the 
same sign. 


The principal discrepancy between theoretical and ex- 
perimental curves of the 4-in. specimen of Fig. 8 is the 
fact that the experimental curve attains its maximum 
at a later time. This fact implies that the actual par- 
ticle velocities, and consequently the actual stresses, are 
considerably less than predicted values. In English 
units, the actual calculated stress is 94 000 psi; although 
this value exceeds the static yield point of the steel, the 
recovered specimen acquired no permanent deforma- 
tion. The calculated stress level for the 4-in. specimen 
compares favorably with the maximum stress 140 000 
psi obtained by previous investigators? at the free 
surface of a 3-in. specimen. Figure 8 suggests that the 
wavelength of the actual pressure pulse is longer than 
the predicted value. This conclusion implies either that 
the assumed form of the initial pulse is wrong and/or 
that the plastic flow mechanism increases the pulse 
length. 

No great progress has been made in interpretation of 
the wave phenomena indicated in Fig. 2. The phe- 
nomenon is a result of the initial longitudinal wave and 
its interaction with the free surfaces of the specimen 
because any transverse wave that may be induced at 
the high explosive-steel interface will not arrive at the 
free surface in time to affect the initial phenomena. 
The only known wave velocity in steel that corresponds 
to the measured value of 5 mm/usec is the transverse 
wave velocity associated with rods‘ which can be deter- 
mined by the relation 


v= (E/p)}. (19) 


It is significant that this wave velocity is the same as 
that associated with the 2-in. specimen illustrated in the 
previous paper.’ 
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Electrostatic Potential Plotting for Use in Electron Optical Systems* 
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A noniterative numerical method has been found for solving a partial differential equation when its 
boundary conditions are not known on the entirety of a closed boundary. Under such conditions, the iterative 
numerical methods which are generally used, such as the relaxation technique, are not applicable. As an 
example, this noniterative numerical method has been used to calculate the shapes of a pair of beam forming 
electrodes for use in an electron gun in which rectilinear flow is desired. The calculated shapes are in almost 
complete agreement with Pierce’s experimental results. Equipotential surfaces calculated by this method 
have been checked by means of an electrolytic trough which employs a semiautomatic detecting and 


plotting system. 





INTRODUCTION 


HE electron optical study of the motion of charged 
particles, electrons or ions, is primarily a problem 
of the determination of the potential distribution which 
will yield the desired electron or ion trajectory. The 
potentials may either be calculated theoretically or 
plotted experimentally by means of an electrolytic 
trough or some other model experiments. The usual 
procedure employed in the analytical determination of 
the potential in a charge-free region often results in the 
solution of the Laplace equation by the method of 
separation of variables. The solution obtained in this 
method is generally expressed by a series of special 
functions whose coefficients are determined by the 
given boundary conditions. Because of the difficulty of 
finding coefficients-even for a limited number of terms 
of such a series which satisfies the prescribed boundary 
conditions, only a few cases which have simple geomet- 
rical boundary shapes have been solved in this way. 
For more complicated boundary shapes, the problem is 
usually treated by means of iterative numerical methods. 
Among the different iterative methods known at the 
present time, Southwell’s relaxation technique is the 
most powerful and commonly used one. However, as 
mentioned by Fox,' the success of the relaxation method 
can be guaranteed only if the boundary conditions are 
given on a closed boundary. Unfortunately, for many 
problems, boundary conditions are not known on the 
entirety of a closed boundary. Instead, it frequently 
happens that boundary values and their derivatives are 
given only on certain parts of the boundary. For such 
cases, the relaxation method will, in general, require 
some assumption. about the unknown boundary values. 
An example of the difficulties involved in this type of 
approach is given below. 
In the design of a high-current density electron gun 
such as those used in the cathode-ray tube or electron 


* This research was supported in part by the U. S. Air Force 
under contract No. AF18(600)-566 monitored by the Office of 
Scientific Research, Air Research and Development Command; 
in part by the U. S. Public Health Service, under contracts 
No. C-815CR and C-815CRS, and in part by the U. S. Office of 
Naval Research, under contract N6-ori-02029. 

'L. Fox, Quart. J. Mech. Appl. Math. 1, 253 (1948). 
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microscope, it is found that electrons emitted from the 
cathode diverge because of the effect of space charge. 
In order to obtain a rectilinear flow, Pierce? has pro- 
posed to incorporate an electrode which is at the cathode 
potential and is exterior to the cathode, and an accel- 
erating electrode with an aperture through which the 
electron beam passes, wherein both the cathode elec- 
trode and the accelerating electrode are shaped so as 
to produce suitable forces on the electrons along the 
edge of the electron beam in order to keep them from 
diverging. These electrodes for electron guns with dif- 
ferent geometrical shapes of the cathode and anode, 
such as those with planar, cylindrical, and of the 
spherical-type cathode and anode systems, have been 
found experimentally by Pierce with the help of an 
electrolytic trough. By means of the same experimental 
methods Helm, Spangenberg, and Field* have also 
obtained the shapes of electrodes for an electron gun 
which employs a spherical cap cathode and in which 
different ratios of cathode and anode radii as well as 
different sizes of cathode and anode are used. From 
their experiments, they claimed that while for any 
geometry of the electrodes there is theoretically only 
one correct shape for both electrodes, but that there 
are actually a large number of shapes departing slightly 
from the correct shape, that will produce very nearly 
the correct potential at the edge of the beam. In con- 
sideration of the above, it seems to be desirable to 
attempt to find the shapes of these electrodes entirely by 
theoretical means and to compare these results with 
the experimental shapes. This problem is of particular 
interest in the design of an electron optical system 
capable of producing a high current density focal spot; 
a focal spot that has diameters less than 0.1 mm and 
with a current of 100 ma or more. 

Since the electrodes of the electron gun system are 
equipotential surfaces in the field, the shapes of the 
electrodes may be found by solving the Laplace equa- 
tion. As pointed out by Pierce, the boundary conditions 
that this system must satisfy are: (i) The potentials 
inside and along the edge of the beam should satisfy 


2J. R. Pierce, J. Appl. Phys. 11, 548 (1940). 
? Helm, Spangenberg, and Field, Elec. Commun. 24, 103 (1947). 
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the current-voltage relation for the space-charge limited 
current flow. Such current-voltage relations have been 
known for current flow between parallel planes, con- 
centric cylinders, and concentric spheres. (ii) The 
field normal to the beam, or the first derivative of the 
potential, should be zero, in order to have no electrons 
diverging from the edge. 

For the case of a flat-disk cathode, the beam would 
be of a constant circular cross section and be surrounded 
by a charge-free region. Figure 1 shows a cross-sectional 
view of such an electron-gun system in a plane which 
passes through the axis of symmetry. As the beam and 
equipotentials in the system are axially symmetrical, 
i.e., 9V/d0=0, the problem of determining the equipo- 
tentials is a two-dimensional one. 

An investigation of potentials in this plane will give 
complete information about the entire field. The 
boundary conditions which must be satisfied along the 
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Fic. 1. A cross-sectional view of a flat-disk cathode electron-gun 
system in a plane which passes through the axis of symmetry. 


cylindrical boundary ad then become 
(d V/dr)r =ro= 0, Vo= Vo(z), 


where r is the distance measured from the beam surface 
and normal to it, and z is the distance from the cathode. 
The current-voltage relation Vo(z) is, according to 
Child’s law, equal to Az*’*, where A is a constant. 

As is seen for this particular case, boundary values 
and their first derivatives are known on beam edge ab 
only and are not given for the remaining bounds of space 
surrounding the beam. Therefore, it does not lend itself 
to the relaxation method. However, as will be shown 
in the following paragraphs, problems of this type can 
be solved by a noniterative numerical method. We shall 
discuss mostly the application of the noniterative 
method to the particular electron-gun problem in which 
two independent variables in cylindrical coordinates are 
used. It is obvious, that this method can be extended for 
the treatment of problems which have more independent 
variables as well as in any other kind of coordinates, 


ELECTROSTATIC POTENTIAL PLOTTING 
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Fic. 2. The cross arrangement of the five points of the net. 
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though it may be more algebraically complex in some 
cases. 


NONITERATIVE NUMERICAL METHOD 


It is known that the potential at a point Po» can be 
calculated in term of the potentials of its surrounding 
points P, Ps, P;, and Py. One simple arrangement for 
a two-dimensional system is shown as in Fig. 2. This is 
usually done by expanding the potentials ¢1, ¢2, $3, 
and ¢4 which correspond to the points P;, P2, P3, and 
P, respectively, by means of Taylor’s theorem at the 
point. Po. This together with the fact that @o satisfies 
Laplace’s equation leads to a formula which connects 
these potentials. For cylindrical coordinates, the follow- 
ing formula can be derived: 
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where h is the uniform spacing between Po to any of the 
surrounding points, and [;h is the radial distance of Po. 

By Eq. (1), the potential of any point, say ¢4, can 
be calculated from the potentials of remaining four 
points and the derivatives at the center point Po, 
provided @po satisfies the Laplace equation. Now con- 
sider the case of the flat-disk cathode electron gun. 
Let P;, Po, and P2 be located on the boundary between 
the electron beam and the charge-free region and let 
P; be located inside the beam as shown in Fig. 3. It is 
known from the boundary condition that ¢1, do, and 2 
satisfy the current-voltage relation Vo(z)=Az‘* and 
therefore are known. From the other boundary condi- 
tion (8V/dr)o>=0, the equipotentials must be perpen- 
dicular to the edge of the electron beam at points along 
the beam. In the particular case for rectilinear flow, 
this is also true for the equipotentials inside the beam; 
then ¢; has the same potential as ¢o. It is also known 
that the derivatives of one independent variable can 
be expressed in terms of finite differences which again, 
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Fic. 3. The truncation of the field calculation which results 


from the use of the cross arrangement. Shaded area represents 
the electron beam. 
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as will be shown later, can be calculated in terms of the 
known potentials at points in the electron beam. There- 
fore potential ¢, of a point outside the beam can be 
determined in terms of known potentials at points in the 
beam by Eq. (1). As a matter of fact it should be 
possible to evaluate the potentials at all the points 
which are indicated by cross signs in Fig. 3 by means 
of the same formula. The shaded area in Fig. 3 repre- 
sents the electron beam. 

In order to find potentials for points outside the 
field of points shown as cross marks, another expression 
is needed. One of the simplest arrangements is shown 
in Fig. 4. The connecting formula for ¢o, $1, ¢2, $3, and 
¢, in this arrangement can be found in the same way 
as was used in the derivation of Eq. (1), except that 
here Taylor’s theorem of two independent variables has 
to be used. The following equation results: 
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where 2h is the length of one side of the square mesh and 
again [h is the radial distance of Pp. 

With the help of Eq. (2), the potential at any point, 
say P,, within the group can be calculated in terms of 
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potentials at the rest of the points, provided the partial 
derivatives can be calculated by means of finite dif- 
ferences in the same way as before. As is seen, however, 
in Eq. (2) the partial derivatives of two independent 
variables are involved. It was therefore necessary to 
derive formulas which would, express the partial deriva- 
tives with two variables in terms of finite differences. 
Since such formulas for high-order derivatives do not 
seem to have been reported in the literature, these will 
be derived in the following section. 


DERIVATIVES IN TERMS OF DIFFERENCES 


The expression of partial ‘derivatives of two inde- 
pendent variables x and y, in terms of differences can 
be derived by using Bierman’s‘ general formula for 
double interpolation. This formula can be written in 
the following notation: 
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Here / and k are the intervals between the equidistant 
values of x and y, respectively, and R(x», yo) is the re- 
mainder term, and A’s are double or two-way differ- 
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Fic. 4. The diagonal arrangement of the five points of the net. 


>z 
> 





40. Biermann, Mathematische Naherungsmethoden. (Friedrich 
Vieweg Sohn, Braunschweig, Germany, 1905), p. 138. 
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ences.® The definitions of these double differences are 
reviewed in the Appendix along with this system of 
notation. As may be seen, Biermann’s formula is for 
forward interpolation only. Similar formula can be also 
derived for backward and central interpolations. This 
will not be shown here. 

In order to obtain the partial derivatives, this inter- 
polation formula is simply differentiated the required 
number of times with respect to x and y, and after this 
x is set equal to x» and y is set equal to yo. By doing this, 
the partial derivatives of two independent variables for 
different orders will be obtained as follows: 
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°J. B. Scarborough, Numerical Mathematical Analysis (The 
Johns Hopkins Press, Baltimore, 1950), second edition, p. 116. 


It follows that the formulas just derived can be used 
to express the partial derivatives of Eqs. (1) and (2) in 
terms of finite differences by the substitution of z for x 
and r for y. In addition, square meshes may be chosen, 
that ish=k. Equations (1) and (2) become, respectively, 
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Equations (3) and (4) make it possible to calculate the 
potentials at all mesh points of the whole plane shown 
in Fig. 3. Finally the shapes of the cathode and anode 
electrodes and the equipotential lines between them 
can be easily plotted by interpolation. 

The accuracy of this step-ahead numerical method is 
limited by two types of errors, namely, truncation 
errors and numerical errors. The truncation error arises 
because of the replacement of a differential equation 
by a difference equation. This error obviously depends 
upon the size of the mesh and how many terms in Eqs. 
(3) and (4) are used in the calculations. The numerical! 
error is introduced in the process of solving the partial 
difference equation by the numerical method. A suffi- 
cient number of decimal places must be employed in 
order to reduce this type of error. 


CALCULATION OF THE EQUIPOTENTIAL SURFACES 


Figure 5 shows the results of the calculations of the 
electrostatic equipotentials by means of Eqs. (3) and (4) 
for parallel flow of electrons within a cylindrical beam 
which originates from a flat-disk cathode. The geo- 
metrical dimensions of the cathode and anode system 
are chosen so that they can be compared directly with 
Pierce’s experimental curves.” Along the axis, potentials 
have been calculated according to the space-charge 
equation Vo=Az‘* and in order to minimize the 
numerical error, all the calculations have been carried 
out up to eight decimal places. The first five decimal 
places of the calculated potentials at each mesh point 
has been written down as shown in Fig. 5. 

The side of the square meshes was chosen to be one- 
half of the radius of the cathode. With such a size of the 
meshes the value of the potential is known for a suffi- 
cient number of mesh points in the beam in order to 
evaluate the finite differences up to fourth order. Con- 
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sequently the potentials outside of the beam are im- 
mediately given by Eqs. (3) and (4) up to and including 
the fourth-order derivative terms. After the first four 
rows of the potentials are calculated, the size of the 
meshes can be enlarged such as shown in Fig. 5, and 
the subsequent calculations will still include the fourth- 
order terms. Since the formulas for the determination 
of potentials by using different order of finite differences 
have been derived by the use of forward interpolation 
formula, some potentials of mesh points beyond the 
anode in the axial direction may be evaluated if needed 
for maintaining the higher-order terms in the calcula- 
tions for points in the anode region. 

In order to avoid any discrepancy of the results ob- 
tained by the use of Eqs. (3) and (4), the potential at 
each point has been calculated by both formulas. Mean 
values have been used for further calculations. The 
first number under each mesh point is the value calcu- 
lated by Eq. (3), and the second number is that ac- 
cording to Eq. (4). The mean value of those two 
numbers is given above each of the mesh points. All the 
points shown in Fig. 5 have been calculated by carrying 
the formulas to fourth-order terms. Equipotential lines 
have been plotted by means of interpolation. These 
equipotential lines thus obtained are almost in perfect 
agreement with Pierce’s experimental curves. It is inter- 
esting to see that the cathode electrode surface which 
was found by the above calculations does meet the 
normal to the cathode with the required angle of 67.5° 
as pointed out by Pierce; and also the cathode electrode 
shape can be approximated by two straight lines joining 
each other as the dotted lines shown in Fig. 5. One 
straight line meets the normal to the cathode at an 
angle of 67.5°, and the other at about 74° as Pierce 
proposed,® except the joining point of these two straight 
lines in our calculation is located closer to the cathode 
than Pierce suggested. 

Certainly high-speed electronic computing devices 
would permit the calculations to be carried out so as to 
involve higher-order finite difference terms, and the 
use of smaller mesh sizes in order to obtain more 
accurate results. Theoretically it is possible to obtain 
potential values as accurately as is desired. 

Because of the apparent precision of the above calcu- 
lations, it was deemed worth while to construct an 
exact electrolytic trough model in which the shapes of 
the cathode and anode surfaces as well as that of the 
electron beam were accurately made to scale in order 
to have an experimental check on the calculations. 


EXPERIMENTAL APPARATUS 
The Electrolytic Trough 


An electrolytic tank with a tilted bottom and con- 
structed of Lucite served to contain a dilute solution of 
potassium chloride which was used as the electrolyte 
in these experiments. A cylindrical section of a piece 


°J. R. Pierce, Patent No. 2268,197, Part 4. 
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of insulating material was inserted in the electrolyte to 
represent the edge of the beam. The cathode and anode 
electrodes are of brass, and were turned in a lathe and 
shaped according to the theoretical calculations such 
that the faces of the electrodes were surfaces of revolu- 
tion. Consequently, more accurate results were to be 
expected than any heretofore obtained by means of 
experiments which employed flat metal sheet electrodes 
empirically shaped. 

The thin edge of the wedge-shaped body of the elec- 
trolyte is the axis of the system. It was found that a 
fine line engraved along the axis on the bottom of the 
tank helps to eliminate the meniscus which usually 
exists along the axis. A sharp edge may then be pro- 
duced by overflowing the electrolyte beyond this axis 
and then draining it out slowly. As the electrolyte 
passes the engraved line, due to the surface tension 
effect, a perfect straight line is formed along the axis. 

As can be seen, if the calculated shapes of the elec- 
trodes are correct, the potentials along the electron 
beam should satisfy the space-charge equation 
V,=Az**, A measurement of potentials along the in- 
sulating piece which represents the beam will give a 
good check of the calculated electrode shapes. This 
can be done by measuring the ac potentials directly by a 
calibrated precision voltmeter through a probe, or else 
these ac potentials may be compared with the voltages 
from a voltage divider made from precision resistors or 
a shaped resistance card.f 

The potentials thus measured at points along the 
electron beam edge of the electrolyte model agree with 
the required function Vo=Az‘* within the accuracy 
of the measuring devices. Hence it may be concluded 
that the electrode shapes which have been calculated 
through the use of even such large meshes as shown in 
Fig. 5 have proved to be more definite and accurate, 
when checked in the electrolytic trough, than those 
determined by the empirical bending of thin metal 
electrodes until the required voltage distribution is 
obtained. 


Mapping Device 


In order to check the calculated equipotential lines 
between the electrodes, an experimental mapping of 
the equipotentials in the electrolyte is desired. For the 
purpose of mapping the equipotentials on a drawing 
board, a one-to-one pantograph which links rigidly the 
probe to the writing device has been designed and con- 
structed as shown in Fig. 6. The probe P, is made to be 
able to move freely in two dimensions by sliding along 


t The shaped resistance card can be made as follows: The first 
derivative of the desired voltage function is plotted on a graph 
sheet. Then a thin insulating piece is cut according to the shape 
of the graph, and then a thin high-resistance Manganin wire is 
wound around this piece. If the winding is made so close together 
that all the surface of this insulating piece is covered entirely by 
the wire without overlapping, then the total length of the wire 
used between any two positions will be proportional to the area 
it covered. This is essentially an integrating process. Consequently, 
along the axis of the graph the desired voltage function appears. 
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Fic. 6. Photograph of the one-to-one pantograph and 
the plotting device. 


two pairs of ground drill rods. The smoothness of the 
movement is insured by the use of the ball bearing B 
and rollers at the joints to reduce friction. Accurate 
mapping is made possible by this design. The panto- 
graph is mounted on a heavy table which makes it rigid 
and unshakable, and incorporates the necessary leveling 
screws both for the table, the trough, and the panto- 
graph. The probe which is made of 0.001-inch tungsten 
wire is shielded and was designed to be adjustable up 
and down to give any desirable penetration into the 
electrolyte. The whole system could be leveled hori- 
zontally so that the probe will always penetrate into 
the electrolyte with the same depth for the entire surface. 


Bridge Network 


In order to avoid nonlinear conduction due to polar- 
ization at the electrode surfaces, an ac voltage (as is 
the customary practice) was used for the bridge. In 
our experiments, a frequency of 1000 cycles per second 
was employed. However, for any ac bridge network, 
stray admittances introduce considerable error in the 
balance point of the bridge. There are mainly two kinds 
of stray admittances, namely, the earth-admittance 
and the inter-branch admittances. In general, the stray 
earth-admittance is by far the more important one, and 
its effect on the bridge balance can be improved by the 
use of a Wagner ground device. 

In the common form of Wagner ground, a transformer 
is used to couple the bridge and the detector. A trans- 
former in such a position is unsatisfactory for the 
following reasons: (i) It has a low sensitivity if the 
bridge presents a high impedance to the detector. (ii) A 
high-impedance transformer introduces stray voltage 
by magnetic coupling with other parts of the circuit or 
with external circuits, and it is therefore necessary that 
this transformer be doubly shielded. If this detector 
input transformer is eliminated, then the difficulty 
arises as to how the amplifier is to be grounded properly. 
The grounding on one terminal of capacity coupled 
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input amplifier makes the Wagner ground useless. An 
ordinary ungrounded amplifier usually introduces an 
intolerable amount of stray signals. 

Austin’s’ method of separate balancing has been 
found to be applicable here. This method of con- 
necting and balancing the Wagner ground circuit in- 
volves two steps; first, the Wagner ground W and the 
reference-bridge arm A are connected to the detector 
amplifier input as shown in Fig. 7 and balanced, and 
secondly the probe P and the Wagner ground are 
connected to the detector amplifier input and the 
equipotentials may then be traced out. 

The elimination of the transformer which was em- 
ployed between the bridge and the detector was made 
possible by means of this method and also permits one 
of the input leads of the amplifier to be grounded. 


Plotting Device 


The equipotential lines were electrically recorded in 
these experiments on an electrosensitive paper.{ For 
a moderate recording speed, an open circuit voltage of 
approximately 100 volts and 10 to 15 milliamperes, 
when applied across this paper, causes a tiny spark to 
occur and as a result a distinctly fine point is made on 
the paper. The scriber was a stylus of long-wearing 
hard-drawn tungsten wire. Figure 7 shows a semi- 
schematic diagram of the circuit for the plotting device. 
After amplification by a two-stage amplifier, the output 
of the bridge is rectified by a diode 7;. A small bias has 
been placed on the cathode of the diode 7; to eliminate 
any small current which may flow through the diode 
due to either contact difference of potentials or the 
finite velocity of emission of the electrons from the 
cathodes of the diodes. The negative dc voltage thus 
generated is applied to the grid of a thyratron. When 
the bridge is at balance, the dc bias is removed from the 
grid of the thyratron and conduction occurs. The 
steady bias of the thyratron can be adjusted to be just 
slightly above the potential needed in order that the 
thyratron fires. Under this condition the plate circuit 
of the thyratron gives enough voltage and current to 
make a spot on the recording paper. When the bridge 


soe 7* 
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Fic. 7. A sketch of the electronic circuit for the bridge 
network and the plotting device. 


7A. V. Austin, Bur. Standards J. Research 21, 425 (1938). 
t “Teledelto” paper manufactured by Western Union Telegraph 
Company was employed. 
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is slightly off balance, a negative dc voltage is de- 
veloped on the grid which cuts off the thyratron 
when the ac plate voltage next becomes negative. 
Consequently no mark will show on the electrosensitive 
paper. If the bridge potentiometer is set at a given 
potential and the probe is moved in a zig-zag fashion 
in the electrolytic trough, then whenever it passes a 
point in the electrolyte which has a potential equal to 
that of the reference potential a spot will be formed on 
the electrosensitive paper. Equipotential lines can be 
plotted very quickly this way. 

The shapes of the electrodes and the equipotential 
lines which have been obtained experimentally are 
shown in Fig. 8. If Fig. 5 and Fig. 8 are compared, it is 
seen that the equipotentials thus determined experi- 
mentally follow very closely to the theoretically calcu- 
lated curves. 


APPENDIX 
Definitions of the Double or Two-way Differences 


Let f(x, y) be any function of two independent vari- 
ables x and y, and let f,,=/(x,, y.). A function table 
(Table I) can be constructed as follows. 


POTENTIAL 














TABLE I. 
Xo xX Xe X3 Xm 
Vo Soo io foo fso -°° Smo 
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The double or two-way differences are defined as follows: 


Azfoo= fio— foo, 
Azfu=fu—fo, 
Az for= fiz— for ; 


Ay foo= foi— foo, 
Ayfio= frr— fio, 
Ay foo= foi— foo; 


AAyfoo= A:fou- Azfoo 
= Ayfio— Ay foo, 
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Fic. 8. Experimentally determined equipotential surfaces about 
a cylindrical rectilinear space-charge limited electron beam which 
originates from a plane cathode. Cathode and anode shapes are 
the calculated ones from Fig. 5. 


A? foo= (feo— f10) — (fro— foo) = foo— 2f10+ foo, 
A? for=fa—2fiutfor; 


Ay foo= fo2z— 2foitfoo, 
AY fio= fie— 2fiut fio. 
AZAyfoo= A?Zfu-— A? foo, 
A,Ay foo= Ay foi— Ay foo. 


The general formula for writing down these double 
differences is easily seen to be 


A,"A,” foo= Az" fo, an nd,” fo, bail 
n(n—1) 
te i n—2t* +A." foo 
= Ay" fm,o— MAy" fm—1,0 


m(m—1) 
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The dielectric constant ¢’/¢9 and loss tangent tané of barium-strontium titanate ceramics were measured as 
a function of temperature and static electric field at frequencies of 10 kc, 500 kc, and 3000 Mc. No frequency 
dependence of e’/¢9 was apparent at temperatures above the Curie point. An increase in tand was observed 
in going from the low frequencies to 3000 Mc, but above the Curie point the values were not excessively 
large. A description of the 3000 Mc bridge construction and operation is given. 





INTRODUCTION 


HE behavior of barium titanate, strontium titan- 
ate, and mixtures of the two as high dielectric 
ceramics has been investigated by many.'~* Published 
data has included the temperature and electric field 
dependence of the dielectric constant and loss tangent 
of these materials at various frequencies. This paper 
will be primarily concerned with the results of further 
measurements made on the mixtures 73 percent barium 
titanate: 27 percent strontium titanate (designated BS- 
73) and 60 percent barium titanate: 40 percent stron- 
tium titanate (BS60) at a frequency of 3000 Mc. 

A coaxial microwave bridge technique was used to 
measure the complex propagation constants and hence 
complex dielectric constants of these materials. 

The experiments were undertaken to establish 
whether these materials could be used for circuit 
elements at 3000 Mc. 


METHOD 


A block diagram of the 3000 Mc bridge is shown in 
Fig. 1. The beyond-cutoff variable attenuator, cali- 
brated up to 60 db, was used so that variation of 
attenuation would not be associated with a phase 
change. The slotted line probe, in conjunction with a 
spectrum analyzer used as a null detector, made it 
possible to follow the movement of a given null point as 
the electrical length of the left bridge arm, and hence 
the phase angle of the wave traversing it, was changed. 
Since the value of e’/e9 depended on the temperature 
and on applied dc field, a change in either variable 
resulted in a shift of position of the null point. 

As long as this change was continuous, the difficulty 
arising from following a given null point for more than 
the length of the slotted line (5 cm) was avoided by 
keeping count of succeeding null points and adding a 
half-wavelength for each. However, operation of the 
bridge depended on having an initial condition of an 
unfilled sample holder (e’/e9=1). Subsequently, the 


1Von Hippel, Breckenridge, Chesley, and Tisza, Ind. Eng. 
Chem. 38, 1097 (1946). 

2S. Roberts, Phys. Rev. 71, 890 (1947). 

3 M.I.T. Laboratory for Insulation Research Tables of Dielectric 
Materials (1948). 

4 Powles and Jackson, Proc. Inst. Elec. Engrs. Pt. ITI 96, 383 
(1949). 


first reading of the bridge with the sample in place 
represented a discontinuous change from the zero condi- 
tion. Therefore, an ambiguity existed in so far as the 
exact number of electrical half-wavelengths of sample 
and corresponding to the initial temperature field was 
not known. 
The equation governing the operation of the bridge 
was® 
(n—1)L,=2(xo—x)+NdXo/2. (1) 


Here x» and x denoted the positions of the probe with 
sample holder empty and with the sample in 
place, respectively; N was an integral number of 
electrical half-wavelengths in the sample; LZ, was the 
sample length in centimeters, and Xo the free space 
wavelength of the frequency used. The difficulty 
centered about resolving the uncertainty in V so that 
n, the index of refraction of the sample, could be 
determined.5 

The solution to this problem was facilitated by the 
use of the Curie-Weiss law, 


€o/e' = (T—T.)/C, (2) 


where €/e¢’ is equal to the reciprocal of dielectric con- 
stant, JT the temperature in degrees K, T, the Curie 
temperature and C a constant.® 

The procedure consisted of making a temperature 
run on a sample, which had a physical length Ly. 
Using a series of arbitrary values of NV, it was possible 
to make a corresponding series of Curie-Weiss plots 
of the data, only one of which was correct. This pro- 
cedure was repeated on the same sample after it had 
been cut to a new length L,2 and the two series of plots 
were compared. Due to the obvious fact that, for a 
given sample, a change in its physical length could not 
change its dielectric properties, comparison had to 
indicate a match between one and only one plot of 
each series, thus fixing the correct value of NV. 

It was possible to check this method by measuring a 
sample cut sufficiently thin to insure its being less than 
one electrical half-wavelength at high temperatures. 

An approximate formula for the loss tangent (tan 


5 See Appendix. 

® A distinction should be made between 7. and the temperature 
of maximum ¢’/é¢o often called 7,, or the Curie point, since the 
two are in general not equal. 
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BARITUM-STRONTIUM 


§=e’’/e’) was given by 
tand=a’do/27.2L,n, (3) 


where a’ was the reading of the variable attenuator in 
decibels. 


EXPERIMENTAL PROCEDURE 


The coaxial section sample holder is shown in Fig. 2. 
The samples themselves were fabricated in the form of 
ceramic cylinders of 2.1 cm o.d., 1.6 cm i.d., and having 
lengths ranging from about 0.5 cm to 2 cm. Con- 
ductive coatings of silver were baked on outer and 
inner surfaces, which were then tinned with low tem- 
perature (125°C) solder. This same procedure was 
followed for the ceramic quarter-wavelength sections, 
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Fic. 1. Block diagram of 3000 Mc bridge. 


which were employed to properly match the high 
dielectric material to the line and thus avoid large 
standing wave ratios. These sections were made from 
mixtures of strontium titanate and magnesium titanate, 
with dielectric constants in the range of 40-60. This 
corresponded approximately to the square root of the 
dielectric constant of the samples through most of the 
range of measurement and thus afforded satisfactory 
matching. 

After cementing the matching sections to the faces 
of the sample, the three piece assembly was soldered 
in the holder. A great deal of care was exercised in. 


1. Choosing a cement which could withstand the 
temperature extremes and the electric field without 
breakdown. 
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Fic. 2. ¢ inch coaxial section sample holder. 


2. Cleaning the end faces of the assembly to prevent 
leakage of the high dc voltage. 
3. Soldering so as to not harm the ceramics. 


The sample holder was held in place in an insulated 
box, the temperature of which could be varied from 
—70°C to +100°C by means of dry ice and strip 
heaters. Temperature was determined by a copper- 
constantan thermocouple soldered to the outer con- 
ductor, directly in line with the sample. Thermal lag 
was held to a minimum by the good thermal configura- 
tion (ceramic-solder-copper jacket-solder-thermocouple) 
and the low time rate of change of temperature. The 
left bridge arm was completed by connecting the ex- 
ternal ;-in. coaxial line to the }-in. sample holder 
through tapered sections. A water-cooled jacket pro- 
tected those parts of the line adjacent to the sample 
holder. 

In the high voltage circuit, the outer conductor was 
grounded, and the dc voltage fed through the inside of 
the center conductor. 

For purposes of comparison, low-frequency data were 
taken on several samples. This was felt to be necessary 
despite the abundance of such data in the literature, 
because the results in general vary with the methods of 
preparation of samples. A General Radio type 650A 
impedance bridge was used to measure the capacitance 
of the ceramic rings at 10 kc. To make similar measure- 
ments at 500 kc, a General Radio type 916AL bridge 
was employed. Corrections for edge effects were made 
in all cases, 
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Fic. 3. Temperature dependence of dielectric constant at 3000 
Mc of 73 percent BaTiO;:27 percent SrTiO; for three values of 
electric field. 


RESULTS AND CONCLUSIONS 


Figure 3 demonstrates the temperature dependence 
of ¢’/€9 at 3000 Mc of a sample*of BS73 for three val- 
ues of electric field. As the field increases, T,, shifts to 
the right from its zero field value of 20°C, while e’/€omax 
is depressed, particularly at the peak. 

The corresponding curves for tané are shown in Fig. 4. 
The zero field curve exhibits a peak at 10°C but tané 
drops off rapidly to about 0.05 at 60°C. The large value 
of tané below the peak is a behavior quite different from 
that exhibited at low frequencies. Powles and Jackson‘ 
have witnessed a similar, behavior for barium titanate 
at 9450 Mc, with a peak at about 110°C. 

The sample on which the data of Figs. 3 and 4 were 
taken was one of the results of an earlier fabrication 
technique which improved rapidly with time. As the 
ceramic bodies become more dense, (e’/€o)max increased, 
and the bodies were able to withstand higher fields. 
Figure 5 shows the data taken on one of the later 
samples, with fields up to almost 20 kv per cm and 
(e’/€o)max equal to 5300. It may be seen that the de- 
pression of (e¢’/€o)max and shift upwards in temperature 
of T,, with increasing E is very marked. 

The results of a comparison of low frequency and 
microwave data can be stated as follows: for a given 
sample of BS73 in the temperature range 25° to 100°C 
(above the Curie point), e’/¢9 as determined at 3000 Mc 
was identical (within 5 percent) with its values at 10 ke 
and 500 kc; this same behavior was observed for BS60 
in the range —20° to 100°C (again above the Curie 
point). 

Previous investigators have reported on the variation 
of the Curie point with composition of barium-strontium 
titanate mixtures.’~* They discovered an almost linear 

7 Jackson and Reddish, Nature 156, 717 (1945). 


* Rushman and Strivens, Trans. Faraday Soc. 42A, 231 (1946). 
* Jonker and Van Santen, Philips Tech. Rev. 11, 183 (1949). 
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relationship to exist between the two variables. As a 
secondary result of the present work, the authors have 
determined the Curie temperatures of nine barium- 
strontium titanate compositions and have obtained 
similar results. Table I lists these results derived from 
measurements performed at 500 kc. Strontium titanate 
appeared to have a Curie temperature of 33°K, as 
derived from extrapolation of its Curie-Weiss plot past 
77°K (lowest point taken). It is necessary to emphasize 
that the Curie temperature, as defined by Eq. (2), was 
determined by extrapolation of the €/e’ vs T curve. 
For this purpose, ¢’/¢) was measured over a large range 
above the Curie point to insure the accuracy of the 
extrapolation. 

At this point, it is worth mentioning that the authors 
have observed a dependence of their results on raw 
material lot, firing temperature, and firing schedule. 
Any comparison of results of different authors should 
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Fic. 4. Temperature dependence of loss tangent at 3000 Mc of 
73 percent BaTiO;:27 percent SrTiO; for three values of electric 
field. 


certainly take into account the possible variation of 
such factors from one investigator to the next. 

The authors believe the following conclusions may 
be drawn on the basis of the experimental results. 


1. The barium-strontium titanate ceramics studied 
above their respective Curie points possessed a dielectric 
constant which, for a given temperature and applied 
field, was identical at the frequencies 10 kc, 500 kc, and 
3000 Mc. It is interesting to compare this result with 
the measurements on ceramics presumably similar to 
BS73 reported by Powles and Jackson.‘ At 20°C, they 
observed a large decrease in ¢’/€9 at a frequency of 9450 
Mc, as compared with their own low-frequency data for 
e’/eo at 1.5 Mc. This may indicate the existence of a 
relaxation frequency above the Curie temperature for 
this composition in the range 3000 Mc to 9450 Mc. 
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However, their data gives ¢’/e) for this composition 
only at 20°C. 

2. The loss tangent of the ceramics was higher at 
3000 Mc than at the low frequencies, but not excessively 
so above the Curie point, at least not so large as to 
prevent the use of this material as a circuit element at 
3000 Mc. However, the values were larger than would 
be desired for some purposes. The increase of tané below 
the Curie point would seem to be similar to the behavior 
of barium-titanate at room temperature.’ 


The authors extend their appreciation and sincere 
thanks to J. H. Saunders and R. M. Boutilier of this 
laboratory for assisting with measurements and with 
preparation of samples. 


TABLE I. Curie temperatures of various barium 
strontium titanate compositions. 














Curie 
Mole percent temperature 
BaTiOs Te(°K) 

100.0 378 
75.9 305 
68.0 284 
64.9 272 
59.5 254 
54.0 243 
49.0 233 
44.0 213 
0.0 33 








APPENDIX 


Consideration of the complex propagation constant 


y=at j8= j(€/€o)!2m/Xo (4) 
and the definitions 
e= '— je’ (5) 
tand= e’’/e’ (6) 
lead to the relations 
2a 
tan6 = —————— (7) 
B(1—a?/6*) 
e'/eg= n?(1—a°/6*). (8) 


For tané<4, approximations correct to better than 
about 2.5 percent may be made for (7) and (8) as 
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Fic. 5. Temperature and electric field dependence of dielectric 
constant at 3000 Mc of 73 percent BaTiO;:27 percent SrTiOs. 


follows: 
tanéd= 2a/B (9) 


é /eg=n*. (10) 


After conversion of a and 8 to experimentally measur- 
able quantities, 


a=a'/8.686L., (11) 
8=2n/do (12) 


Eq. (3) of the text is obtainable from (9). 

Equation (2) results from equating phase change in 
the sample to the observed shift in the null point. The 
factor of two in the equation arises from the configura- 
tion whereby the probe is moving toward the signal 
source in one bridge arm but away from it in the other. 
To the approximation (10), Eq. (1) may be written as 


é' /eo= {[2(x0o— x) + Ndo/2V Le +1)2. (13) 
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A More Exact Treatment of the Equations Describing Dielectric Relaxation 
and Carrier Motion in Semiconductors* 
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Previous treatments of the linearized equations describing hole and electron flow in a homogeneous semi- 
conductor have not been wholly satisfying mathematically. An exact treatment of these equations is under- 
taken and it is demonstrated that the departure from complete local charge neutrality implicit in the 
equations corresponds to a polarization attributable to local variations of conductivity. The dielectric 
relaxation is described and exact expressions for the effective mobility and diffusion coefficients are obtained. 
The corrections to the older values are of magnitude 7,/7, where 1, is the relaxation time and r the lifetime. 


For semiconductors, these corrections are negligible. 


AN Roosbroeck and, independently, Brooks, 
have treated the linearized first-order equations 
describing hole and electron flow in a general homoge- 
neous semiconductor. Similar equations are of interest 
in gas discharge theory. The equations are: 


on on 
—= —r(nopt+ pon) +unEo— 
ot Ox 
4irg O’n 
+ pnNo—(p—n)+ D.—, (A) 
K x? 
Op Op 
—=—r1(nop+ pon) — upEo— 
ot Ox 
4g op 
—Hppo—(p—n)+D,—. (B) 
K Ox" 


Here fo and mp are the equilibrium hole and electron 
densities; p and m are the excess densities; un, up, Dn, 
D, are the respective mobilities and diffusion coefficients; 
r is the recombination coefficient and « the dielectric 
constant. Ep is the electric field present. 

It has been shown that since relaxation sets in 
quickly, injection gives rise to the diffusion of a neutral 
irregularity in the crystal, described to a high degree of 
approximation, by 


r (x—p’ Er)? 
n= p= exp ( — —~}), (1) 
(4rD’t)! 4D't 


where J is a constant of proportionality, and the effec- 
tive lifetime, diffusion coefficient and mobility are 





t=1/r(not+ po), (2) 
not Po 
‘= : (3) 
(no/Dy)+ (po/Dn) 
No— Po 


/ 


(wal tp)+ (Po/ ttn) 


* The research in this document was supported jointly by the 
Army, Navy, and Air Force under contract with the Massa- 
chusetts Institute of Technology. 

+ Staff member. 





(4) 


Previous treatments of Eqs. (A) and (B) have not 
been wholly satisfying mathematically. In this paper, 
an exact treatment of Eqs. (A) and (B) is undertaken, 
and it is demonstrated that the departure from complete 
local charge neutrality implicit in our equations corre- 
sponds to a polarization of excess carrier density. The 
dielectric relaxation is described, and exact expressions 
for the mobility and diffusion coefficient are obtained. 
It is shown that corrections to the values above are of 
magnitude 7,/7 where 1, is the relaxation time. 

Our equations may be rewritten compactly in the 
following way: 





On on O7n 

—= —an— pt bypEo—+ 6D, —, (A’) 
ot Ox x? 

op op ep 

—= —a2p— yt— p,»Eo—+ D,—, (B’) 
ot Ox Ox? 


where 
b=pn/y (5) 


a1=7(potbOno) yi=1N9(1— A) 


6=4aqu,/xr 


(6) 
as=r(ntot+Opo) v2=rpo(1—8). 
We assume that, at ‘=0, 
n=NoS(x—%) p=Pod(x—X). (7) 


If (A’) and (B’) are integrated over all space, and we 
use the notation 


N= rae, P= [ eae, we find 


dN /dt= —a,N—Y,P, (8) 
dP/dt= —aeP— y2N, (9) 


whose solution, obtained by use of Laplace transforms, 
is 
N= K9€~"!*"-+- Kone", 
(10) 
P= K ye ttre Koy € tir 
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EQUATIONS DESCRIBING DIELECTRIC RELAXATION 


The relaxation time, 7,, is found to be 


1 
= = ; ine (11) 
Or(potbno) 4xq(nount pop) 4x0 


and the lifetime r is 








t= 1/r(not+ po). (12) 
One also finds that 
Kon= Kop 
, Nol (440n/x) — nor ]+ Pol (420p/x)— bor} an 
(440/x)— 7 


where o,=Moung and o,= poupg. Equation (13) implies 
that over-all charge neutrality (but not local charge 
neutrality) sets in within the relaxation time 7,. It is 
noted that excess majority carriers placed in a strongly 
n- or p-type semiconductor decay, i.e., disappear almost 
completely, but that excess minority carriers are neu- 
tralized, leaving a neutral spike in the carrier distri- 
butions. When hole-electron pairs are injected by light, 
over-all charge neutrality is already present and no 
decay takes place. 

We now consider the behavior of the first moments of 
our distribution. We deal with the neutral case No= Po 
=. We multiply (A’) and (B’) by x and integrate 
again over all space. We employ the notation 


xs(0= f nde x= f xpi 


Our equation becomes 


d 

—2q") = — a Xq") — yxy" — bu ypEoN (2), 

dt 

d 

Pie — arty) — yor, + ppEoP (t). 
t 


In terms of the Laplace transform variable s, our 
equations are 








—pnEod 
(star)x,+yix,Y = > 
s+r 
m 
(st-a2)xp+y2x,) = ' 
str! 


When the second of these equations is subtracted from 
the first, we find 








n> fms E 
(st+771) (xn —2,) = (un+Hp) ~ 
str 
so that 
12,0 | 1: __!} =o 
s+ r} s+ t; t= rm 
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This result implies that, after relaxation, each in- 
jected hole-electron pair has a dipole moment given by 


q(unt+up) 


p=q(x,P—2x,) = Ee", (14) 


t (—T 
i.e., each excess hole-electron pair has a “polarizability” 
given by 


(nt Hp) g(unt+Hp) 


a ~ ; 
t, '—7! 4ra/k 





This “polarization” corresponds simply to the charge 
densities associated with local conductivity changes in 
the semiconductor. 

It is also found that, after relaxation, 


Y2n— YiMp ; 
= Eee", (15) 
1 


t, '— 7 


dx, dx, 


dt dt 





i.e., the effective mobility is 


No— Po [ 1 
(o/t1n)+ (no/ttp)L1— (12/7) 


r nn 
+( T = = (16) 
T—Ty not Po 








We see that w’ differs from the older result by terms of 
the order of r,/r. For germanium and silicon, r,-~10~"p 
seconds, where p is the resistivity in ohm-cm. For our 
differential equations to be valid, r will be at least 10~® 
second, so that 7,/7 corrections will be very small. 

The effective diffusion coefficient D’ may be found 
from the second moments. For simplicity we will assume 
Eo=0. The dependence of D’ on Ep should be small. 
Our equations are: © 


d 
dt 
(17) 
= — ax,” — Yt, + 2D,P™. 
t 


Then, in terms of the Laplace transform variable s, 
2r |D, v1 

str “"|D, st+az 
(s+7-)(st7-4) | 














x,2= 


We want the coefficient of 1/(s+-7~')? whose inverse 
transform is te~‘/*. This we find to be 


dx, /dt=2D’, 
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where 
~ —y2D,—-1D, Not Po 1 
teat (no/Dy)+ (Po/Da)L1— (1/7) 
Tr NyDyt+ poD n 
-( ) ~ (18) 
T—T, Not Po 


again the older result with r,/7 corrections. 
The process outlined may be used as the basis of a 


recursion process providing the lifetime parts of all the 
higher moments, i.e., the parts remaining after relaxa- 
tion has taken place. It is then seen that for this case of 
Eo = 0, 

— 


(4rD't)} 


~1n™~ em? 4D't 


I would like to thank Professor H. Brooks of Harvard 
University and Professors W. P. Allis, R. B. Adler, and 
J. E. Thomas, Jr., for their interest and helpful dis- 
cussion. 
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Reactor kinetic equations are given together with the equations for fission product poisoning and tempera 
ture effects. A conceptual design of a reactor simulator is presented and the numerical values of the coeffi- 


cients are listed. 


NALOG computers for the solution of complex 
physical problems have become increasingly 
important in many branches of applied physics. Where 
the analytical solution is difficult or tedious, the analog 
computer provides a rapid and accurate answer over a 
wide range of dynamic variables. 

Coincident with the growth of analog computer 
techniques has been the birth and development of 
nuclear reactor dynamics. There have been some recent 
attempts to use these techniques in reactor studies, and 
there is undoubtedly much to be gained in the use of 
analog computers in preference to analytical methods. 
With the declassification of certain nuclear data it has 
seemed worthwhile to. present a general conceptual 
design of a reactor simulator. The treatment of the 
reactor equations follows that of Glasstone and Edlund! 
while the computer terminology and conventions are 
from Korn and Korn.” 

In order to simulate the dynamic response of a pile it 
is not only necessary to design an analog computer for 
the kinetic equations* but it is also desirable to design 
computing circuits for the fission product poisoning 
effects and temperature effects.‘ It is convenient, both 
mathematically and in practice, to evaluate these 
effects in terms of excess reactivity (6k). They will 


1S. Glasstone and M. C. Edlund, The Elements of Nuclear 
n° Theory (D. Van Nostrand Company, Inc., New York, 
1 " 

2G. A. Korn and T. M. Korn, Electronic Analog Computers 
(McGraw-Hill Book Company, Inc., New York, 1952). 

*P. R. Bell and H. A. Straus, Rev. Sci. Instr. 21, 760 (1950). 
j — Trimmer and W. H. Jordan, Nucleonics 9, No. 4, 60 
1 ; 


therefore be derived on that basis and the resulting 
function of 5k will be fed into the kinetic analog. 


FISSION PRODUCT POISON 
The outstanding fission product poison is xenon 135 


with an absorption cross section of 3.5X10® barns at 
thermal energy. It is formed by the following process® 


—15.3mXe™ 


fission—2mTe'™— 6. 7hrl'*—9 2hrXe™—10%yrCs. 


Since the tellurium half-life is quite short compared to 
the iodine, it is customary to ignore it and consider the 
iodine as formed directly on fission with a yield of 5.6 
percent. By the same reasoning the isomeric Xe'*™ is 
usually ignored because of its comparatively short 
half-life. 

The equation for the iodine is 


dP, /dt=ynvk>q— XP ;—o nvP. 

Since the iodine absorption cross section is small, the 
last term may be dropped and the resulting equation is 
dP ,/dt=~ymnvk>.—);P i. 

To adapt this equation for analog operation it is re- 


written as 
dP; vi exp (B?r) 
s—_—_——ohMh 


dt I* 





—A;P. 


The analog is shown in Fig. 1(a). 


5C. D. Coryell and N. Sugraman, Radiochemical Studies: The 
Fission Products (McGraw-Hill Book Company, Inc., New York, 
1951), pp. 526-534. 
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REACTOR SI 


The xenon dynamic equation is 
dP,/dt=ynvkdqt+XdiPi:—A2P2—o72P mv. 


The first term on the right side gives the direct fission 
yield of xenon (0.3 percent) and is often ignored. 
Including it is no particular problem however, so the 
revised equation is 


dP, yz exp(B*r) 
——— == —_———————_1-+X:P;—A2P2—o2P nv 
dt 


The analog for this equation is shown in Fig. 1(b). 

In order to express the effect of xenon poisoning in 
terms of reactivity it is convenient to expand the ex- 
pression for 5k in terms of a fixed absorption character- 
istic of the unpoisoned reactor and a varaible absorption 
due to the xenon buildup. We can redefine k and L? in 
these terms as 


k=n2u/(Zat2,) L?=(32.(2.+2,) }. 
The reactivity is now 
{[32.(2a+2,) B+ 1} exp(B*r) 
2 n&u/(Bat2) | 
This may be simplified to 





bk=1 


B’ exp(B’r) >, exp(B*r) 
3nzu21 nu 


bk= 1— 





—I*vz,. 


The first three terms on the right side are just the 
ordinary expression for 5k without poisoning, which we 
will call 6%. We thus have 


bk= bko— I*yZ >. 


Now 2, is simply ¢:P:, which is generated by the 
xenon analog. 


TEMPERATURE EFFECT 


It is not always possible to design a generalized 
temperature analog since the possible heat removal 
schemes for a reactor are too varied. It is possible how- 
ever to introduce the effect of a general temperature 
change in the moderator. Since the effective change in 
neutron cross sections with temperature is due almost 
entirely to the change in neutron velocity with modera- 
tor temperature, the change in moderator temperature 
alone will be considered as the variable 7. 

Since most absorption cross sections vary as 1/7 
whereas scattering cross sections are almost velocity 
independent, the largest effect of a temperature varia- 
tion is to change L?. This change may be expressed in 
terms of a function R=(7/T>)! so that the effective 
diffusion length squared is L?R. The reactivity is thus 


(L?B?R+-1) exp(B*r) 
- ; 
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Fic. 1. Block diagram of simulator components. 


This may be simplified to 
5k= (1— R)(1—exp(B*r)/k)+ Roko. 


DELAYED NEUTRON EQUATIONS 


The basic equations for the time dependent thermal 
neutron flux with a Fermi source are 


dn/dt=nvk>, exp(— B*r)+ Anv/32,—nvZ4 
dc/dt=nvkBda— ec. 


These may be simplified to 


dn bk 8B er (— Bt) 
—=—h——n+ ic; exp(— B*r 
orf T= 
ae j 
e~ 8°r—_=—n—),c; exp(— B*r) 
dt I* 


where the second equation is the general form for each 
of the six delayed neutron emitters. The analog for the 
first equation is shown in Fig. 1(c). The analog for the 
second equation is shown in Fig. 1(d). There are six of 
these analogs for the six separate delayed neutron 
periods. 
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REACTIVITY CONTROL 


The input variable for the complete system is dko, 
corresponding to the operation of the control rods, etc. 
Combining the xenon and temperature coefficients, we 
have 


5k= (1—R)(1—exp(B*r)/k) —1*0, + Roko. 


The analog for this is shown in Fig. 1(e). 

It is necessary to multiply 6k by » in order to obtain 
ndk for the delayed neutron analog; the multiplication 
of , by m is necessary for the xenon analog. The temp- 
erature function R may be generated by some other 
analog of the heat transfer system or it may be set at 
some fixed value. The temperature variation of the 
xenon cross section has not been declassified by the U. 
S. Atomic Energy Commission, however it appears 
obvious that it is not a simple 1/v function but rather 
has*some sort of resonance structure. When this in- 
formation is available the fixed o, coefficient could be 
replaced by a servo-driven tapped potentiometer to 
reproduce the xenon cross section variation with R. 

So far nothing has been said about the actual values 
of the variables since in theory these have no effect on 
the analog operation. In practice however these values 
are of great importance if satisfactory performance is 
desired. 


COEFFICIENTS 


In the design of the operational analog it is necessary 
first of all to adjust the variables so that the constant 
multipliers do not have excessively large or small values 
and second to arrange that the variable multipliers have 
similar voltage values even though their equivalent 
functions have widely divergent values. The fixed 
constants are as follows (in the cgs system) : 


v= 2.2105 

A;=14 8;=0.00025 
= 1.61 = 0.00085 
= (0.456 =0,.00241 
=0.154 =0,.00213 
= 0.0315 = 0.00166 
= (0.0125 = 0.00025 

B=) 8;=0.00755 

i= 0.0224 

Ay= 2.9 10-5 

yz= 0.0012 

Az=2.1X10-° 

o2=3.5X10-, 





Oo ’ 





MEARA 


In addition there are some adjustable coefficients which 
vary within definite limits: 


1<k<2.1 
33<7< 400 
0< B*<0.025. 


One adjustable coefficient that may be quite widely 
varied is /* 
10-§<1*<10~. 


The values of the variables that are of interest are 
n>10’, and dynamic changes in 6% not greater than 
+0.1. (The criterion for  is-that it be high enough so 
that the xenon loss by neutron absorption shall be equal 
to or greater than the loss by decay. This occurs at a 
flux (nv) of 6X10".) 


SYMBOLS 
n= Neutron density. 
v= Thermal neutron velocity. 
~.= Macroscopic absorption cross section of reactor. 
A=Laplacian operator. 
c= Total number of delayed neutron emitters per cc. 
k= Ratio of thermal neutrons produced per generation 
to thermal neutrons captured per generation 
(n2u/Za). 
A=Decay constant. 
emission. 
r= Fermi age. 
1*= Mean life of thermal neutrons in finite geometry 
(vo ake ®**)—", 
L?= Diffusion length squared. 
8=Fraction of neutrons which are delayed. 
B= Buckling. 
P;= Number of iodine atoms per cc. 
yi:= Fractional yield of iodine per fission neutron. 
\,;= Decay constant for iodine. 
o;= Iodine capture cross section. 
P,= Number of xenon atoms per cc. 
z= Fractional yield of xenon per fission neutron. 
\z= Decay constant of xenon. 
oz= Xenon capture cross section. 
n= Number of neutrons produced per thermal neutron 
absorbed in fuel. 
2~.= Macroscopic uranium absorption cross section. 
~,= Macroscopic xenon absorption cross section. 


(L?B?+ 1) 
, -_ (B?r) | 


Probability per second for 


5k= Reactvity| i— 


2.= Macroscopic transport scattering cross section, 
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Crystallographic Variations of Field Emission from Tungsten* 


M. K. Witkinsont 
Research Laboratory of Electronics, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received May 20, 1953) 


A photometric method has been developed and used to measure field-emission electron currents as a func- 
tion of the crystallographic directions found in a tungsten single crystal emission point. Data obtained in- 
dicate that the appearance of bright and dark areas on the pattern of a field-emission projection tube can be 
explained by the differences in the work functions of the various crystallographic directions. The experiments 
also suggest that the value of the exponent of the work function needed to relate the field-emission equation 
to observed data is ($) as predicted by theory. The method of analysis is independent of the need for high 
accuracy of electric field determination. However, it does depend on a knowledge of the electric field distri- 
bution about the surface of the emission point. In these experiments, the field distribution was an assumption 
based on experimental data. 

To insure the constancy of the electron emission required for measurement it was necessary to maintain 
an excellent vacuum. A method is given for the attainment and maintenance of a pressure in the region of 


eS 





10-2 mm of Hg. 


I. INTRODUCTION 


HE most generally accepted theoretical explana- 

tion of field emission was first given by Fowler 
and Nordheim.' This theory was modified by Nord- 
heim,” and subsequently, Sommerfeld and Bethe*® gave 
a complete derivation. The expression obtained by 
them for the field-emission current was: 


J=1.55X10-*F’ g exp[— 6.86 107 ¢'F—'2(y)] (1) 


where J = current density in amp/cm?, g=surface work 
function in electron volts, F = electric field at the surface 
in volts/em, y=3.62X10~“F}/y, and v(y)=a slowly 
varying elliptic function of y. 

Since v(y) varies such a small amount for the normal 
experimental range in the surface field, data that fit 
this equation will fall on a nearly straight line when 
values of log(J/F*) are plotted as a function of 1/F, 
and the plot of log(J/F*) against 1/F is generally 
called the field-emission characteristic. Certain aspects 
of the theoretical equation have been proved, but there 
is disagreement on the type of dependence of the current 
density on the work function. Results by Muller‘ 
disagree with the theory and indicate that the current 
density depends exponentially on the third power of the 
work function, while later results by Haefer® require the 
} power as predicted by the theory. Experiments with 
the field-emission projection tube have led to a ques- 
tion concerning the type of pattern obtained. A photo- 


* This material is taken from a thesis submitted to the Depart- 
ment of Physics, Massachusetts Institute of Technology, in 
partial fulfillment of the requirements for the degree of Doctor 
of Philosophy. This work was supported in part by the Signal 
Corps, the Air Materiel Command, and the U. S. Office of Naval 
Research. 

t Present address: Oak Ridge National Laboratory, Oak Ridge, 
Tennessee. 

'R. H. Fowler and L. Nordheim, Proc. Roy. Soc. (London) 
A119, 173 (1928). 

*L. Nordheim, Proc. Roy. Soc. (London) 121, 628 (1928). 

*A. Sommerfeld and H. A. Bethe, Handbuch der Physik, 24, 
Part 2, Sec. 3, p. 436 (1934). 

*E. W. Muller, Z. Physik 102, 734 (1936). 

°R. Haefer, Z. Physik 116, 604 (1940). 
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graph of a typical field-emission pattern for clean 
tungsten is shown in Fig. 1 (a). Such a pattern portrays 
bright and dark spots which can be associated with 
emission along the various crystallographic directions, 
some of which are labeled in corresponding positions in 
Fig. 1 (b). The puzzling feature of these patterns is the 
reason for the dark spots. Most observers have felt 
that the differences in electron emission between bright 
and dark spots are much too large to be explained by 
the normal differences in the work functions of the 
crystallographic directions. 

The purpose of this research was to measure the 
relative field-emission currents along the main crystal- 
lographic directions of tungsten. A projection tube was 
used so that the state of contamination of the cathode 
would always be known from the pattern on the 
phosphor, and the study was made by photometering 
the light output along the various crystallographic 
directions. 


II. EXPERIMENTAL TECHNIQUES 
A. Construction of the Experimental Vacuum Tube 


The first experimental tubes were constructed accord- 
ing to the conventional design, in which the phosphor 
is deposited directly on the glass envelope and the 
high voltage is applied to a separate anode structure. 
These tubes were found to be unsatisfactory for quanti- 
tative measurements. The potential of the phosphor 
was measured® and found to be considerably lower than 
that of the anode structure, and it was not uniform 
throughout the phosphor. 

The experimental tube from which quantitative data 
were obtained was constructed with a layer of “con- 
ducting glass” on the inside of the glass envelope, and 
the phosphor was deposited on top of this layer. Such 
a tube allowed the voltage to be applied directly to the 
spherical surface and thereby eliminated the difficulties 


6 M. K. Wilkinson, Technical Report No. 228, R.L.E., M.LT. 
(1952). 
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(b) 


Fic. 1. Field-emission pattern of a clean tungsten cathode. 
(a) Photograph of projection-tube pattern; (b) Crystal surface 
diagram. 


experienced with tubes of the conventional type. The 
cathode was a sharp point etched electrolytically from 
tungsten wire in a solution of sodium hydroxide. This 
point cathode was mounted on a tungsten hairpin so 
that it could be heated and outgassed. The phosphor 
(ZnS, silver activated) was sprayed on the inside of 
the glass envelope from a solution containing a nitro- 
cellulose binder. Phosphor was deposited only on the 
top one-third of the bulb to eliminate reflected light 
reaching the pattern from the bottom part of the tube. 
Furthermore, only a very thin coating of phosphor 
was deposited to reduce to a minimum the diffusely 
scattered light from adjacent parts of the phosphor. 


WILKINSON 


B. Vacuum Techniques 


All experiments with field-emission projection tubes 
have indicated the necessity of extreme vacuum condi- 
tions in order to obtain a pattern of clean tungsten 
which remains stable with time. Since the point cathode 
is maintained at room temperature, any residual gas 
in the tube quickly adsorbs on the point, and the 
pattern produced by the field-emission electrons 
changes. With pressures of the order of 10-* mm of Hg, 
after the point is cleaned by a high temperature 
“flash,” the pattern changes so rapidly with time that 
it is difficult to determine the pattern representative 
of clean tungsten. The vacuum techniques used in this 
research were based on some earlier studies with field- 
emission projection tubes by Daniel’ and Moore.® 
Data from extensive experiments by Nottingham’ on 
ionization gauges were also extremely helpful. 

An ion gauge was connected directly to the experi- 
mental tube so that it could be used after the tube was 
sealed off the vacuum system. Two types of ion gauges 
were used during the research: the conventional ion 
gauge; and the new style ion gauge" which has the 
elements inverted to reduce the x-ray limit of the gauge. 
Both types of gauges were equipped with flash fila- 
ments for approximating pressures below the limits of 
the gauge. The x-ray limit of the particular Bayard- 
Alpert gauge which was used was about 5X 10—" mm of 
Hg. The tube and ion gauge were processed very 
thoroughly on the vacuum system by repeating a 
specific cycle of outgassing.® This cycle, which included 
baking all the glassware for several hours, heating the 
metal parts to high temperatures by high frequency 
induced currents and electron bombardment, and 
bombarding the phosphor by thermionic electrons, was 
repeated until the rate of change of the field-emission 
pattern with time indicated no change between two 
successive cycles. The pressure in the tube at this time 
was about 10-" mm of Hg. After the experimental tube 
was sealed off the vacuum system, the operation of the 
ion gauge served to clean up some of the residual gas. 
The pressure decreased slowly and, in about one week, 
it reached an equilibrium value of approximately 10~” 
mm of Hg. At this final pressure in the sealed off tube, 
the rate of contamination of the point cathode was 
very slow, and the field-emission pattern changed very 
slowly with time. The stability of the pattern is shown 
in the sequence of photographs in Fig. 2. The first sign 
of contamination, which appears as an enlargement of 
the dark spots for crystallographic directions of the 
(112) classification, is seen in the photograph taken 
twenty-four hours after the point was cleaned. 


7 J. H. Daniel, thesis, Massachusetts Institute of Technology, 
1940. 


8 N. H. Moore, thesis, Massachusetts Institute of Technology, 
1941. 


*W. B. Nottingham (private communication). 
© R. T. Bayard and D. Alpert, Rev. Sci. Instr. 21, 6, 571 (1950). 
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Fic. 2. Photographs showing rate of contamination of point cathode. (a) Immediately after flash; (b) 12 hours after flash; (c) 24 
hours after flash; (d) 48 hours after flash. 


C. Photometric Measurements 


The photometric method of measurement was ac- 
complished using a 931-A photomultiplier tube to 
measure the light output from the phosphor. Light 
from the desired crystallographic direction was focused 
by a simple lens on a small circular aperture in the 
photomultiplier housing. The currents produced in the 
931-A photomultiplier were measured by a null method 
with the circuit shown schematically in Fig. 3. Condi- 
tions could be fulfilled easily to insure that the currents 
produced in the photomultiplier were directly propor- 
tional to the field-emission currents. 


D. Relationship Between the Light Output from the 
Phosphor and the Potential of the Phosphor 


Nottingham" has shown that the light output from 
a phosphor per unit current striking it, varies with the 
potential of the phosphor according to the relationship 


L/IT=kvV" (2) 


where L is the light output from the phosphor, / is the 
electron current striking the phosphor, V is the poten- 
tial of the phosphor, and k and m are constants. The 
value of m varies with the type of phosphor, and it may 


" W. B. Nottingham, J. Appl. Phys. 10, 73 (1939). 
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Fic. 3. Circuit diagram of photometer. 


vary to a smaller degree for different samples of the 
same phosphor. An experimental determination of x was 
made after the tube had been processed and the final 
equilibrium pressure had been reached. 

Data obtained from the final experimental tube 
with a ZnS:Ag screen are shown in Fig. 4. Lr represents 
a measurement of light which was proportional to the 
total light output from the experimental tube and /7 
is the total collection current. The value of ”, which is 
determined from the slope of the best straight line 
through the plotted data, is 2.5. Data were also obtained 
for a tube with a willemite screen, and the value of 
was found to be 2.0. 


E. Determination of the Radius of the Point 


The radius of the point cathode was necessary for 
calculating the electric fields at the surface of the 
cathode and the emission current densities. Observa- 
tions under an optical microscope of 1000 magnification 
indicated that the radius of the point used for the 
quantitative measurements was about one micron. An 
attempt was made to obtain a more accurate measure- 
ment with an electron microscope, but unfortunately 
the point was damaged when it was mounted. 


Ill. EXPERIMENTAL RESULTS 


A. Presentation of Experimental Data 


In order to determine the value of electric field in a 
tube of this type, Benjamin and Jenkins” made a study 
of the equipotentials produced by a model of the point 
and filament system on a rubber membrane. They 
found that the electric field at the surface of the point 





2M. Benjamin and R. O. Jenkins, Proc. Roy. Soc. (London) 
A176, 262 (1940). 





cathode is given by the equation 
F=3V/r, (3) 


where F is the electric field, V is the potential of the 
spherical envelope, and r is the radius of the point. 
Therefore, according to the field emission equation, a 
plot of log (J/V*) against 1/V would give a straight 
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Fic. 4. Variation of the light output per unit current with the 
potential of a ZnS:Ag phosphor. 
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line. Figure 5 represents such a plot showing the rela- 
tionship between the total field-emission collection 
current and the applied voltage. Since the emitting 
area was constant, total current was plotted in place 
of the current density. The data indicate an excellent 
straight line over three orders of magnitude of current. 

Figure 6 shows typical field emission plots which were 
obtained by photometering some of the main crystallo- 
graphic directions. These data are also plotted with 
respect to applied voltage instead of electric field. The 
light output of the phosphor, L, is arbitrarily plotted 
in terms of the currents produced in the photomulti- 
plier tube. It was necessary to plot log(L/V**) against 
1/V to account for the fact that the light output per 
unit current for the zinc sulfide phosphor was propor- 
tional to V**. Slopes of the straight lines are indicated 
in parentheses. Excellent straight lines were obtained 
for all the crystallographic directions which were photo- 
metered. These data were completely reproducible, 
indicating that the vacuum in the tube was sufficiently 
good to make contamination of the point negligible 
during the time data were taken. Sufficient measure- 
ments were made to establish a definite straight line, 
and photometric data from the darkest spots on the 
pattern were taken over almost two orders of magnitude 
of current. 


B. Discussion of Experimental Data 


When a comparison of the field-emission plots for the 
various crystallographic directions is made, consider- 
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Fic. 5, Field-emission plot for the total emission current. 
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Fic. 6. Field-emission plots for the (100), (010), (111), and (111) 
crystallographic directions. 


ation must be given to the fact that these are not true 
field-emission characteristics. The plots are made with 
respect to the applied voltage, and the electric field at 
the surface of the point cathode for a specific applied 
voltage may have been different for the various direc- 
tions. It is evident from the field emission equation that 
if the electric field is different, the absolute magnitude 
of the current will be different, but it should be empha- 
sized that a difference in electric field also affects the 
slope of the straight line. This effect is indicated in Fig. 
6, where data are plotted for the (111) and (111) crys- 
tallographic directions. Since these directions are essen- 
tially the same, they have the same value of work 
function, and the field-emission plots should be iden- 
tical. However, it is seen that the values of the emission 
currents differ by about 40 percent, and the slopes 
differ by about 2 percent. A 2 percent difference in 
surface electric field for these two directions would 
cause this discrepancy. A similar comparison of the 
data for the other crystallographic directions showed 
that except for directions of the (112) classification, 
field-emission plots for directions of a certain Miller 
index classification had the same slope within 1 per- 
cent, and the magnitudes of the currents were very 
nearly the same. However, the data indicated that the 
surface electric field for the (121) and (211) directions 
was also about 2 percent higher than the field for the 
(121) and (211) directions. It is reasonable to assume 
that the shape of the point cathode was slightly different 





1208 M. K. 


TABLE I. Slopes of field-emission plots and previously determined 
values of work functions. 








Crystallo- 
graphic Slope N 
direction (volts) (ev)* 


110 5.43X 10! 4.68 
121 5.71X 10! 4.69 
100 5.77 10° 4.56 
111 5.38X 10! 4.39 
611 5.21 10" 4.39 
310 5.16X 104 4.35 





* Values of work functions determined thermionically by Nichols. 
>» Values of work functions determined photoelectrically by Mendenhall 
and DeVoe. 


on the two sides, and that this asymmetry caused a 
small difference in the surface field. 

Slopes of the field-emission plots for the classes of 
crystallographic directions which were photometered 
are tabulated in Table I. Only one direction of each 
Miller index classification is listed, since with the as- 
sumption of a slightly higher surface field at one section 
of the point cathode, the data for similar crystallo- 
graphic directions agreed very closely. The values of 
work functions for the crystallographic directions which 
had been determined thermionically by Nichols and 
photoelectrically by Mendenhall and DeVoe" are also 
tabulated. These data show that the crystallographic 
directions which are represented by dark spots on the 
field-emission pattern are those for which the field- 
emission plots have the greatest slopes. Furthermore, 
the percentage difference in the slopes for the various 
directions is sufficiently small that it may be explained 
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Fic. 7. Field-emission characteristics based on the assumed surface 
: electric field. 


M. H. Nichols, Phys. Rev. 57, 297 (1940). C. Herring and 
M. H. Nichols, Revs. Modern Phys. 21, 185 (1949). 
4 C, E, Mendenhall and C, F. DeVoe, Phys. Rev. 51, 346 (1937). 
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by the difference in work function determined by other 
methods. 


C. Field-Emission Characteristics 
1. Assumption of the Surface Electric Field 


In order to make a more careful comparison of the 
data with existing values of the work function, it was 
necessary to plot true field-emission characteristics. 
Such plots required a knowledge of the electric field 
distribution around the surface of the point cathode for 
a fixed applied voltage. 

Since tungsten wire is drawn with the (110) direction 
along the axis of the wire, the angles which the various 
crystallographic directions formed with the axis of the 
cathode were calculated on this basis. Field-emission 
plots indicated that the surface electric field for the 
(112) crystallographic direction was 5 percent less than 
the field for the (121) direction, corresponding to an 
average decrease of 1 percent each 5°. This variation 
was assumed to be uniform and to occur at all angles 


TABLE II. Variation of electric field with crystallographic direction 
based on the assumed electric field distribution. 


Crystal- 
lographic 
direction 


Variation in field 
from the value, 
F=4Vr 


Angle with axis 
of point cathode* 


110 0 

121 30° 
100 45° 
111 35°16’ 
611 36°34’ 
310 26°34’ 


* These angles are actually angles between the 110 crystallographic 
direction and the other crystallographic directions listed. 


with the axis. Measurements for the (112) crystallo- 
graphic direction were not very accurate because the 
photometric currents were weak, but it is believed that 
the data gave a reasonable basis on which the electric 
field distribution could be assumed. 

The magnitude of the surface electric field for the 
total collection current was calculated from Eq. (3). 
Furthermore, since the field-emission patterns had in- 
dicated no appreciable emission from crystallographic 
directions which made angles larger than 60° with the 
axis of the point cathode, this equation was also used 
to calculate the surface field for the direction at an 
angle of 30° with the axis. Table II lists the angles 
which the various crystallographic directions formed 
with the axis of the cathode and the amount by which 
the surface electric field for each direction was changed 
from the value of the average field. 


2. Conversion of Units 


The arbitrary units of light measurement were con- 
verted to units of current by a comparison of the total 
light output of the pattern with the total collection 
current. Since the total light output was calculated by 
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numerical integration, the absolute current values are 
inaccurate except as an order of magnitude, but the 
relative values are unchanged. Current densities were 
calculated with the assumption that the point was 
semispherical and that no emission took place from 
surfaces of the cathode which formed an angle greater 
than 60° with the axis. 


3. Analysis of Field-Emission Characteristics 


The field-emission characteristics which are plotted 
in Fig. 7 resulted from the conversion of photometric 
units and the assumed surface electric field. The fact 
that the field-emission characteristic for the total 
emission current lies between the characteristics for the 
dark areas and light areas is an indication that the 
magnitudes of the current densities for the various 
crystallographic directions are reasonably correct even 
though the procedure used to convert units was not 
accurate. 

The field-emission equation can be written in the 


TABLE III. Slopes and intercepts of field-emission characteristics.* 


























Field-emission B oN oM Je 

characteristic Log A (volts/cm) (ev) (ev) (amp/cm?) 
110 —5.38 2.88108 4.68 0.95 
121 —5.33 2.85108 4.69 4.50 1.3 
100 —5.01 2.80108 4.56 4.1 
111 —5.08 2.66108 4.39 10.3 
611 —4.88 2.57XK108 4.39 32.1 
310 —5.03 2.60105 4.35 18.6 

Total Current 2.62 108 9,2 


—5.26 





* Only relative values in this table are significant. The numerical values 
depend on the accuracy of the measurement of the point radius and the 
validity of the factor (4) in Eq. (3). 

b These values of current density occurred for an electric field of 3.0 X10? 
volts/em. The high voltage required to produce this field varied for the 
different directions but had an average value of 6000 volts. 


form: 
logJ/F?=logA — B/F, (4) 


where B is the slope of the field-emission characteristic 
and log A is the intercept when 1/F is zero. Table III 
gives the values of log A and B for the data obtained 
in this research together with values of the work- 
functions as obtained by Nichols and by Mendenhall 
and DeVoe. As a matter of general interest, the values 
of current density are tabulated for an electric field 
of 3.0 10? volts/cm. 

The values of B are seen to vary in the same general 
manner as the values of work functions obtained by 
other methods. According to the field-emission equation, 
a plot of the logarithm of B against the logarithm of 
the work function should give a straight line with a 
slope of 3. The data are plotted in Fig. 8, and the 
straight line which is drawn with a slope of $ represents 
the plotted points quite well. Because of the un- 
certainty of the distribution in electric field over the 
surface of the point cathode, the data in Fig. 8 cannot 
be considered a verification that the theory predicts 
the correct dependence of the current density on the 
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Fic. 8. Comparison of the field-emission data with existing values 
of work function. 


work function. However, for the particular electric 
field distribution which was assumed, the experimental 
data are in agreement with existing values of work 
function and the theoretical field-emission equation. 

Nichols and Smith’ have recently obtained new 
values for the thermionic work functions of certain 
crystallographic directions. Except for the (110) direc- 
tion, these values are in good agreement with the values 
previously obtained by Nichols. While the measured 
value for the (110) direction also agrees very closely 
with the previous value, experimental evidence indi- 
cates that this value is not correct and that the correct 
value should be much larger. The field-emission data 
obtained in this research would not be consistent with 
with such a value. 
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One of the most common nonlinearities encountered in servomechanisms design is the friction phenomenon 
in electromechanical systems. Conventional linear theory fails to predict its effect upon system performance. 
This paper extends familiar techniques to the treatment of friction nonlinearity in servosystems. Frequency- 
response methods are employed throughout and the theoretical results are verified by means of an analog 
computer. Sliding friction and static friction are represented by describing functions which form the critical 
factors in determining system stability. The analysis indicates that certain series equalizers designed from 
linear theory may fail to achieve effective compensation in the presence of sliding and static friction. On the 
other hand, a subsidiary loop may avoid the stability problem while still realizing an essentially equivalent 


loop gain function. 


I. INTRODUCTION 


HILE basic analysis and synthesis procedures for 
linear feedback systems have become well es- 
tablished during the last decade, there is no correspond- 
ingly broad approach to nonlinear problems. Except in 
very simple cases, no general solutions are possible, and 
the designer must rely either on machine computation 
or on various linear or quasi-linear approximations. A 
variety of such approximations has been developed to 
fit numerous types of systems and successful design 
procedures have been discovered for a great many prac- 
tical problems. It is the purpose of this paper to extend 
one of these techniques so as to make it applicable to 
the analysis of feedback systems involving sliding and 
static friction. Particular attention will be paid to cer- 
tain loop gain functions which appear to be quite satis- 
factory on the basis of linear analysis but are found to 
be unstable in practice as a result of friction phenomena. 
Methods of predicting, and hence presumably prevent- 
ing, such behavior will be outlined. 


Il. REVIEW OF BASIC PROCEDURE 


The technique to be employed was first devised by 
Kochenburger' for the analysis of contractor servo- 
mechanisms and subsequently adapted for use with 
other nonlinear devices.?* The basic procedure has been 
described extensively in the literature'* and will 
therefore be outlined only briefly. It is unique in that it 
permits use of the frequency domain in an approach to 
problems involving certain types of nonlinear elements. 
If a sinusoidal voltage is applied to a nonlinear device, 
the output is generally not sinusoidal. However, under 
rather general conditions the fundamental component 
of the output will be greater than any harmonic, a 
difference which will be further emphasized by effective 
low-pass filters such as servomotors. Adequate accuracy 
can therefore be obtained in many cases by considering 





* Now with Philco Corporation, Philadelphia, Pennsylvania. 

'R. J. Kochenburger, Elec. Eng. 69, 687 (1950). See also 
Trans. Am. Inst. Elec. Engrs. 69, 270 (1950). 

2 E. C. Johnson, dissertation, Massachusetts Institute of Tech- 
nology, 1951; Trans. Am. Inst. Elec. Engrs. 71!!, 169 (1952). 

4 E. S. Sherrard, Trans. Am. Inst. Elec. Engrs. 71!!, 312 (1952). 
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only the fundamental component of the output.'” 
Since the amplitude and phase of the fundamental 
component varies with the amplitude of the applied 
sinusoid, the approximate characteristics of the non- 
linear device are represented by an “‘amplitude-de- 
scribing function” Ho(x)= f(x)e®™ (see Fig. 1). If x 
represents the amplitude of a sinusoidal input signal, 
f(x) is the ratio of the fundamental output to the input 
amplitude and 6(x) is the phase shift of the output 
fundamental relative to the input signal. Note that 
H(x) is frequency invariant, it depends only on the 
input amplitude. 

. Once Ho(x) is known, a stability analysis can proceed 
essentially as in the linear case. Consider the simple loop 
shown in Fig. 2. System stability is governed by the 
roots of the equation 


1+H (x)H(s)=0 (1) 





Nonlineor 


xsin wt fundamental output 


D =~ rer eer 
— xf) sintwt +5 (x)] 


Ho(x) 











Fic. 1. Describing function of a nonlinear device. 


or 


H(s)=—1/Ho(x). (2) 


In the linear case Ho(x)=1 and the stability problem 
reduces to the conventional one, solved easily by means 
of a Nyquist plot. The only modification required for 
the nonlinear case under the assumptions stated is a 
change in the critical point which now becomes 
—1/H (x) instead of —1. Thus the critical point 
changes with the signal amplitude, and it becomes 
necessary to plot an amplitude locus — 1/H (x) in addi- 
tion to the frequency locus H(s). If the amplitude locus 
lies completely outside the frequency locus, the system 
is stable under all conditions of operations.‘ Figure 3 
shows intersecting loci. Here the system is unstable for 
small disturbances, but stable for large disturbances so 


4 Frequently the inverse loci, 1/H(s) and —Ho(x), are plotted. 
The choice is governed simply by computational convenience in 
particular instances. 











— - a oe 


ai. 


953 


it.! 
ntal 
lied 
non- 
-dle- 
If x 
nal, 
put 
tput 
that 

the 


ceed 
loop 


the 


(1) 


(2) 


blem 
leans 
d for 

is a 
omes 
point 
comes 
addi- 
locus 
stem 
ure 3 
le for 
"eS SO 


lotted. 
nee in 











STATIC AND 
that oscillations will tend to stabilize near the intersec- 
tion point P which thus specifies the steady-state condi- 
tions, at least to a first approximation.' 

In summary, analysis of the stability problem will 
require the following steps. 


(a) Determination of the wave form at the output 
of the nonlinear device resulting from a sinusoidal input. 

(b) Calculation of the describing function Ho(x) from 
the wave shape obtained in (a). 

(c) Plot and interpretation of the amplitude and 
frequency loci for the system under consideration. For 
the cases of particular interest here this step requires 
rearrangement of the conventional block diagram in 
order to secure effective separation of all transfer func- 
tions into two classes: The class of all linear but fre- 
quency sensitive components and that of all nonlinear 
but frequency insensitive elements. 

The following definitions will be used throughout this 
paper. Static friction is the torque required to initiate 
rotation. Sliding friction is the velocity-independent 
component of the torque necessary to maintain such 
motion once started. Viscous friction is that component 
of the torque which is linearly proportional to the angu- 
lar velocity of the rotating member. 











Ho(x) H(s) 
input Nonlineor Linear output 
"a Element Element 























Fic. 2. Feedback loop with nonlinear element. 


Ill. SLIDING FRICTION IN SERVOSYSTEMS 


A. Wave Form Resulting from a Sinusoidal Input 
Torque to a System with Sliding Friction 


If only sliding friction is considered the entire friction 
phenomenon can be represented by the characteristic 
curve of Fig. 4. 

Consider a rotating member with moment of inertia 
J and angular acceleration 8. Because of sliding friction 
the effective accelerating or decelerating torque r, is 
related to the applied torque 7, through the equation 


Te one Pn io (3) 


where 7, is defined by Fig. 4. From Newton’s law of 
motion, 


ta= 7.46 for angular velocity 6>0 (4) 
ta= —T.4+- J6 for 6<0. (5) 


From Eqs. (3), (4), and (5), the angular acceleration 
of the rotating member is given by 


A(t)=re(t)/J. (6) 


Hence 6(/) has the same wave form as 7,(¢). 
If the applied torque 7, is sinusoidal, 


ta(l)= Ti sinw/, (7) 


SLIDING FRICTION 
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Fic 3. Amplitude and frequency loci. 


The corresponding steady-state wave forms are sketched 
in Figs. 5 and 6. The effective torque wave derived from 
Eq. (3) is shown in dotted lines. The discontinuities of 
the +. wave correspond to zeros of the 6 wave because 
the frictional torque 7, changes sign at those instants. 
On the 6 curve, point P is the point of inflection, corre- 
sponding to maximum acceleration. Since the steady 
state is of primary interest, the reference time is chosen 
after the oscillation has reached its steady-state value. 
6(t) passes through zero at 


w=nr—a, n=O, 1, 2,3---, 
while 


ta=T, at wl=a. 


Friction Torque 


Te 














Fic. 4. Sliding friction characteristic. 
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Fic. 5. Steady-state wave forms without dead zones. 


It follows that 
a=sin™), (8) 
where 


A=T./T.«. (9) 


Only the angle 8 corresponding to the first discontinuity 
point remains unknown. Once it has been evaluated in 
terms of A, the wave form is completely determined. 
There are two possibilities: If a<f, there is no dead 
zone in the r, wave (Fig. 5). If a>, there are dead 
zones as indicated in Fig. 6. These two cases will be 
considered separately.® 


Mathematical Representation of the 
Steady-State Wave Forms 


Case (1).—No dead zone. a<8. 
Refer to Fig. 5. In the absence of viscous friction, the 
following steady-state conditions exist. 


Shaded area No. 1=shaded area No. 2 
= shaded area No. 3 
= shaded area No. 4, etc.*® 


But between a and 6, 


r,=T, sinw+T, 


= 7 ,(sinw!+sina) = 7 ,(sinwl+A) ; (10) 

and between 6 and c, 
T.=T, sinw—T, 

= T ,(sinw/— sina) = T,(sinw!—d). (11) 

Then 
8 

area No. 1 -f T,(sinwl+ sina)d (wt) 

= T,(—cos8+ 8 sina+cosa+a sina), (12) 


5 Note that a dead zone or region of zero effective torque and 
velocity such as bc on Fig. 6 occurs whenever the applied torque 
T, is smaller in magnitude than 7, at the instant when the ve- 
locity reaches zero. 

6 Velocity is proportional to the integral of torque in the absence 
of viscous friction. 








SCHULTHEISS 
and 


area No. 2= f 7, (sinwt— sina)d (wt) 
8 


= 7 ,{ cosa— (r—«a) sina+cos8+8 sina ]}. 


(13) 


If Eqs. (12) and (13) are set equal and simplified, the 
result is 


cosB= 7 sina/ 2 


or 

B=cos~!(xd/2) (14) 
lor the extreme case, B=a, Eq. (14) becomes 

sin~'\ = cos~!(#d/2) 

or 

2+ (rdA/2)?=1. 
A solution for yields 

A\=A,=0.536. (15) 


A. is the critical value of the quantity 7./7,. There is 
no dead zone for \<A., and there are dead zones for 
A>A,.. 

Case (2).—With dead zones. a>§. 

In like manner, one obtains from Fig. 6: 


shaded area No. 1=shaded area No. 2 
= shaded area No. 3 
= shaded area No. 4, etc. 
But, between a and 3), 


t.=T,(sinwi+\); (16) 
between 6 and c, 
T-=0; (17) 
and between c and d, 
r.=T,(sinwi—d). (18) 
Hence, 
«call 
area No. i= f T,(sinwt+ r)d (wt) 
=T7T,(—cos8+PA+cosatar), (19) 
area No. 2= T ,(sinwt—X)d (wt) 
= T,{ cosa— (r—a)A+cosatard]. (20) 
Equating (19) and (20) and simplifying 
\B—cosB= (1—A?)!— (w#—sin—A)A. (21) 


For the extreme case a=@=sin—A, 


d sin A— (1—A”)!= (1—A”)!— (w#—sin™ A)A. 
or 


A=A,=0.536 as before. 














(13) 


the 


(19) 


(20) 


(21) 
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B. Calculation of the Describing Function 


Since 1,(¢) is a periodic function of time, it can be 
expressed in terms’ of a Fourier series: 


b va 
t-(t)= a > (an sinnwt+b, cosnwt). (22) 
) n=1 


It has been pointed out that, to a first approximation, 
r-(t) can be represented by the fundamental component 
of its Fourier series. From symmetry considerations, 
b)=0. This implies oscillation about the rest position 
which is a condition of primary interest in stability 
analyses.’ Then 


7-(t) =a, sinwt+ bd; coswt, (23) 
where 
2r+8 
a,=- f 7-(t) sin (wt)d (wt) (24) 
dl 
and 
1 2r+0 
b,=- f t,(t) cos(wt)d (wt). (25) 
wr J¢ 


Evaluation of the Fourier Coefficients 


Case (1).—No dead zone, A\<A, or a<p. 


ay= 


3 
f T,,(sinwt+X) sin (wt)d (wt) 


—@ 


4a |W 


7 T—a 
+— f 7, (sinwt—X) sin (wt)d (wt) 
T f 
=T,(1—2n2). (26) 


Similarly 


b,=2T A (2/m)?—d2}}. (27) 


Equation (23) may also be written in the form 





7-(t)=C, sin(wt+5), (28) 
where 
4 3 
Ci= (a?+3)!= 7] 1-4( 1-5) (29) 
a : 
and 
b, 2AL (2/m)?—d? ]! 
6= tan“'—= tan“'— —. (30) 
ay, 1— 2 


Hence, with an applied torque 7.(¢)=7. sinw/, the 





wt 








. 








Fic. 6. Steady-state wave forms with dead zones. 


effective torque is 


4\7 
r=T41-4(1-—) 


x sin at tan“ 





2n{ (2/m)2—d2]! 
} (31) 
1—2)? 


in accordance with the definition of Sec. II, the de- 
scribing function for the sliding-friction element is 


Ho(d)= fA) 26) 


4 , 2v{ (2/x)?—d? }! 
-|1-4(1-—)] Ztan L(2/n) I (32) 
r 1— 2)? 





Case (2).—With dead zones, \>X, or a>8. 
1 r+B 
a,=- f T,(sinwt— ) sin (wt)d (wt) 


Tq 
1 2r+8 
+- T,(sinwt+d) sin (wt)d (wt) 
T ™a 
= (T,/m)[2— (a— 8) —sina(cosa+cos@) 


—cos@(sina+sin8) }. (33) 
b,=(T,/x) (sina+sing)’. (34) 


Hence in complete analogy with case (1) the friction- 
describing function is given by the expression 


Similarly 


Ho(d) = f(A) Z4(A), (35) 


where 


1 
fQ)=-{[4— (a— 8) —sina(cosa+ cos8) — cosB(sina+ sin) + [(sina+ sing)? P}! 
Tv 


and 


6(A) = tan“ 


(sina+ sing)” 





ax— (a—8)—sina(cosa+ cos) — cos (sina+ sing) 


7 Extensions to nonzero means are possible but complicate the analysis appreciably. See reference 1. 
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Fic. 7. The C locus. 


C. C Locus 


The C locus will be defined as a polar plot of the 
quantity (—1/Hpo). For any given system 7, is con- 
stant and //, is a function of 7, (because 7,,=7'./A). 
For a fixed value of 7,, Ho is a complex quantity which 
may be represented by a vector in the complex plane. 
The curve of (—1/H»), the C locus, forms the ‘‘critical 
locus” for system stability considerations, with the 
“critical point’? (—1,0) as a special case for linear 
systems. The C locus is plotted in Fig. 7. 


IV. SLIDING AND STATIC FRICTION IN 
SERVO SYSTEMS 


A. Wave Form Resulting from a Sinusoidal Input 
Torque to a System with Sliding and 
Static Friction 


If both sliding and static friction are considered, the 
friction phenomenon can be represented by the char- 
acteristic curve of Fig. 8. It will be satisfactory for 
most purposes to assume instantaneous transition from 
the static to the sliding friction value although this 
procedure does imply a degree of idealization. 

Wave forms of 7,(/) corresponding to an applied 
torque ta(/)=7,sinw/ are easily sketched by a pro- 
cedure identical with that used in Sec. III (Figs. 9 
and 10). As before, there are two modes of oscillation, 
with and without dead zones. The latter is indistinguish- 
able from the corresponding case discussed in Sec. III 
because the system is continually in motion. Thus only 
the former requires detailed discussion. 


Mathematical Representation of the 
Steady-State Wave Forms 


Case (1).—No dead zone, A\<A,, or ae<B. 
From Sec. III, Eqs. (10) and (11), one immediately 
obtains the equations for r,(¢), 


7-(t)=T,(sinwi+A) for —a;<w<f (36) 


7-(t)=T,(sinwi—r) for B<wl<r—a,, (37) 


where \=7'./T,, a,=sin™A and B=cos~(rd/2). 


M. 


SCHULTHEISS 


Case (2).—With dead zones, 
A> A, 


On Fig. 10, 


or as=sin'T,/ 


shaded area No. 1 


J 7’, (sinwl — sina,)d (wt) 


= T.,{ cosa;— (r—a) sina; +cosas+az sina; |, (38) 
shaded area No. 2 


rp 


= J 7’, (sinawt— sina, )d (wt) 


a 


= T,{ cosB— (4+) sina;— cosa;+ (7 — ay) sina, }. (39) 











Fic. 8. Sliding and static friction characteristic. 


With pure inertia load and under steady-state condi- 

tion the shaded areas are equal. Equating (38) and (39) 

and simplifying, 

\B—cosB=[1—(AT./T.)? }}! 
—[mr—sin“(AT,/T.)A]. (40) 


Equation (40) defines 8 in terms of known parameters. 
It is clear that the system will not move at all if 
\>T./T,, for then T,>T.. 


B. Calculation of the Describing Function 


Approximate expressions for effective torque are ob- 
tained by reasoning similar to that in Sec. ITI. 


(23) 
where a; and }; are given by Eqs. (24) and (25), 
respectively. 

Case (1).—No dead zone. \<A,, ae<B. 

Since the equations for 7,(/) are identical with those 


7, (t)=a, sinwi+6, cosw/, 
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8 ) 
Fic. 9. Steady-state wave forms without dead zones. Fic. 11. Static friction loci, S locus. 
in case (1) of Sec. III, the describing function /7o(A) Case (2).—With dead zones, \>X,, a>. 
= {(X) Z6(A) is given by Eq. (32), and f(A) and 6(A) 1 prts 
39) have the following limiting values: a\= f 27 4(sinwt—) sin (wt)d (wt) 
TW ao 
ia r./T. ™ = (T,/mr)[2— (a2—B)+ cosae(sinas— 2 sina;) 
{Q.)=——___—_—_——_ (41) , 
: [2.46+ (7 ./T.)?}! —cos8(2 sina;+sin8)] (43) 
in like manner 
(4/r)(T,./T-) b,=(T,/m)[sinB(2 sina;+sing) 
6(A.) = tan“ —_— : Sg gC IRN RET sinae(2 sina;—sinas) |. (44) 
(x/2)?+ (T./T.)?—2[ (#/2)P?’+ (T./T.)* }} a r he 4 = 
Hence the describing function for the static friction 
(42) element is 
H(A) = f(A) Z4(A), 
where 
* 1 . . . 
f(\)=—{L9r— (a2— 8) —cosa2(2 sina;— sinas)— cosB(2 sina,+sing) 
T 
+([sinB(2 sina;+sin8)+sinas(2 sina;—sinas) ?}) (45) 
and 
sin8(2 sina;+sin8)+sinas(2 sina;— sinas) 
BIA) 0m ananassae: (46) 
1 — (a2—B)—cosae(2 sina;— sina») —cosB(2 sina;+sin8) 
di- 7 = ae 
39) C. Static Friction-Loci and S Locus V. PLOT AND INTERPRETATION OF THE AMPLITUDE 
; aA ; ; AND FREQUENCY LOCI. EXAMPLES 
The static friction loci are polar plots of the quantity — me : 
(—1/H,) for various ratios of static friction to sliding Once the friction-describing func tion has been calcu- 
10) friction. The S locus is the locus of the termini of the lated, the desired stability information can be obtained 
static friction loci. The static friction loci and the S easily by the method outlined m Sec. IT. rhe procedure 
prs. locus are plotted in Fig. 11. will be explained with the aid of a specific example 
| if which has been so chosen that a common type of correc- 
tive network will produce instability whereas another 
type of equalizer, apparently equivalent on a linear 
basis, will lead to a stable performance. 
Consider the positioning loop shown in Fig. 12. In 
ob- the absence of friction the loop gain function A (s)* has 
the form 
3 Ky : 
23) 1 (s)=_—_—-H..(s). (47) 
5), s(1+Ts) 








Fic. 10. Steady-state wave forms with dead zones. 





FRICTION 

















IN FEEDBACK SYSTEMS 1215 





















A block diagram for this loop is shown in Fig. 13. The 





8 A (s) is defined as the negative of the loop gain. 
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friction describing function relates applied torque to 
effective torque, neither of which appears as an explicit 
quantity in Fig. 13. This diagram therefore does not lend 
itself readily to the analysis of friction. However, it is 
easy to construct the equivalent block diagram of 
Fig. 14 by rearranging the basic equations describing 
motor performance. Torque now appears explicitly, 
and it is a simple matter to write the loop gain equation 
in terms of the friction-describing function and the 
system parameters defined in Fig. 12. The equation 


input 




















Fic. 12. Simple positioning system. 7=JR/K,Kr=motor time 
constant; H.(s) equalizer transfer function; Kr=motor torque 
per unit armature current; X,= motor counter emf per unit speed; 
J=motor and load inertia; K2=gain of amplifier and selsyn 
=K,K,.; R=armature loop resistance. 


has the form 


Kr K,s Ke 
A ()= Ha | +H.) (48) 
Jet R R 


Note that viscous damping due to counter emf is 
represented by the additional feedback path rather than 
the conventional velocity-dependent load on the output 
member. This step is necessary because the friction- 
describing function was derived for the case of a pure 
inertia load. The procedure is obviously based on the 
assumption that a sinusoid applied to the nonlinear 





' ‘ 
_% [8 [4°] output 
(i+Ts) 




















Fic. 13. Conventional block diagram. 


device yields an output signal of which only the funda- 
mental is significant in transmission around each loop, 
so that only sinusoids of the same frequency need be 
considered. This assumption becomes progressively 
poorer as damping, and hence the interior loop gain, 
increases. However, it will be seen that the method still 
leads to acceptable first approximations in cases of 
considerable practical interest. 

Consider the system of Fig. 12 with the following arbi- 
trary numerical parameters, all given in a consistent 


SCHULTHEISS 


set of units. 


Kr=K,=0.11, R=1, J=0.001, K,=500, 
K.=50, T=0.1. (49) 
Equation (47) now becomes 


A (s)=————,(s). (50) 
s(1+0.1s) 


In the absence of an equalizer H,(s) the loop would be 
close to instability. Let H.(s) be a two stage lag network 
or integral equalizer 


1+0.5s\? 
a.s)=( ) ; 


1+5s 





(51) 


Without friction the system would exhibit a phase margin 
of 26° and a fairly well-damped transient response. The 
Nyquist diagram of Fig. 15 confirms that deduction. 
Note, however, that the sliding friction (C) locus inter- 
sects the Nyquist plot at two points. The system is 
evidently stable for exceedingly small disturbances; it 
becomes unstable as soon as a significant input signal 
is applied and then sustains oscillations at an amplitude 

















Fic. 14. Equivalent block diagram. 


and frequency determined by the intersection point 
closer to the origin. An experimental check by analog 
computer resulted in oscillation at 1.6 rad/sec as com- 
nared to a theoretical value of about 2 rad/sec. 

If a minor loop is used in place of the series equalizer 
(Fig. 16), the result is quite different. By a process en- 
tirely equivalent to that used in rearranging the block 
diagram of Fig. 13 the loop gain function may be written 
in the equivalent form 


Kr K,+H,(s) Ko 
A(s)= Bay] =| (52) 
Js Rs 
Using the equalizer transfer function” 
(5s)?(1+0.1s) 
H,(s)=———_ —— (53) 





10(1+0.5s)?(1+0.003s) 


® A more elaborate equalizer would probably be used in practice. 
This primitive form was chosen because it illustrates clearly the 
difficulties encountered because of friction effects. 

© H,(s) has been chosen so as to yield a system with transfer 
from input to output as close as practical to the series equalizec 
structure. Without the last denominator term (required for 
realizability) the two would be almost identical in the absence 
of friction. As it is, the step function responses are virtually in- 
distinguishable. 
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STATIC AND SLIDING FRICTION 


and the same numerical values as in the previous case 
one obtains the Nyquist diagram shown along with 
the series equalizer case in Fig. 15. The plot does not 
intersect the C locus so that the system remains stable 
in the presence of friction. Measured results from an 
analog computer bear out this conclusion. 

The equalizer used in the above example introduced 
attenuation with the third power of frequency over a 
10:1 frequency range, so that the resultant frictionless 
system is conditionally stable. It may therefore not 
appear surprising that oscillations should develop when 
a nonlinear element is introduced into the loop. Similar 
results can, however, be obtained with a single-stage 
lag network and a resultant loop of absolute stability. 
Consider the series equalizer 


H(s)= (1+0.25s)/(1+ 100s). (54) 


The gain factor K2 is chosen as 100, all other parameters 
remain unchanged from the previous example. Figure 17 











———~— C Locus 
----- H(s) with series equolizer 
—-—- H(s).with parallel equalizer 


Fic. 15. Rough sketch of amplitude and frequency loci. Intersec- 
tion at P is actually at a far greater distance from the origin. 


shows the Nyquist plot as well as the curve for a corre- 
sponding minor loop structure. The latter is clearly 
stable. The Nyquist plot for the series equalizer case 
shows no intersection with the C locus and measure- 
ments in the presence of sliding friction alone indicate 
stability. However, the Nyquist diagram does cross the 
S locus twice, indicating that oscillations may occur 
when static as well as sliding friction is considered. 
Since the S locus traces the termini of the describing 
functions for various static-to-sliding-friction ratios, 
it is evident that stability depends critically on that 
ratio: only for values between those corresponding to 
the two intersection points can oscillations exist. It is 
also evident that the frequency of oscillations should 
rise from a theoretical minimum of 0.7 rad/sec toa 
maximum of 2.25 rad/sec. The corresponding range from 
computer measurement is 0.8 rad/sec to 2.0 rad/sec. 
The experimental correlation at intermediate values of 


IN FEEDBACK SYSTEMS 1217 
the static-to-sliding-friction ratio is about equally close 
so that the method may be said to yield a reasonable 
first approximation. 


VI. CONCLUSIONS 


The describing function technique has been extended 
to cover problems of static and sliding friction in feed- 
back systems. Under certain assumptions the stability 
problem can be handled adequately, and the frequency 








Ky 6 [7] © output 
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Fic. 16. Block diagram with minor loop (parallel equalizer). 


of any sustained oscillations can be predicted to a first 
approximation. In particular it has been shown that 
the use of integral equalization in series with the loop 
may easily lead to instability when friction phenomena 
are important. Essentially equivalent minor loop equal- 
izers may yield an entirely satisfactory system. 
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Fic. 17. Amplitude and frequency loci for an experimental system. 
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Rigorous solutions are presented of the problems of diffraction of plane electromagnetic waves by an 
infinitely thin, perfectly conducting, circular disk and by a circular aperture in a plane conducting screen. 
The analysis utilizes oblate spheroidal vector wave functions. In Part I these vector functions are defined 
and the expansions of plane-polarized waves in terms of them are obtained. Part II contains the solutions 


of the diffraction problems. 


A. INTRODUCTION 


HE vector wave functions considered here are the 
solenoidal solutions of the vector Helmholtz, or 
wave, equation. In the sequel we shall discuss vector 
wave functions which are derived from oblate spheroidal 
scalar wave functions. In Part II some of these vector 
functions will be used to obtain a rigorous solution of the 
diffraction of electromagnetic waves by circular disks 
and apertures. It is hoped that the same ones along 
with some of the other vector wave functions considered 
herein will also prove useful in other problems involving 
oblate spheroids. 

The determination of vector wave functions from 
scalar wave functions was considered first by Hansen! 
for the cylindrical and spherical systems. The system- 
atization and extension of Hansen’s work by Stratton? 
culminated in the well-known vector wave-function 
formulation of the diffraction of electromagnetic waves 
by a spherical body. A much more general investigation 
has been made by Morse and Feshbach.* These authors 
have considered the problem of separability of the 
vector Helmholtz equation. In this connection the term 
separability implies, in addition to the usual reducibility 
of the original partial differential equation to a set of 
linear differential equations in the individual coordi- 
nates, that the solutions be of such a form as to permit 
the satisfying of the boundary conditions. At the present 
time, the spherical and cylindrical systems are the only 
coordinate systems for which a set of divergenceless 
solutions that satisfy the necessary separability condi- 
tions have been found. 

It follows that no vector wave functions are known 
which enable one to solve the problem of the diffraction 
of electromagnetic waves by an arbitrary oblate sphe- 
rdid in the same way as the diffraction by a sphere. 
Nevertheless, when the oblate spheroid is reduced to a 
perfectly conducting disk of vanishing thickness, the 


* This work was supported by the U. S. Air Force under Con- 
tract AF 19(604)-266. 

1 W. W. Hansen, Phys. Rev. 47, 139 (1935). 

2J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941). 

3 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(Technology Press, Massachusetts Institute of Technology, Cam- 
bridge, 1946). 
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problem can be solved. This results from the fact that 
vector wave functions do exist which satisfy separability 
conditions on the faces of the disk. In Part IT it will be 
shown that, because of the inherent singularities of these 
functions at the rim of the disk, a combination of two 
separate sets of vector functions must be used to satisfy 
the boundary conditions on the rim. 

In the following section we shall define sixteen oblate 
spheroidal vector wave functions. Then in the succeed- 
ing section we shall derive the expansions of polarized 
plane waves in terms of these functions. 


B. DEFINITIONS AND EXPRESSIONS OF THE 


FUNCTIONS 
The solenoidal solutions of the vector Helmholtz 
equation, 
(V+ k)A=0, (1) 
satisfy the equation 
VxXVxXA—FA=0. (2) 


The divergenceless nature of the solutions is ensured by 
writing them in the form 


A=VXay, (3) 


where y is a solution of the scalar Helmholtz equation 
(V+ FR )y=0. (4) 


The only known forms of the vector function a which 
generate solenoidal vectors A, by means of Eq. (3), that 
satisfy Eq. (2) are a constant vector and the position 
vector r.?~* In these cases Eq. (3) may be written in the 
form 


A=VWyXa, a= Kye or Kor, (5) 
where e denotes a constant unit vector. If A is a solution 
of Eq. (2), it is obvious that VXA is also a solution. 
Spheroidal vector wave functions are obtained by 
expressing the quantities in Eq. (5) in terms of sphe- 
roidal coordinates. The oblate spheroidal coordinates 


n, £,@ shown in Fig. 1 are defined in terms of the 


*R. D. Spence and C. P. Wells, Commun. Pure Appl. Math. 4, 
95 (1951). 
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VECTOR WAVE 


rectangular coordinates by the relations 


d 
x= L(t —n’) (#+1) ]} cos¢, 


d 


d 
y=[(l-#)(E+1)} sing, s=—n8, (6) 


where d is the diameter of the focal circle, —1< <1, 
0< EK ©, and O< P< 2x. The metrical coefficients are 
given by 


df+n\! dv #+ny} 
i=( ) , in=-( ) ; 
2\1-7 2\2+1 


d 
hom Le E+ 1)}'. (7) 








From the relations e,-e,=/, 'dx/dn, etc., the trans- 
formation between the unit vectors in the two systems is 
found to be 


P+1\3 
e.= -»(=—) cosde, 


P+7 — 
1—n- \? 
+ (——.) cospe;:— singeg, 
P49? 
+1) 
e,= -1(- —_ ) singe, (8) 
P+r 











i—y\! ¥+1\! 
c= el ) evta( - ) e:. 
P+1? P17? 


The position vector r is given in the oblate spheroidal 
coordinate system by 


d gi-ny\i d sP+1\3 
r= —“(—") ent e(— ) e:. (9) 
y P+? 2 P+1? 


The eigenfunctions of the scalar Helmholtz equation, 
Eq. (4), in oblate spheroidal coordinates are expressible 
in the form 


ve, Om ni? (n, é, >) 
—_ San a (— ic, n)Rm . » (— ic, iE) sin°*md, (10) 





in which c=4kd. The functions S,,,“ and Rmn‘” are 
respectively the angular oblate spheroidal functions of 
the first kind, and the radial functions of the ith kind, 
i=1, 2, 3, or 4, as defined by Stratton et al.,5 except for 
the designation. The subscript / used by Stratton ef al. 
is equal to n—m as used here. The present designation is 


ss 


_*Stratton, Morse, Chu, and Hutner, Elliptic Cylinder and 
re Wave Functions (John Wiley and Sons, Inc., New York, 
1). 
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more consistent with that used by the majority of other 
writers.°® 

The angular functions are defined’ by the series 
expansion 


a 

Sn‘? (—40, n)= py fe" Pmtr™ (n), (11) 

r=0,1 

where the prime over the summation sign denotes that 
the summation is to be taken over even or odd values 
depending upon whether n—™m is even or odd. Some 
values of f,””" have been tabulated.® The angular func- 
tions are orthogonal over the interval (—1, 1), namely, 


1 


f Sus p) (— ic, 2) Sma"! , (— ic, n)dn= 5 inNm ny (12) 
aan : 


with 
2 (r-+2m)!( fe")? 


r=0,1 r!(2r-+2m-+ 1) , 





(13) 


A mn = 











Fic. 1. The oblate spheroidal coordinate system. 


The radial functions are defined® by the expansions 


: (e41)"2 

Run‘ (—éc, #)=—— 
«2 (r-+2m)! 

¢™ = PO ee iF mn 


r=0,1 r! 


Z (r+2m)! 
$e dy (—1)*t"-»— — frame (cé), (14) 


r=0,1 r: 


in which z,” is the nth order spherical Bessel, Neumann, 
and Hankel functions of the first and of the second kind 
in the case i=1, 2, 3, and 4, respectively. When cé is 
small, however, the series (14) for R,.,®, and therefore 
also the series for R,,,:™, converge slowly if at all. The 
following series in terms of associated Legendre func- 

6 See C. Flammer, Prolate Spheroidal Wave Functions, Tech. 


Report 16, S.R.I. Project 188, Air Force Contract No. AF 
19(122)78. 
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CARSON 


tions of the second kind must be used in these cases: 


Ran? (— ic, if) 


n+m—1 
2(—itc)™ (= ): 
2 


n—m aaa x (r+2m)! 
(— ) !(m ee 3 ) 7. ~~ _ — 1 Pa we 
? 


r=) r! 


KD fe" Omsr™ (4€), (n—m) even; (15) 


Rinn® (— tc, t&) 
n+m 
—8&(—ic)”"” ( — ): 
2 


n—m—1 oe x (r+2m)! 
wens ) (m _- ) tf y—om™ n ay a | i 
2 2 r=l r! 


~ on 


xd’ fe" "Omer (iE), (n—m) odd. (16) 


The terms in Eqs. (15) and (16) with r<—m are 
evaluated by the following limiting process in which 
k>2m: 
. ss fuenpg Po ~1S) 
lim f—¢ e+ 9)" "Qm—( n+p)" (2) = lim——— —- 


pt) po) 


p 

and 
; J—(e+ — : 
lim-—————— = finite number. (17) 
po 

p 

R,.,™:™ are obtained from the relations 

Rinn® = Rinn  tiRmn®. (18) 


In consonance with Eq. (5), we now define the 
following oblate spheroidal vector wave functions that 
are appropriate to diffraction problems in which the 
plane of incidence is the y, z plane: 


Me, Omn“ (n, &, ¢) = Ve, Omn'” (n, &, e— 327) X eu, 


u=x,y,z. (19) 
Ne, Omn*? (n, &, ¢) =k "VX Me, 0“ (n, —, ¢), (20) 
Memsr, n(n, &, ¢) = $LMemn” (n, &, ¢) 
+Momn™(n, &, ¢)], (21) 
“M0ms, n* (n, &, ¢)=$LMomn” (n, & ¢) 
F Memn? (n, &, @) J, (22) 


Ne, Omi, n*” (n, &, G) =k VX me, Omar, n*" (n, &, ¢). (23) 
Me, Onn” (n, g, ¢)= Vile, Ona” (n, £, 9- 3m) X r, (24) 
Ne, Omn” (n, &, ¢) =kVX Me, mn” (n, & g). (25) 


The explicit expressions of the vector wave functions 
utilized in Part IJ are given in Appendix B. For future 
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reference it is to be noted that 


Meo,” (n, &, ¢) = 2mei,* (n, &, ¢), 
= (26) 
Neon” (n, &, ¢) = 2ne1,*+ (n, &, ¢). 


It is of interest to observe that the solutions obtained by 
Page’ upon separating the vector Helmholtz equation 
in prolate spheroidal coordinates are the analogs of our 
Me, Omn?? and Me, oma” functions for m>0, and of 
our moo,“ and no,‘ functions when m=0. 

None of the sets of spheroidal vector wave functions 
are orthogonal over the surface of a spheroid. We can 
obtain the expansions of plane waves in terms of them, 
however, by a circuitous method as shown in the 
following section. 


C. EXPANSIONS OF PLANE POLARIZED WAVES 


In this section we shall obtain expansions of plane 
polarized waves, which are propagating in the y, z plane, 
in terms of the appropriate vector wave functions. 
From the way in which the expansions are obtained, the 
derivations of the expansions for waves propagating in 
other planes will be obvious. 

We take as our starting point the free space Green’s 
function expansion 


(2 om dom ) 


N. mn 


exp(ik|r—r’|) ik x =x 


ar m=) n=m 
X Sma? (— it, n)Smn'? (— tc, n’) 
“Raa” (—‘c, 1E)Rmn® (ite, it’) 


Xcosm(@—¢’), &>£. (27) 
Letting the source point go to infinity, ’—>«, in a 
direction such that the resulting plane wave propagates 
in the y, z plane with the positive direction of the 
propagation vector making an angle ¢ with the positive 
z axis, we obtain the plane wave expansion, 


gem ~ Yn (SWemn (n, §,o- 27), (28) 
with 
Y¥mn(€) = 2(2—Som)i"N mn Smn (—ic, cost). (29) 


Several of the desired expansions can be obtained by 
applying vector operators to both sides of Eq. (28). The 
vector product of the gradient of both sides of Eq. (28) 
with ez, with e,, and with e, leads respectively to the 
expansions 


(cosfey— sinfe,)e'*Y sing+z cosf) 


= (ik) D ¥mn(F)Memn™ (n, 6), (30) 


7L. Page, Phys. Rev. 65, 98 (1944). 
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ee'*y sinf+z cost) 


= — (tk cosf) > Y¥mn(F)Memn” (n, &,), (31) 


e,e'*y sinf+z cosf) 


= (ik sing) SY ¥mn()Memn* (n, 6). (32) 


mn 


Application of the curl operator to both sides of Eqs. 
(30), (31), and (32) yields the further expansions 


e,eiky sinf+z cosf) — }-1 ya Ymn(¢) Nemnn? (n, é, >), (33) 


m,n 


(cosfey— sinfe,)e** sinf+z cost) 


= (k cosf)™ } Ymn(f) Nemn¥ (n, Eo), (34) 


(cosfe,— sinfe,)e* sinf+z cosf) 


= — (k sing) 2) yma(6)Nemn* (n, &, 6). (35) 


m,n 


The limiting forms of Eqs. (30)—(34) as ¢ becomes 
zero are obtained in a straightforward manner. The 
double summations reduce to single summations with 
m=0, since it follows from Eqs. (11) and (29) that 


Ymn(0)=0, m0, 
20 (36) 
Yon(0) = —idon= 2tNon » Re SP". 


r=) ,1 


Thus, for example, 


er exp (kz) =k > donMeo,.” (n, g, >), (37) 


where do, is defined in Eq. (36). 

To obtain the limiting form of Eq. (32) for ¢=0, we 
note that when ¢=0 the sum over m vanishes when 
m=(. This is seen by first putting ¢=0 in Eq. (28), 
using Eq. (36), and then taking the vector product of 
the gradient of both sides with e.. Since, as is easily 
found from Eq. (11), 


limS, (0 (— ic, cosf)/ ‘sing = 2° fo" P.41'(Q), 
(38) 


limS mn(— tc, cost) /sint=0, m> 1, 
0 


we obtain 


e, exp(ikz) =k > binMein* (n, &,), (39) 


with 
bin=2i" "Nit De’ f'"(r+2)!/r! (40) 


In Appendix A is given an independent derivation of 
Eq. (40), which utilizes the orthogonately properties of 
the angular functions upon equating components of 
Eq. (39). Equation (33) can be derived in a similar 
manner. The limiting form of Eq. (35) for ¢=0 is 
obtained by taking the curl of Eq. (39). 


The limiting form of Eq. (31) for ¢= $7 is obtained in 
a manner similar to that used above in the derivation of 
Eqs. (39) and (40). By setting {= }7 initially in Eqs. 
(28) and (29), one finds that the double summation 
over even values of (n—m) in Eq. (31) vanishes in the 
limit ¢= 32. Thus in this case the summation in Eq. (31) 
is over only odd values of (n—m), and the limiting form 
of the coefficients is obtained with the aid of the 
relation 
Jim Smn? (— ic, cost)/sing 


= Sma" (—ic, 0)=P,™(0), (n—m) odd. (41) 
APPENDIX A 
The coefficients in the expansion 


e; exp (kz) _ er > binMein?” (n, g, >) (A-1) 


may be obtained as follows. Utilizing Eqs. (6) and (8), 
and Table I, we obtain, by equating either the 7 or 
£ components of Eq. (A-1), the relation 


> bi »Rin (—4, t£) Sin (—ic, n) 
=c(#+1)'(1—1°)! exp(icné). (A-2) 


Multiplying both sides of Eq. (A-2) by Sin“ (—ic, 9) 
and integrating over the range of the variable n, we get 


Ri, (—ic, t£) Nindin 


1 
=c(e+1y' f exp (icén) (1—7?)!Sin (— ic, n)dn 
1 


=c(P+1)' D” f,'" 
r=0,1 


l 
xf exp (icy) (1—7?)!P.41’(n)dn. (A-3) 
1 


Substituting the relation 
P,' (n)= — PP." (y) (n+1)!/(n—1)! 
(n+1)! (1—n?)-! d™"(?—1)" 


=— — (A-4) 
(n—1)! 2"! dn*™ 





in Eq. (A-3) and then integrating by parts r times, we 
obtain 


R, (—‘, 4&)Nindin 
2, FEN +2)! (c&)" 


= —c(#+1)! D’ - 
ret (rt) le! 


1 
xf exp(ictn)(1—7?)"41dn.  (A-5) 
=8 
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Since 
1 


J expGcen aw) Kdn=2**"k! 7,(c&)/(c&)*, (A-6) 
= 


liq. (A-5) yields 


R,,"' (— Ic, 1£E) Vind, 


II 


2i""'(F+1)% 
KD rte. fF (cE) (r +2) Yr! 


= 2i" "Ry, (—ic, 7&) f(r +2)/r!}, 


01 


(A-7) 
whence 


, 
Uy! fn (rt2)i/ri. (A-8) 
m 

This value of },, has been obtained by equating the y or 
£ components of Eq. (A-1); either component yields the 
same relation, Eq. (A-2). But it is easily seen by 
subtracting the derivative of Eq. (A-2) with respect to & 
from the derivative of it with respect to 7 that the 
equality of the @ components of Eq. (A-1) is also 
guaranteed by Eq. (A-2). This actually follows from the 
solenoidal nature of both sides of Eq. (A-1). 


APPENDIX B 


TABLE I. Me, 0,7" (n, &, ¢) = Ve, om (n, £, e— 4m) Xe:. 


2mn sin 

We, Omng = Simin Re m(¢e—43r 
d(#+7n?)!(1—n?)! cos 
2m sin 

Me, Om = Smn Re mleo- lr 
d(#+n?)4(2+1)! cos 


2(2+1))(1—7?)! 


We, 0» ng = 
d(#+7n?) 
| dSinn" @Rinn” cos 
K ¢ Ra — ES, YO —— m(¢— 3 
dn dé | sin 


TABLE IT. me, Om41, n° (n, &, 6) = 44 Me, Omi” (n, & @) 
+Mo, Emn™* (n, g, >) }. 


1 | dR, 
MC, Onset =" Pe cee . F (2+-1 Aw a 
d(#+n2)3 | dé 
mé | sin 
+-——- Swn' R (m+1)(@— 37) 
(e24-1)! - 
1 | dS, 
me, Om+1, nt" =- ——¢{ + (1—y*)'——_R,,. 
d(#-+-2)} | dn 
mn | sin 
———$- $$, Rnn™ } (m+1)(@— 42) 
(1—7?)! | cos 
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TABLE I11—Continued. 








dSinn™ 
€(1—»*?)-——R,,., 

d(@-+y%) | dn 
AR», ' | cos 
+(22+1)S..-—-—— } (m+1)(@—$2) 
dé sin 


TABLE LIL. me, 04-1, 1.“ (n, &, &) = 3 Me, Onn” (n, &, d) 
+= Mo, Emn*” (n, g, >) }. 


1 , AR” 
M0, On—1, ng Oa—————t oe (F+1)8S,,,.o— 
d(#+ 7?) | dt 
mé | sin 
+-—- Sinn YR (m—1)(@—4r) 
(<2+-1)3 | cos 
1 | dSinn 
me, 0 = ———— } #(1—7?*)i— R 
d(#+-7?)! dn 
mn | sin 
+—-—— Sn Rin (m—1)(@— 37) 
(1—n?) | cos 
1 dSmn" 
ME, Om —1. ne =— £(1—n?*) R 
d(#+7r? dn 


AR | cos 
+n(2+-1)S,,,.4 (m—1)(@— 4x) 


dé | sin 


TABLE IV. Ne, Omn??(n, & 6) =k VX Me, omn?” (n, &, d). 


4(1—7?)! | dS ny 


0T(24+1)Rn, 
6, Ques —- . 





= —- - - —— 
hd? (£?+-n?) } | dn Og 247? 
dT E(2+1) dR, 
a eee 
dtL 2+? dé 
MESmnY Rnnw? | cos 
+ ——___—__—- m(@— 41) 
(1 —n*) (+1) | sin 
4(#+1)! | 9 T1—7) Sn? dR», 
Ne, a =———— é — — 


—{e— 
kd? (#?-+m2)4 | nL +r ag 
8 [n(1—7*)dS,,,.“ 
——]| -——_—_—— IR, 
On (22+-?)dn 


mySmnrn Rian | Cos 
ro m(o@— 4m) 
(1—n?) (+1) J sin 


4m (1 —n?))(2® +1)? [ EdSiinP Rn, 


tt Tren 


kd? (2?-+-n") 


Ne, Omnde ee 
(#+-1)dn 

Hua” dRaa‘” sin 

— m(o— 43m) 

dé | cos 
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TABLE V. ne, Om+1, n *68) (q, &, >) = kV X me, Om+1, an” (9, é, od). TABLE VI. ne, Om-1, n : “(n, &, od) = k 17 X me, Om-1,n <9) (9, é, >). 





2 8 (24+1)! dRnn® 2 8 T (241)! dRnnn® 
0; Ons. 2SmnM—| — -_— NC, Om—1.nq O=— 0Smn—| — 
kd? (2? +-n?)! tL #+n? dt kd?(#-+-y?)! gL P+n? dé 


: dSni? 8 TE2+1D I Ran dSmrn™ 8 TE(P+1) Rand” 
~ 27) +- (1 —7*)— -——-——__——_- +. (1 —n*?)-—— —j ——_—____—_ 
dn o€ ?+7 dn 9 P+7? 


























(m+1) dSinn™ (m—1) dSnn™ 
Se an a —— Rn“ 
(2+1)! dn (2+1)! dy 
m(m+1)nSinn? Rin | cos m(m—1)9Sinn? Ran | cos 
— (m+1)(@—$2) = (m—1)(@—47) 
(1—n*) (#2+1)! | sin (1—n?) (+1)! sin 


wer 


2 | dF (l—7)i dS, 2 dT (A—n?)? dSinn™ 
NE, Omad, nk AE ae errernenes mere onetime Rant NE, Ont, 9G nf Geer sees ceneime Reon’ 
: kd2(#2-+-n2)! | nL &+7? dn kd?(2+-n?)) | OnL #+n? dn 








— 57) 
8 Tn —7) Sn? dR 8 Py —7) Sinn JdRnn 
+(#+1) ——_—_—_— —— + (24 1)—] ———______ J--_- 
On +7* dé On +n? dé 
cn +1) aR,,, (m—1) ARnn'' 
4 ae a ae es Se ene 
Ge de (anh dg 
— 47) 
M(MADES an! Rmn\? | cos m(m—DWESmna VP Ran cos 
— --—$—$—__—_—_—_—_——_ (m+1)(@— $7) —_ (m—1)(@—47) 
(1—n?)?(2+1) sin - (1—n?)*(2+1) sin 
2(1—7*)2(22+1)!( d dSinn™ 7] Ran“ 2(1— ni) +1)*| d dS mn 
NC, Om tng = a —___—— j —] (1-27?) '———__ ] — - NE, Om—1,ng 9 FF ——— (1 —»*)'$———— I Rn. 
kd? (#+-n?) dn dn (2?+1) kd?(#-+-n?) | dn dn 
1 
—aT 


so @ dRuan' | s «£ dR», | 
—— (2+1)} 7 4. (#2+1)'-— 
| dé (1 | dé 
Of eSac™ 1 Raw df Sn." 
1 yy E | - —m | |e. 
dnt (1—7?)! J(2+4+1)! dnt (1—n?)} 


MS”? dP ERna© 7) sin wSun” of ERan* sin 
——_———. —] ——_—_— (m+1)(@— 437) +. --- —}j -—— (m—1)(@— 4x) 
(1—n?)! del (2+1)2] J cos (1—n?)) dtl (2+1)!] J cos 
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Rigorous solutions are presented of the problems of diffraction of plane electromagnetic waves by an in- 
finitely thin, perfectly conducting, circular disk and by a circular aperture in a plane conducting screen. 
A unique solution is obtained in each case when two separate groups of the appropriate oblate spheroidal 
vector wave functions discussed in Part I are combined to fulfill the condition that the ¢ component of the 
electric field vanish on the rims of the disk and aperture. 


A. INTRODUCTION 


HE classical boundary value problems of the 
diffraction of electromagnetic waves by a circular 
aperture in a plane conducting screen and by the 
complementary circular disk have, until lately, defied 
accurate solutions. It is true that the Kirchoff diffraction 
theory, so widely used in optics,' leads to adequate 
results when ka— , where k& is the wave number 27/\ 
and a is the radius of the disk or aperture. It is also true 
that at the other extreme, ka—0, the quasi-static 
method of Lord Rayleigh? yields satisfactory solutions.’ 
However, the assumptions made in each method are 
such as to preclude its yielding even qualitatively cor- 
rect results, except in the limiting cases stated. 

Of late, these problems have received considerable 
attention. By virtue of the electromagnetic form of 
Babinet’s principle,’ the solution of the one diffraction 
problem entails the solution of the other. Thus 
Bouwkamp* has given power series solutions in powers 
of k (with a=1) for the field components in both 
problems for the case of normal incidence. Bouwkamp’ 
has also shown that the work of Bethe* and of Copson‘ 
is in error. Variational expressions for the transmission 
cross section of an arbitrary aperture in a plane 
conducting screen have been given by Levine and 
Schwinger,’ and applied by them to the case of a circular 
aperture with normal incidence. Variational aspects of 
the problem have also been considered by Miles.'® Two 
procedures for obtaining a rigorous solution have been 
proposed. The one by Meixner® has been criticized, 
however, by Bouwkamp." The other, by Meixner and 
Andrejewski,” seems to lead to a valid solution. 


* This work was supported by the U. S. Air Force under Con- 
tract AF 19(604)-266. 

' See M. Born, Optik (Verlag Julius Springer, Berlin, 1933). 

? Lord Rayleigh, Phil. Mag. 44, 28 (1897). 

*C. T. Tai, Trans. Inst. Radio Engrs. PGAP 1, 13 (1951). 

* E. T. Copson, Proc. Roy. Soc. (London) A186, 100 (1946). 

5 J. Meixner, Z. Naturforsch. 3a, 506 (1948). 

°C. J. Bouwkamp, Philips Research Rep. 5, 401 (1950). 

7C, J. Bouwkamp, Philips Research Rep. 5, 321 (1950). 

5H. A. Bethe, Phys. Rev. 66, 163 (1944). 

*.H. Levine and J. Schwinger, Commun. Pure Appl. Math. 3, 
355 (1950). 

0 J. W. Miles, J. Appl. Phys. 20, 760 (1949). 

''C, J. Bouwkamp, Physica 16, 1 (1950). 

'2 J, Meixner and W. Andrejewski, Ann. Physik 7, 157 (1950). 


Many of the authors referred to in the preceding 
paragraph utilize potential functions in their analyses of 
the diffraction by a circular disk. Thus Bouwkamp 
employs the vector potential, Meixner uses a pair 
of Dedeye potential functions, while Meixner and 
Andrejewski use two rectangular components of a 
Hertzian vector. It is significant that all of these authors 
have to make explicit use of the so-called edge condition 
in order to obtain a unique solution of the diffraction 
problem. The edge condition is the condition which 
qualifies the form of the scattered electromagnetic field 
in the neighborhood of sharp edges of a diffracting body, 
to wit: the field strengths of the scattered wave may 
become infinite at the sharp edges of a diffracting body 
only to such a degree as leads to an integrable energy 
density. That is, the scattered electromagnetic field 
energy must be finite in any arbitrarily small volume of 
space, since there are no real sources in the physical 
problem. This is tantamount to the requirement that the 
field components may become infinite at most as s~}, 
where s is the distance from the field point to the edge. 
More explicit information on the general behavior of the 
total field near the rim of a disk has been ascertained by 
Bouwkamp.' By examining the singularities along the 
rim in Sommerfeld’s famous diffraction problem of the 
half-plane for the two independent cases of polarization, 
Bouwkamp has shown that the order relations for the 
tangential field components near the rim of a disk are 


E,=0(s'), H,=0(1), (s—0), (1) 


while all other components become infinite as s~}. These 
relations will be verified in the sequel. 

In this paper a rigorous solution for each of the 
problems of diffraction by perfectly conducting circular 
disk and by a circular aperture in a perfectly conducting 
plane screen is obtained with the use of the oblate 
spheroidal vector wave functions discussed in Part I. 
The present formulation deals directly with the electro- 
magnetic field strengths and is, therefore, much more 
straightforward than those employing potential func- 
tions. A unique solution is obtained from the require- 
ment that the @ component of the electric field vanish 
on the rim of the conducting circular disk and on the 
rim of the circular aperture. The validity of this re- 
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VECTOR WAVE FUNCTION SOLUTION. II 


quirement which seems to be obvious from continuity 
considerations, is demonstrated in the Appendix. 

Previous attempts to solve the problem of diffraction 
by a circular disk by means of vector wave functions 
appear to have failed because of the obtainment of edge 
singularities of too high an order and the lack of 
uniqueness." In the present work, the method consists, 
in essence, of formulating the problem in terms of two 
separate groups of appropriate vector wave functions. 
Each group can be used by itself to satisfy the condition 
of vanishing tangential electric field on the face of the 
disk. But the separate use of either one leads to a non- 
vanishing tangential component of the electric field and 
associate violations of the edge condition at the rim of 
the disk. The two groups of vector wave functions are 
therefore combined in such a way that the boundary 
conditions are satisfied on the rim. This leads to a unique 
solution which, in the case of normal incidence, reduces 
exactly to Bouwkamp’s series solution when the power 
series expansions of the relevant spheroidal functions 
are used. 

In the sequel, the case of normal incidence is con- 
sidered first in detail. Then the formal extension to 
arbitrary incidence is given. Numerical computations 
have been deferred for the present. 


B. NORMAL INCIDENCE 
1. Diffraction by a Circular Disk 


We assume an infinitesimally thin, perfectly con- 
ducting disk of diameter d, which lies in the plane z=0. 
The center of the disk is the point r=0. In terms of the 
oblate spheroidal coordinates n, —, @ shown on Fig. 1 of 
Part I, the disk is completely specified by the co- 
ordinate £=0. 

A plane-polarized electromagnetic wave, which is 
traveling in the positive z direction, is assumed to 
impinge upon the disk. Without any loss in generality, 
we may consider the incident field to be that described 
by the equations 


E'=e,Eve'*:, Hi=e,Hoe'*:, Hyo= (€ ‘u) Ep. (2) 


The harmonic time dependence e~ ‘“‘ is omitted through- 
out. By means of the Eqs. (I-37) and (I-39) the incident 
field of Eq. (2) can be expanded as follows: 


e,Ee'** = Egk [La > donMeo,” (n, &, o) 
n=) 
+8 D binMein? (n, &6)], (3) 
n=! 


e,Hoe'*?= —iHok[a >, donNeon” (n, &, d) 
n=) 


+, > ® binNein* (n, é, >) |, (4) 
n=1 


where a and @ are arbitrary constants subject to the 


' R. D. Spence and C. P. Wells, Commun. Pure Appl. Math. 4, 
95 (1951). 
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condition 
a+p=1. (5) 
The coefficients ao, and 5;, are given by the Eqs. (I-36) 
and (I-40). 
The scattered" electric field corresponding to the 
incident field of Eq. (3) may be assumed to be 


E*(n, g, >) = Eok™ (a p ig A onMeon” (n, é, >) 


n=] 


+8! BinMein*(n, &6)] (6) 


n=l 

with 

A a donRon’ (— ic, io)/Ron®’ (—ic, 10), (7) 

By,= —b1 Rin (—ie, i0)/Rin® (—ic, io). (8) 
Here and in the sequel a prime over a spheroidal func- 
tion denotes differentiation with respect to the coordi- 
nate on which the function depends. The primes over 
the summation signs in Eq. (6) denote summations over 
only odd values of ”. From the asymptotic behavior of 
the R,,.»® (—ic, i€) functions, namely, 


- 1 n+1 
Rau (ie 8) > en i( oe = r)| (9) 
se tel 


it is seen that the expression, Eq. (6) satisfies the 
radiation condition. Furthermore, from Tables I and II 
and Eq. (26) of Part I, it is easily seen that the tan- 
gential components of the total electric field vanish on 
the faces of the disk, as required by the boundary | 
condition 





e-XE(n,0,¢)=0, E=E'+E*. (10) 


But it is also seen that E, does not vanish on the rim of 
the disk for arbitrary a and 8. The satisfaction of the 
requirement that £, vanish on the rim determines a and 
8 and leads to a unique solution of the problem. Thus 
we require that 





ma“Hse... . 
lim a -> don don” (— 1c, n) 
0,70 P+? n=l 


Ron’ (— ic, to) 

Ron®’ (— ic, to) 

eE+1)M(1—H)! 

—86 >’ DinS in? (— ite, n) 
P19? nl 

R,, (—é, 10) 

| Rin" (ie tt)——— 


Rin® (—ic, io) 


XK Rin (—1t0, ip ||=o (11) 





x | Rou (=i ig) Ron® (—ic, io | 








4’ As used here, the term “scattered field” includes both the 
waves actually reflected or scattered by the disk and the corrective 
field which compensates the unperturbed incident field in the 
shadow. But the spheroidal functions employed herein are prac- 
tical only when kd/2<10, in which range the corrective field is 
negligible. For an illuminating discussion of these concepts see L. 
Brillouin, J. Appl. Phys. 20, 1110 (1949). 
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With the aid of the Wronskian relation 
Rin? (ic, E)Rnn™’ (—ic, t&) 
— Rinn® (— ic, t&) Rin’? (— te, t&) =i/c(L+1), (12) 


and power series expansions of the spheroidal functions,"® 
we find that Eq. (11) is satisfied when 


x Ry, (— ic, 0) 
a » By don 


n=! Ro, ‘(—ic, io) 


n=l 


Z Sin’? (— tt, @) 
+8%' buf — |-o (13) 
R,,. (—ic, io) 


From Eqs. (5) and (13) we obtain 


ra) Sin? (— ic, 0) 
a buf — ~~ 





n= Ri, (—ic, io) 
a=— . . . EE 
x Sin (— ic, 0) ‘ Son?’ (— ie, 0) 
Fn [SPC] 5, [ECHO 
n=! R,,,” (—ic, 10). n=! Ro, (—ic, io) 
(14) 
B=1—a. 


With these values of a and 8, the scattered electric field 
is given exactly by Eq. (6). The expression for the 
scattered magnetic field follows from the Maxwell 
equation VX E=iwuH, and is 


w® 


H*(n, &, 6) = —iHok {a 20’ AonNeon”™ (1, &, #) 


n=) 


+BY BinNein®® (n, &,6)}. (15) 


n=! 


The total field is given by the sums of Eqs. (3) and (6) 
and Eqs. (4) and (15). 

It is readily verified that the total field satisfies the 
edge condition and the order relations given in Eq. (1) 
and the first line thereafter. In the plane of, but outside, 
the disk, for example, where the distance from the rim of 
the disk is given by 


s=d?/4, n=0, & 0 (16) 


we find that, in cylindrical coordinates (9, ¢, 2), 
E,=0(s~) cos¢, E,=0(s') sing, E.=0, 

H,=0(1) sind, H,=0(1) cosé, H,=0(s~) sing. (17) 
On the disk itself, where 


s=dr?/4, ~=0, 7-0 (18) 


we find 
E,=0, E,=0, E.,=0(s~) cosq, 
H,=0(s=') sing, H,=0(1) cosp, H.=0. 


6 A. Leitner and R. D. Spence, J. Franklin Inst. 249, 299 (1950). 


(19) 
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[It is worthy of note that, for arbitrary a and 8, the 
z-component of the magnetic field as given by Eq. (15) 
does not satisfy the edge condition. But the same values 
of a and 8 which insure the vanishing of E, on the rim 
of the disk, also insure the satisfaction of the edge con- 
dition by H,. This relationship is a consequence of the 
interdependence of the electric and magnetic field com- 
ponents as given by Maxwell’s equations, and also of the 
nature of the vector wave functions employed. We shall 
discuss this further in Section C. 

The far-zone scattered field is obtained in spherical 
coordinates (r,9,@) with the use of the asymptotic 
forms Eq. (9) and 


n—c0s8, @€,——e@9, c&>kr, (f->0). 


(20) 
Thus 
E*(r, 6, d) 
~i Fok {ee D0’ i" A on Son“? (— tc, cosd) cos 
n=l 
—egla >’ i” AgnSon (— ic, cos@) cosé 
n=l 
—B >’ i" By Sin"? (— ic, cosd) 
n=! 
Xsind | sin@ye'*’/r, (21) 


H*(r, 0, d) 


~iH ok {esa —_ i” ! A on Son? (— IC, cos@) cosé 


n=l 


—p > y i” Bi Sin‘? (—ic, cos@) sin8 ] sing 


n=l 


+ega >>’ i" AgnSon\ (—ic, cosd) cosp}e'*’/r. (22) 


n=1 


In those cases for which the present formulation is 
suited, the total scattering cross section is given to a 
good approximation by" 


f f FE*(r, 0, 6) XH**(r, 0, d)r? sinddéd@ } 
0 0 


o,=lim 
Pape Eo, 
(23) 


In order to carry out the integration over @ in Eq. (23), 
it is necessary to use the series expansions of the angular 
functions in Eqs. (21) and (22) and integrate the 
resulting quadruple sum term by term. This will be 
relegated to another paper, along with numerical 
computations. In the next section, however, we shall 
give the series expansion of o, in powers of c. 


2. Power Series Solution 


In order to show that the present solution reduces 
exactly to Bouwkamp’s solution for the case of small 





16 See footnote 14 and the reference cited there. 
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disks, we shall obtain the expressions for the far-zone 
scattered field components in powers of c. To do this we 
need the expansions in powers of c of the coefficients 
fm [see Eqs. (I-11) to (1-16) ]. These are easily ob- 
tained from the recursion relation for the /,”” once the 
power series expansions of the eigenvalues have been 
obtained. The required coefficients have been given by 
Meixner (when / is y is replaced by —ic) in decimal 
form, so that we shall not include a table of the frac- 
tional forms which we have calculated and used here. 

In the calculation of the power series expansions of a, 
8, Ao,, and B,,, the following expressions, which are 
valid for odd n, are needed: 


Sin’? (tc, 0) = Son’ (—ic, 0) 


i" (n-+1)! 


=- (24) 
21 ( n—1)/2]! \/2 VC (n+1)/2)! 
1” "2c fo! n 
R;,.“? (—ic, io) = —, (25) 
3¥ f'™(r+2)!/r! 
1” Si 
Ro," (— ic, 10) =- ; (26) 
3 » By f° 
r=l 
"le 
R,,° (—«, to.) =—- 
| an fi"(r+2 t/y! 
x rt 2)! Ir Ln 
x|E _— |. (27) 
=@ Det \(r/ 2) IT re: 2)/ 2)! 


1°34 





Ron®”’ (— ic, 10) = 
@ 
Qe? fo” Me fom 
j r=1 . 


o r+1 r Or 
<i 2 - —— | . (28) 
r=t 2"[ (r—1)/2]![(r+1)/2]! 
The calculations are straightforward though tedious. 
The results are: 


2 2 
a=2+-C+—c'+::- 
3 


2 2 
B=— I+oe+ ci4+-..-. 


4 34 
+i—e ‘(445 C+: 


on 


-)I, (30) 
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2 4 3 
fi"A a= -i—e( 1+-—?+-—c'+ --- ) 
25 245 


3a 


P 7 
+—a(1+— -4 


273° 


), (31) 
128 10 


fs? Ao3=1-———— -Citeee, (32) 
632 


4 7 
fUBy=i—e (1-- —c 24 Eis ) 
3r 25 49 


16 16 
a a(1——e+--, 
25 


273% 





), (33) 
512 10- 


fs8By3=i- cles, (34) 
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With the use of Eqs. (29) through (34), the power 
series expansions of the far-zone field components are 
found from Eqs. (21) and (22) to be 


4c? Eo 13 3 
Ee= (u/e)}Hg™ [1+—(14— cost 
3rk 30 3 


29 38 1 
+—( 1+— cos*0+— cost Jc! 
280 87 29 


18c* 39 5 
+ | 1+ —( 1+-— cov Je 
Or 50 39 


¢ 
+0(c) | cost cos , (35) 


4c°-Ky 11 5 
k= — (u/e) Hyer —| 1+ ( 1+ cost 
3ark 


17 70 
+— _( 1+— cos’@+— ~ cos) 
280 51 51 


18c* 17 5 
a | 1+ =(14+— cos Je 
or 25 17 


€ 
+0(e9} sing—. (36) 
r 





If cos*@ is replaced by 1—sin*@ in Eqs. (35) and (36), the 
resulting expressions are identical with those obtained 
by Bouwkamp* for a disk of unit radius and an incident 
eleciric field of unit amplitude. The leading terms of 
Eqs. (35) and (36), are contained in Lord Rayleigh’s 
paper’ on the scattering by small ellipsoids. 
Substitution of Eqs. (35) and (36) in Eq. (23) leads 
to the power series expansion of the total scattering 
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cross section. The scattering coefficient (scattering cross 
section/area of disk) 7 is thus found to be 


128c4 22 7312 
pep, Le 
27x 25. = 18375 





c+O0(c*) }, (37) 


which again is in agreement with Bouwkamp’s result. 

The power series expansions of the scattered field 
components on and near a small disk have been given by 
Bouwkamp and need not be repeated here. For a 
larger disk the exact forms of Eqs. (6) and (15) must be 
used. 


3. Diffraction by a Circular Aperture in a 
Plane Conducting Screen 


The solution of the problem of diffraction by a 
circular aperture in a plane conducting screen can be 
obtained immediately from that of the complementary 
disk problem by the application of the electromagnetic 
form of Babinet’s principle, as formulated by Copson* 
and by Meixner.’ The electromagnetic form of Babinet’s 
principle states that if E,*, H,’ is the diffracted field 
when a wave E,', H;,'‘ is incident in the positive z 
direction on a finite, perfectly conducting, plane screen 
lying in the plane z=0, then 


E.*= —_ (u ©) H,’, H.*= (e/n)E,*, 3 2 Q 


E,*= (u ‘e) Hy", H,*= —_ (e ‘B) Ey, 3 > 0) 
are the diffracted fields when the wave 
E.‘= (w/e) Hi’, o'= — (€/u) Es’, (39) 


is incident in the positive z direction on the comple- 
mentary, perfectly conducting, plane screen. In the 
latter case, the total field in the half-space z<0 is 
formed from a superposition of the incident wave, the 
reflected wave in the absence of an aperture, and the 
diffracted wave; in the half-space z2 0, it is equal to the 
diffracted wave. 

We shall identify the fields E,*, H,* and E,‘, H,‘ in 
Eqs. (38) and (39) with those of Eqs. (6), (14) and (3). 
Then E,’, H.* in Eq. (38) is the diffracted field when the 
incident wave E,', H.‘ of Eq. (39) impinges normally 
upon a perfectly conducting, plane screen with a circular 
aperture of diameter d centered about the origin. Let us 
now rotate the coordinate system about the z axis 
through a positive angle of 90 degrees. We thus find that 
when the incident wave is 


E'=e,Foe'*:, H ‘= e,Hoe'*:, 


the diffracted field E*, H®™ in the half-space 220 
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behind the aperture is 


x 


E (n, é, >) = tEok {a ying AonNeon™™ (n, g, ot 5m) 


n=! 


+8 yy BinNein*™ (n, g, o+ 31)}, (40) 


n=l 


x 


H* (n, g, o) = Hok-{a > ig A onMeo,” (n, g, o+ 51) 


n=1 


+8 DL" BinMer,* (9, & o+30)}, (41) 
n=l 
with a, 8, Aon, and B,, given’by Eqs. (14), (7), and (8). 

It should be remarked that the formulation of the 
problem as expressed by Eqs. (40), (41) and the corre- 
sponding ones for the half-space z<0, can also be 
obtained directly without recourse to the electromag- 
netic form of Babinet’s principle. By starting with the 
expansion of Eq. (I-33) and the relation Neo,” (n, &, ¢) 
= — Neo,” (n, £, +432) along with the expansion of 
Eq. (I-35) with @ replaced by +z, one is lead to the 
formulation of Eqs. (40) and (41) upon satisfying the 
conditions of vanishing electric field on the screen and 
continuity of the fields across the aperture. The values 
of a and 8 given by Eq. (14) insure the vanishing of the 
¢@ component of the electric field on the rim of the 
circular aperture. 

An alternative formulation can also be written down 
directly with E* and H* expressed, respectively, in terms 
of the same type of vector wave functions as in the disk 
problem, but with different coefficients A,, B,, and 
with the summations extended over only even values of 
n, The latter formulation also follows from the applica- 
tion of the electromagnetic form of Babinet’s principle 
to the case of the following section when E’ is in the 
plane of incidence. 

The far-zone field components in the half-space 220 
are found from Eqs. (40) and (41) to be 


Es (r, 0, ) 
= (u/e)!H4(r, 0, o)~— ikEo 


X {a S’ i*- Ao Son (— ic, cosd) cosd 


n=l1 
x eikr 
—B>’ i? "By,S in (— ic, cos8) sind} coss——, (42) 
n=l r 
Ey (r, 6, >) 
= — (u/e)'H,™ (r, 0, 6) —~iEok™a 
eo eikr 
+ Thy 1*-14 ond on? (— ic, cos@) sing—-. (43) 


n=1 r 


The power series expansion of E,‘*(r, 0, @) is given 
by Eq. (36) with sing replaced by cos, while that of 
E, (r, 0, @) is given by Eq. (35) with cos¢ replaced by 
sing; these agree with those given by Bouwkamp. The 
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power series expansions of the field components in and 
near the aperture have also been given by Bouwkamp. 
Finally, the power series expansion of the transmission 
coefficient / of a circular aperture for a normally inci- 
dent, plane-polarized wave is equal to $7, where r is 
given by Eq. (37). 


C. ARBITRARY INCIDENCE 


In the case of arbitrary incidence, the formal solutions 
of the diffraction problems can be obtained in the same 
general manner as in the case of normal incidence. As 
before we shall derive the form of the scattered field in 
the disk problem. The solution for the circular aperture 
then follows immediately upon the application of the 
electromagnetic form of Babinet’s principle. 

There are two independent cases to be considered 
since the incident wave can be polarized with the 
electric vector either perpendicular to or parallel with 
the plane of incidence (the y, z plane). We shall dis- 
tinguish the quantities pertaining to the two cases by 
appending a | or |! sign to them. 

For the expansion of the incident electric field we have 
available the expansions (I-31) and (I-32) in the one 
case, and (I-34) and (I-35) in the other. But the @ 
dependence of the various components of Me,,,”“° and 
Nenn»”® differs from that of the components of Me, ,7°° 
and Nemn**. We shall replace, therefore, the functions 
Me,” and Nen»”® by 


Memn” (n, &, 6) = Mem—1, n(n, &, ) 

+ Memii, nt (n, &,o), (44) 
Nemn” (n, &, &) = Mem—1, v6? (n, &, b) 

+ emi, nt (n, &, 6). (45) 


From Tables II, III, V, and VI it is seen that in each 
case we now have available two separate expansions in 
terms of vector wave functions whose components have 
the same ¢@ dependence. In each pair of expansions the 
coefficients of the same ¢-dependent trigonometrical 
function must be equal, component by component. 
Therefore we may expand the incident field as follows: 


E, i= e-Ee'* 4 singf+2z cost) 
a 


= Eok™ ) { &m—1* > a Ann (C)MEm—1, a (my, é, >) 


m=) rn=m 


+ Om+1* 3 Amn(F)Me n+ 1, n  (n, é, ?) 


n=m 


+ Bm* % bmn(C)Memn*” (n, é, ¢)}, (46) 


n=—m 


H.‘= (coste, — singe.) H ge i*’y sink = cot) (47) 
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and 
u'= (—cosfe,+ sinfe,) Ege'* sinf+2 cost) 


= iKok DO {am—1" ann (£)M€m—1, n(n, & @) 


m=() n=m 


+ Om1'" ps Am n(C)Mem+1, ar (n, é, >) 


rm 


+ Bm+1" ps bnn(€)Nemn® (n, g, ¢)}, (48) 


H,, ‘= eH oe'*™ sinf+z cost) (49) 
with 
Q1=Q;; AnmtBm=1, m20, (50) 


in both cases. The coefficients @mn(¢) and bm»(¢) are 


Amn(£)=tYmn(F)/coss, 
bnn(S) audi iY mn(f)/sing, 


where Ymn(¢) is given by Eq. (I-29). 
Treating the two cases together, we let the scattered 
fields be as follows: 


(51) 


E.'(n, &, $) 


= Eok™ p {am—1* Oy 


m=0 n=m+1 


A a (¢)me»—1, n @) (n, é, od) 


+ Am+ * py é 1 mnt (CME m1, _— (n, g, >) 


n=m+1 


+Bmt Do’ Ban*(S)Memn?® (n, &,6)}, (52) 


r=m 


Eu*(n, & ) 


= tEok™ , 6 Gin2™ my A iy n ~@) (n, é, >) 
m=) 


u=m 


+ m+" >! A “a (C)Mems-1, at (y, é, >) 


n=m 


+Bm" OO’ Bun (S)Nemn? (n, &)}, (53) 


n=m+1 


Hi n° (n, g, >) = i(€o/puo)*k"'V X E, un? (n, g, >), (54) 


with _ 
Rinn“ (— ic, t0) 








A mn (¢) = —-— — “Amn(¢), 
Rinn®™’ (—ic, to) 
Rin? (— tt, to) 
Brat (= eR natn a ama igi bmn), (55) 
Rin®™ (— ic, to) 
Rin? (— ic, to) 
Aan" (0) = a ‘Papas Gualf), 


Rnn® (—ic, io) 


Rinn'?’ (— ic, to) 
Ban™ (C= peraigl5ey rar: —bnalf). (56) 
Rinn® (— ic, io) 
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With the scattered fields given by Eqs. (52) through 
(54), the total tangential electric field vanishes on the 
faces of the disk in both cases. But, for arbitrary a, and 
Bm, the Ey component does not vanish on the rim of the 
disk, with accompanying violations of the edge con- 
dition. As in the case of normal incidence, a unique and 
rigorous solution is obtained in each case when a,, and B,, 
are chosen such that EZ, vanishes on the rim of the disk. 
The determination of a,, and 8,, is carried out, in 
general, in the same way as the determination of a and 


Z Son? (— ic, o) 
+ Me bon (©) , Wine 
n= Ro, (— ie, 10) 
4 


LAMMER 


B in Sec. B-1 for the case of normal incidence. Therefore, 
we shall not include the details. However, the determi- 
nation of ap'' and 8 '' requires a separate discussion 
because in this case E, has no ¢-independént term. The 
simplest way to determine ay'' and 8," is to consider the 
problem of the complementary aperture in a plane 
conducting screen. By interchanging the expressions for 
E and H and requiring the vanishing of E, on the rim of 
the circular aperture, we obtain the required relation 
between ay" and By". The results are 


ag = ‘ (57) 
£ Son? (— te, 0) £ Sin?’ (—ic, 0) 
>’ bon (&) —} ain (€) 
n=) Ro, (— ic, io) n=2 R,,,° (—ic, io) 
Z Sin’ (—tc, 0) 
>’ bin(S)— 
n=! tn’ (— ite, to) 
a;= . (58) 
£ Sin” (— ic, oO} £ Son" ‘(—te, 0) x So, (— ic, 0) 
> bin(€) — >’ ayn (&) —3 >’ an, (6) 
n=l R,,° (—ic, io) =I Ry, °' (—ic, to) n=3 R2,,' (—ic, io) 
L Smn'? (— tc, 0) 
; age 
— Ruan® (—ic, to) 
ay += —- ———- ' 
a San‘? (—#e, 0) Z Sm—1, a (—ie, 0) x Smt, a" (—4, 0) 
©’ ban (5)- —$ D’ ami, n(f)- —2 YS! angi, n(¥)——— 
=m R,,» (—ite, io) n=m R,,,.° (—ic, to) n=m+2 mit.n® (— ie, to) 
m22, (59) 
z Son?’ (— ic, 0) 
>’ bon. (o) 
n=l Ry, (— ic, io) 
ay" = . (60) 
. Son’ (— ic, 0) = Sin? (— Ic, 0) 
>’ bon (€) +3 5°’ ay,(¢) 
n=l on” (—ic, to) = in” (— ic, to) 
£ Sin’? (— ic, 0) 
Diy by, (¢) 
n=2 R,,°' (—ic, io) 
a,'=- , (61) 
4 au (1) — ic, 0) x Son? (— ite, 0) ZL So, (—Ite, 0) 
> bin(&) + >>" aon(O) stead +3 >°' az, (¢) 
n=? in® (—ic, to) »=0 on® (— Itc, to) n=2 R2,, (— ic, to) 
£ Sma’ (— ic, 0) 
- bait) : 
n=m+1 Rinn®™ (— ic, io) 
,,"'= 
x \ ni?’ (— ic, 0) x 5 +8 1, nv(— ic, 0) x A a 1. nv (— ic, 0) 
Le’ bmn(f) +$ LD! ant nS) +4 Y' angi nlf) 
eee Run’ (—ic, io) n= e—l R.. 1 a? (— ite, 10) n=m+1 | ar rn” (—tC, io) 






Ba>'"' —_ 1— ap,* wt" 


With these values of a, and 8», the fields scattered by 
the disk are given uniquely and rigorously by Eqs. (52) 
through (54). In the case of normal incidence, the solu- 











m22, (62) 


(63) 


tion of the E,‘ case reduces to the one given in Sec. B-1, 
while the solution of the E,,‘ case provides an alternative 
formulation, 
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The solution of the diffraction by a circular aperture 
in a plane conducting screen of an arbitrarily incident 
wave follows immediately from Eqs. (38) and (39) and 
need not be written out explicitly. 

In the foregoing we have appeared to require only the 
satisfaction, at the rim of the disk or aperture, of the 
boundary condition on the component of the electric 
field parallel to the rim. A unique solution which fulfills 
the requirements of the edge condition has then ensued. 
It should be pointed out, however, that this is a result 
of the nature of the vector wave functions employed. 
Not all vector wave functions are so proper. If, for 
example, the vector functions Mmn’(n, &,¢) and 
Ninn”(n, &,@) are used in conjunction with one of the 
other sets of vector wave functions, it is possible to 
satisfy the condition on E, at the rim. But the other 
field components do not satisfy the edge condition, 
indicating an incorrect solution. Thus the satisfaction of 
the boundary condition on the component of the electric 
field parallel to the rim is not, in general, sufficient. This 
is seen above, in fact, where we consider the disk and 
aperture problems concurrently in order to determine 
a,, and Bo. These quantities can also be obtained 
without considering both problems together by invoking 
the edge condition explicitly. 


D. CONCLUSION 


We have given rigorous solutions of the problems of 
diffraction by a circular conducting disk and by a 
circular aperture in a plane conducting screen in terms of 
oblate spheroidal vector wave functions. This form of 
solution has been found useful in the application of the 
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electromagnetic extension of the cellular method of 
solid state physics to an artificial dielectric composed of 
an array of conducting disks.!? The same method, but 
with the employment of additional vector wave func- 
tions, has been used in an analysis of the radiation 
characteristics of electric and magnetic dipoles in the 
presence of a conducting disk. This will be presented in a 
future paper. 


APPENDIX 


In a recent paper on diffraction by an edge, Jones!* has found 
that conditions on the induced current and charge densities plus an 
extra condition, which makes the components of the field parallel 
to the edge finite, (i.e., not infinite), are sufficient to ensure a 
unique solution. It is worthy of note that instead of our premise 
that Ey vanishes on the rim of the conducting disk, we need to 
presuppose only Jones’ condition that £g is finite on the rim. That 
Ey actually vanishes on the rim can then be ascertained in the case 
of normal incidence, for example, as follows. 

If Ey is finite on the rim, the right-hand side of Eq. (11) is 
replaced by a constant and the equation becomes of the form 


limé“'f(c, £) =constant. (A-1) 
§0 


This requires that f(c, ) vanish, as before, which is ensured by 
Eq. (13). But the coefficient of the linear term in the expansion of 
f(c, =) in powers of ~ is found to vanish. Thus the constant of the 
right-hand side of Eq. (A-1) is zero. Similar results are found to 
obtain in the case of arbitrary incidence for both the disk and 
circular aperture. This proves that Eg does vanish on the rim, as 
assumed originally. 


The author would like to acknowledge conversations 
with Dr. C. T. Tai which incited the present work. 
17 C, Flammer, Phys. Rev. 89, 1298 (1953). 
18 —D. S. Jones, Quart. J. Mech. Appl. Math. 5, 363 (1952). 
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Laminar Flow in Channels with Porous Walls* 
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K-25 Laboratories, Carbide and Carbon Chemicals Company, Oak Ridge, Tennessee 
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The Navier-Stokes equations have been solved to obtain a complete description of the fluid flow in a 
channel having a rectangular cross section and two equally porous walls. The scope has been limited to two- 


dimensional incompressible steady-state laminar flow. 


The solution of the flow equations leads to detailed expressions for the dependence of the velocity com 
ponents and the pressure on position coordinates, channel dimensions, and fluid properties. 


INTRODUCTION 


HE solution of problems involving diffusion 

phenomena in a flowing gas stream requires a 
knowledge of the details of the flow. More specifically, 
one must know the magnitude and direction of the 
velocity at any point in the flow channel. The effect of 
wall porosity on the velocity and pressure distributions 
in a channel has not, to the author’s knowledge, been 
investigated previously, although considerable theo- 
retical effort has been devoted to the boundary-layer 
flow over a porous flat plate.' In this case, however, the 
boundary-layer equations have been used which are 
approximations to the Navier-Stokes equations and 
are not applicable to fully developed channel flow. 

Several treatments, relating the over-all pressure drop 
to the flow rate in a channel with porous walls, have 
appeared in the literature, notably those of Olson? and 
Van Der Hegge Zijnen.* However, in these cases, the 
problem was simplified by neglecting kinetic-energy 
effects or restricting the discussion to a one-dimensional 
flow. 

For these reasons, it seemed desirable to investigate 
the possibility of obtaining a solution to the Navier- 
Stokes equations for channel flow under the condition 
where fluid is being withdrawn through the channel 
walls. 


REDUCTION OF THE FLOW EQUATIONS 


A channel of rectangular cross section is to be con- 
sidered. One side of the cross section, representing the 
distance between the porous walls, is taken to be much 
smaller than the other. This condition enables one to 
treat the problem as a case of two-dimensional flow. 
Both channel walls are taken to have equal permeability. 

The following flow conditions are imposed: (1) a 
steady state prevails; (2) the fluid is incompressible; 
(3) no external forces act on the fluid; (4) the flow is 
laminar; and (5) the velocity of the fluid leaving the 
walls of the channel is independent of position. 

* This document is based on work performed for the U. S. 
Atomic Energy Commission by Union Carbide and Carbon 
Corporation at Oak Ridge, Tennessee. 

'H. Schlichting, Grenzschicht-Theorie (G. Braun, Karlsruhe, 
1951), p. 213 ff. 

?F. C. Olson, J. Appl. Mech. 16, 53 (1949). 


3B. G. Van Der Hegge Zijnen, Appl. Sci. Research, A3, 144 
(1951). 
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A coordinate system is chésen with the origin at the 
center of the channel. The y axis is perpendicular to the 
channel walls and the x axis is in a plane parallel to the 
channel walls. The distance between the walls is taken 
to be 2/4 and the channel length is L. 

Under the assumed conditions and choice of axes, the 
Navier-Stokes equations are 


Ou vou 1 Op Ou 1 Pu 
“—+-—=-- + (— 4 —), (1) 
Ox har p ox dx I? aw 








Ov wv OV 1 Op ev 1 Ar . 
u—+-—=-— -—+9/ +-- ), (2) 
Ox hax hp ar 0 =k an 
and the continuity equation is 
Ou 1 a 
—+- —=() (3) 
Ox hoax 
where the dimensionless variable 
h=y/h (4) 
has been introduced. 
The boundary conditions are 
u(x, +1)=0 (5) 
(du/AX),0 =0 (6) 
v(x, 0)=0 (7) 


v(x, +1)=2,= constant. (8) 


For a two-dimensional incompressible flow a stream 
function wy exists such that 


u(x, A)= (1/h)(G~/AN), (9) 
v(x, A) = — (O/dx), (10) 


and the continuity equation, (3), is satisfied. 

Since the flow is symmetrical about a plane midway 
between the walls, the solution will be investigated over 
half the channel, i.e., from the midplane to one wall. 

For constant wall velocity v,, and the given boundary 
conditions, a suitable choice of stream function is 


¥(x, A) =[hti(0) — 2x ] f(A), (11) 
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giving for the velocity components by Eqs. (9) and (10) 
u(x, )=[W(0)— (rwx/h) ] f(r), (12) 
v(A)= wf (A). (13) 


In these equations f(A) is some function, yet to be 
determined, of the distance parameter \X. It is noted that 
under the assumption of constant wall velocity »v,, the 
y component of velocity » becomes a function of A only. 

If Eqs. (12) and (13) are substituted into the equa- 
tions of motion (1) and (2), there result 


— | 20) =| “cp sr"-—7'"\, (14) 
~ i h h II ie 


p Ox 2 
10p vdv v dv 


hp dv hdd We dX? (15) 





The right-hand side of (15) is seen to be a function of 
\ only, hence differentiation with respect to x yields 


(ap/dxdd) =0 (16) 


so that upon differentiating (14) with respect to A, one 
obtains 


Vyt 


0) " d ers } y a7) 
u(0)——— —|— 2 ff" \4+—f'""}=0. (17 
h MdXth I 
If (17) is to be satisfied for all x, then 
d |Vw y . 
— | —f?- ff'J+—f" =() (18) 
dy! h h? 


or integrating and defining 


R= (2 ~h/v), (a Reynolds number), (19) 


one obtains 
RLS? — ff" +f" =k, (20) 


where & is the constant of integration. 

The boundary conditions on the function /(A) and its 
derivatives are readily obtained from Eqs. (5) 
through (8) and Eqs. (12) and (13). Thus 


f0)=f' (1) =f” 0) =0, (21) 
f(i)=1. (22) 


The third-order, nonlinear, ordinary differential 
equation, (20), together with the associated boundary 
conditions (21) and (22) constitute an exact solution 
to the equations of motion and continuity as formulated. 
Four boundary conditions are needed since the inte- 
gration constant & is still to be determined. 

Formally, Eq. (20) appears similar to a general bound- 
ary-layer equation investigated first by Falkner and 
Skan‘ and later, more thoroughly, by Hartree.* How- 

‘V. M. Falkner and S. W. Skan, Phil. Mag. 12, 865 (1931). 


5D. R. Hartree, Proc. Cambridge Phil. Soc. 33, Part IT, 223 
(1937). 
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ever, the differences between the equations} are of such 
a nature that the author did not find it possible to make 
use of the solutions already available for the boundary- 
layer problem. 

If one considers the limiting form of Eq. (20) as vq, 
and hence R tends to zero (the order of the equation is 
unchanged), a simple third-order equation, /’’=k, 
results. The solution to this equation subject to the 
boundary conditions (21) and (22) leads to a function 
f describing the well-known Poiseuille flow in a rectan- 
gular channel. In view of this, it seemed reasonable that 
the deviations from Poiseuille flow, brought about by 
the permeable walls, could best be studied by a per- 
turbation treatment in which the wall Reynolds number 
R is used as a perturbation parameter. Such a solution 
will be valid for sufficiently small values of R and is 
outlined in the next section. 

For large values of R, it is not possible to investigate 
the nature of the solution by considering the limiting 
form assumed by Eq. (20). This is so since, contrary to 
the case for small R, the order of the equation is reduced 
by unity if the terms not multiplied by R are neglected. 
Thus, one must first obtain a general solution to the 
unmodified equation and then investigate the behavior 
of this solution as R increases. No suitable technique 
has as yet been found enabling one to obtain such a 
solution which would be expected to be valid for all 
values of R. 


PERTURBATION SOLUTION 


Expanding the function f(A) and the constant of 
integration k of Eq. (20), 


fA)=foN+f/iA)R 
+ fo(A)R?+---+fn(A)R"+--+ (23) 


and 


k=Cot+C,R+C2R?+ ne +C,R"+ PTA, (24) 


Here the /,’s and C,,’s are taken to be independent of R. 
Substitution of (23) and (24) into (20) and collecting 
powers of R leads to the following set of equations: 


Zero order, fo’ =Co (25) 
First order, fi’ =Ci+ fofo’— fo” (26) 
Second order, fi” =Cot fof’ + fifo’ — 2 fo’ fi’. (27) 


+ The differences between the Falkner and Skan equation and 
Eq. (20) of this paper arise from the fundamentally different 
physical situations that are involved. The Falkner and Skan 
equation results from the consideration of a system wherein the 
“boundary layer” occupies only a very small portion of the region 
of interest whereas in the case of the present equation, the “‘bound- 
ary layer” fills the whole domain. This difference is reflected in the 
different coefficients of the two equations, in a finite interval of 
integration compared to an infinite interval, in four instead of 
three boundary conditions, and in boundary conditions which are 
not the same. The fact that there are four boundary conditions, 
two of which are specified at the upper limit (A=1), makes a 
series solution, of the type used by Falkner and Skan, less ad- 
vantageous than the perturbation method used here. 
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Fic. 1. Pressure drop in channels with rectangular cross section. 


The boundary conditions to be satisfied by the /,,’s are 
from (21) and (22) 


f,(0)= f,’(1) =f," (0) =0 (28) 
fo(l)= | 
. (29) 
f,1j=0; n21 


Equations (25), (26), etc., are ordinary linear third- 
order equations which are readily solved to give suc- 
cessive approximations to /(A). 


THE EFFECT OF POROUS WALLS 
ON CHANNEL FLOW 


The first-order perturbation solution gives for /(A) 
and k 


f(A) = 5A(3—*) + (R/280) (3A7— 2A—2X?), (30) 
R= —3+ (81/35)R. (31) 


Since the correction term in (31) seemed rather large, a 


second-order perturbation calculation was carried 


through and the coefficient of the R? term in the ex- 
pression for k was found to be about 0.02. 

Equation (30) and its derivative along with Eqs. (12) 
and (13) yield the following expressions for the velocity 
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components: 


u(x, )= | #0) le (1-22) 
7 


R 
| 1- a—m-n9] (32) 
420 
v(A) A 
-=-—(3—)*)— A(2— 3A\7+-A®). (33) 
Un 2 280 


From Eq. (32) it is seen that the velocity profile is 
flatter than the Poisueille parabola at the channel center 
\=0, and steeper close to the channel walls. 

The pressure distribution in the channel is readily 
obtained from Eq. (14). Thus, multiplying (14) by 
(—/?/v) one obtains 
h* ap Vp 
+—- -|«0)- |eacr—204+ "9 (34) 

pv Ox hh. 


Using (20) and rearranging gives 
Op ku Vet) 
-= u(O)— . (35) 
Ox = IP h . 
Further from (15), 
Op pwdy dv 


-=-— — pv—. (36) 
ON hd& dx 





Integrating (35) and (36) and making use of (33), one 
finally obtains 


oa 


p(x, 4)= p(0, 0)—p—-f2(d) 
? 


I 2h 1 


Ru Ved] Veh 
+ | 2(0)»— }+ Cf’(A)—f')]}. (37) 


Using the first-order results for /(A) and its derivative 
one can complete the evaluation of the pressure distri- 
bution. 

It is interesting to calculate the pressure drop in the 
major flow direction. From (37) 


9 


ku U ed 
p(0, A)— p(x, AN)= —- | 2(0)»— | (38) 
hr Qh - 


In dimensionless form, this becomes 


ppt’ (0) 


Nre 35 Nr. 


2R x x 
x(1-—")(-), (39) 
Nreh h 


p(0, d)— p(x, d) ‘* 648 R ) 
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LAMINAR FLOW 


where the entrance Reynolds number has been intro- 
duced as 
N re=4hii(0)/v (40) 


and the first-order value for k has been used. 

The values assigned to (x/) are limited by the fact 
that at some value of x in the channel, all the gas has 
been removed through the channel walls. From Eq. (3), 
it can be shown that the range of allowable values for 
(x/h) is 

OSx/hSNp./4R. (41) 


Equation (39) is shown graphically in Fig. 1 for an 
arbitrary choice of R=1 and NVr.=1000. Also illus- 
trated in the same figure is the x dependence of pressure 
in a solid wall channel having the same entrance 
Reynolds number. 

To help visualize the flow, the streamlines for the 
upper half-channel are shown in Fig. 2 for a choice of 
R=1, and Nr,-=1000. The first-order result for f(A) 
was used and the stream function was plotted in dimen- 
sionless form. Thus from Eq. (11), 


W(x, X)=[W (a, d)/ha(0)] 
=[1— (4R/Nre)(x/h) ]f). (42) 


The technique used for obtaining a solution for this 
case of two porous walls having the same permeability 
can be readily extended to obtain solutions for the 
cases of a channel having porous walls of different 
permeability or for a porous tube. 


SUMMARY 


The effect of wall porosity on the two-dimensional 
steady-state incompressible laminar flow of a fluid in a 
channel having rectangular cross section has been 
investigated in detail by the solution of the Navier- 
Stokes equations. 

With the assumption of uniform suction at the walls, 
an exact solution of the flow equations is obtained 
leading to a third-order nonlinear differential equation 
with appropriate boundary conditions. For small flows 
through the porous walls, this latter equation is solved 
by a perturbation method. First-order expressions for 
the dependence of the velocity components and the 
pressure on positional coordinates, channel dimensions, 
and fluid properties are obtained. 

The velocity “profile” in the major flow direction is 
found to deviate from the Poiseuille parabola by being 
flatter at the center of the channel and steeper in the 
region close to the walls, the degree of deviation de- 
pending on a Reynolds number for the flow through the 
channel walls. 

The pressure drop in the direction of the main flow is 
found to be appreciably less in the porous wall channel 
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Fic. 2. Flow lines in the upper half of a channel with 
porous walls. R=1; Nre=1000. 


than that in a solid wall channel having the same 
dimensions and the same entrance Reynolds number. 


NOMENCLATURE 


2h= distance between the channel walls. 
k=an integration constant. 
p(x, \)=the pressure in the channel at the point (x, A). 
u(x, )=the velocity component in the x direction at 
the point (x, \) in the channel. 

u(x) =the x component of velocity averaged over the 
channel cross section at position x along the 
channel. 

v(x,A)=the A component of velocity at the point 
(x, \) in the channel. 
v»=the velocity of the fluid leaving the channel 
walls. 
R=a Reynolds number for the flow through the 
channel wall, R=hv,,/v. 

Nre=a Reynolds number for the flow entering the 

channel, Vp.=4hii(0)/v. 
\= dimensionless distance parameter, \= (y/h). 
=the fluid viscosity. 
v=the kinematic viscosity (u/p). 
y=the stream function. 
=the dimensionless stream function. 
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When a uniform finite magnetic field passing through the cathode is used for focusing a beam of electrons, I 
random emission at the cathode results in the electrons traveling down the beam in a helical manner. Such a f 
rotational motion severely limits the amount of current that can be made to travel through a small tube or c 
between closely spaced parallel plates. The amount of current transmitted through such structures is cal- 
culated in this paper and presented in the form of normalized curves. It is assumed that the current initially 
fills the tube or the region between the parallel plates. 

If an alternating electric field having a frequency comparable to the rotational frequency of the electrons is y 
applied normal to the beam, the average electron radius of motion is increased. Should the electron beam be 
made to flow through a tube after the application of such an alternating electric field, the current trans- 
mission through the tube will be reduced over that when no electric field exists. The first-order correction r 
term for this case is calculated and presented in the form of normalized curves. The fact that the average C 
electron radius is increased when an electric field is present implies added energy and leads to the formulation 
of a conductance expression relating the power in the rotational motion of the beam to the electric field 
normal to the beam. 

The current interception and the equivalent beam conductance are important in many electronic devices d 
such as traveling-wave tubes. The beam conductance may be quite large in some cases—on the order of that ( 








present off the axis of a helix. 


ELECTRON EQUATIONS OF MOTION 


SSUME a set of rectangular coordinates (x, y, z) 
with an electron traveling at a constant velocity v 
in the z direction in the presence of a finite magnetic 
field also in the z direction. At some reference plane 
(t=0, z=0), the initial z directed velocity is v, and the 
x and y velocity components are % and #o, respectively. 
The initial x and y positions at this reference plane will 
be arbitrarily selected to yield the greatest simplicity 
to the equations of motion. It will be assumed that no 
steady electric fields exist, e.g., space charge will be 
neglected. This does not introduce as serious a limita- 
tion as might at first be supposed. The analysis of this 
paper is applicable mainly to fairly high electron rota- 
tional frequencies and to the case where an electron 
beam passes between closely-spaced parallel plates or 
within a small tube where the space charge is often 
small enough to be considered negligible.'* The effect 
of finite space charge can be partly accounted for as 
will be mentioned later. 
From the general equation of motion for an electron 
in both electric and magnetic fields, 


m(dv/dt)= —e(E+vxXB), (1) 


where m= mass of electron, e= magnitude of charge on 
electron, B=z directed magnetic flux density, ‘= time, 
and E(t)=x directed alternating electric field. Three 
component equations can be written, one for motion in 
each coordinate. The solution for the z motion shows the 
electron to travel at a constant velocity »=(2eV/m)! 


* The work reported in this paper was made possible through 
generous support extended jointly by the Navy Department 
(U. S, Office of Naval Research), the U. S. Air Force, and the 
U. S. Army (Signal Corps) under ONR Contract N6onr-25132. 

‘A. V. Haeff, Proc. Inst. Radio Engrs. 27, 586-602 (1939). 

2 J. R. Pierce, Theory and Design of Electron Beams (D. Van 
Nostrand Company, Inc., 1949), Chaps. 8 and 9. 
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in the z direction where V is the voltage equivalent of 


the velocity v. (The rationalized mks system of units will 
be used exclusively.) 
Assuming that the field E(t) is given by 


E(t)=—E sin(wi—8z), (2) 


where 8 and E are real constants and where w is the 
ferquency, a solution for the x and y components of 
motion can be obtained. The phase constant 6 will be 
important only to the extent of affecting the frequency 
of the electric field as seen by the moving electrons. 
Its effect can be taken into account by calculating the 
resulting Doppler shift by simple means; consequently, 
8 will be considered zero here. (The analysis of this 
report is not applicable should 8 be a function of z.) 

Solving for the x and y motion of the electron as a 
function of time and finding the radius of the resulting 
electron spiral motion (assuming z=0 at ‘=0), one 
obtains 


pasttyanit|( eEz ermal 


2marv (w.2/2v) 


‘ ( eEz (= (w-2/2v) I sina, (3) 


MuoV (w,2/2v) 








where z=v/t has been substituted for the time, and 
where r=radius of electron spiral at time /=2/2, 
ro= initial radius of spiral (at time /=0), wo=cyclotron 
frequency, w.= difference frequency. Hence 


wo=eB/m, (4) 
w= wW— wo. (5) 


It is assumed that initial velocities in the x and y 
directions are due only to cathode emission. Thus, the 
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ELECTRON FLOW 


angle a, expressed as 
a=arctan Yo/Xo 


Xo/wo= fo cosa (6) 
Yo/wo =r sina 


is a random variable with equal likelihood of being 
found anywhere in the interval (0, 27). In terms of the 
quantities of (6), ro can be expressed as 


re =f0/wert+yer/wr=XP+7 Y, (7) 


where Zo and % are independent random variables. 

In obtaining (3), certain approximations have been 
made, namely, the difference frequency w, is small by 
comparison to wo giving the approximation 


wo — wer 2wawe, (8) 


and the radius r is of interest only after the lapse of a 
considerable amount of time compared to the cyclotron 
period which implies wof>1. 

The mean-squared values of (3) and (7) can be taken 
to make the preceding equations for a single electron 
applicable when a large number of electrons exist. 
These mean squared values are 


. eEz sin (w.z/2v)\ 7 
(r) w= (rirut| ( )( )] 
2muwov (w.z/2v) 


(0°) a= (Bo?) av/eoo? + (Yo?) av/ew0? 
= (20?) m/wo?= 2(Yo?)m/wo?. (10) 


Equation (9) has the form of a standing wave having 
minima (ro?) and maxima which become closer together 
as w, increases. If a velocity spread exists because of 
space charge (or because of random initial velocities in 
the z direction about a mean value v), the standing wave 
pattern will tend to be smoothed out—the result of 
integrating (3) over a spread of velocities. This is a way 
of accounting for the most important effects of a finite 
space charge should it exist. 

For small u, the variable (sinwz)/u becomes unity. 
The previous equations are valid for this case. 

If E is not constant but is a function of distance z, it 
may accurately be taken as an average value with 
respect to z at resonance (where w,—0) as long as the 
electric field varies very slowly compared to the distance 
traveled by an electron during one cyclotron period. 
Off resonance, the situation is more complex but can be 
solved by using E as a function of time and distance, 
E(z, )=E(vt, t), in the original differential equations. 
(For some functions, the use of the Laplace transforma- 
tion methods allows the solution to be obtained most 
directly and easily.) However, an estimate in this case 
can be fairly accurate. For example, should the field 
vary as a half sine wave along the electron beam, the 
average value would be used for E(2/x times the value 
at the center) and the variable u in the term (sinu)/u 
(but not elsewhere) could be multiplied by 1—(2/r) 
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Xarcsin(2/r)=0.56 which corresponds to the ratio of 
the distance between the average points on the half 
sine wave variation to the full distance z. 


PROBABILITY DENSITY FUNCTIONS OF RADII 


It is well known that the probability density functions 
of the components of electron velocity tangential to a 
plane cathode are normal functions given by*® 


P (ao) = (2(c?) mw)? exp(—0?/2(H0") mw), (11) 
where the function for % is of identical form, and where 
(£0?) w= (Yo?) w= kT /m=wy0r. (12) 


The quantity & is Boltzmann’s constant and T is the 
absolute cathode temperature in degrees Kelvin. 

The orthogonal components of velocity are independ- 
ent random variables; hence, the virtual cathode (if 
such exists) will affect only the normal component of 
velocity. 

The radius of motion of any electron having initial 
transverse velocities % and yo has been given by (7). 
The probability density function of radii is then ob- 
tained through 


P(X, V,)dX,dY,;=P(X,)P(V:)dX dV, 
= (dX ,dY;)/(2xd) exp(—X1?/2A—Y7/2d), (13) 


where the value of \ is indicated in (12). 
Substituting 
X,=r cosé 


Y,=r sind (14) 
dX,dY, => rdrdé, 


and integrating @ over the interval (0, 27), the proba- 
bility density function for the radii of electrons emitted 
from the cathode is obtained, 


P(r)=(r/d) exp(—?r?/2A). (15) 


The probability density function of (15) is termed a 
Rayleigh function and results whenever the magnitude 
of two orthogonal independent random variables, each 
normally distributed, is desired. It is the same function 
as that pertaining to the envelope of noise in an inter- 
mediate frequency amplifier.*® 

If the electron stream experiences an alternating 
electric field normal to its path and having a relative 
frequency equal to the cyclotron frequency wo, the 
x motion of the electrons can be written as 


x(t)=R coswol+x,(t), (16) 


where R coswol is the part correlated with the electric 
field and x,(¢) is a random time function by virtue of 
initial thermal radii. The quantity x,(¢) can be broken 


3E. H. Kennard, Kinetic Theory of Gases (McGraw-Hill Book 
Company, New York, 1938). 

4S. O. Rice, Bell System Tech. J. 23 (1944); 25 (1945). 

5 J. L. Lawson and G. E. Uhlenbeck, Threshold Signals (Mc- 
Graw-Hill Book Company, New York, 1950) Vol. 24, Mass. Inst. 
Technol. Radiation Lab. Series. 
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into parts in phase and in phase quadrature with 
COSWol, 


N 
Xn(t)=x- CoSwol+x, sinwol= > C; cos(wol+¢;). (17) 


i=] 


C; and ¢; are random numbers referring to the ith 
electron. The number of electrons V can be assumed to 
approach infinity. 

From (17), 


N 
x= > C; cos¢;; 


N 
x,=>> C; sing;. (18) 
i=1 


By virtue of the central limit theorem of statistics 
and the above equations, the C; are normally distributed 


Ae 


lp 
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Fic. 1. Geometry of structures. 


with variance 


(an?) w= (X57) = (Xe?) w=. (19) 
Consider the variables 
Xo=R+x.; Yo2=YVi1=2%,. (20) 


Since Y,=x, and X,—R=X,=x, are normally distrib- 
uted independent random variables, 


P(X2, V2)dX2dV2= (dX2dV 2)/(2md) 





(X,—R)?+YV? 
xexp| — | (21) 
2r 


Substituting the variables of (14) and integrating 6 
over (0,2), the probability density function of 
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electrons emitted from the cathode and subjected to a 


transverse alternating electric field of frequency wo is 
obtained. 


r+ R? 
P(R, r)= (r/d)Io(rR/X) exp| -——| (22) 


where / is the Bessel function with imaginary argument 
The radius of motion is given by 


P=X%+V2= (x.+R)*+2/ 
=x2+47+R?+2xR=r7°+R?+2x.R. (23) 


From a comparison of (3) and (23), it is apparent that 


eEz sin (w.2z/20)\ 7 
(De 
2m (w,z/2v) 


The nth moments of the probability density function 
of (22) are given by 








ram f r™P(R, r)dr 
0 


= (2A)"?9P'(1-+-/2),Fi(—n/2, 1; —R®/2d), (25) 


where I is the gamma function and ,F; is the confluent 
hypergeometric function defined by 


az a(a+l1) 2 
iF (a, b; z)=1+--—+ — 
b 1! 5(b+1) 2! 





(26) 


It is to be noted that all the moments have a first- 
order correction term due to the alternating electric 
field proportional to the square of the field strength. It 
can be further noted that all even order moments are 
expressible as polynomials in R’. 

The limiting behavior of (22) for large R is of interest. 
Substituting the asymptotic expression for the Bessel 
function, one obtains 





(r—R)? 
lim P(R, r)= ($rA)}(r/R)} exp| - | (27) 
sins 2d 


which behaves as a normal function of mean R and 
variance \ for those values of r where the value of the 
exponential is appreciable. 


FLOW THROUGH HOLES AND BETWEEN PLATES 


Consider an electron stream approaching and entering 
either a long tube or the gap between parallel plates as 
in Fig. 1. 

If it is assumed that /, the length of the tube (or 
plates) is larger than #, the pitch of the helix described 
by the motion of the electrons traveling in the magnetic 
field B, the ratio of J,/I (current passing through the 
system to current incident to the system) can be readily 
obtained (geometrically) for electrons all of which have 
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ELECTRON FLOW 
the same radius of motion r as 
(Te, ‘To)tube= (1 one r/a)*; (T./To) piates= 1— r/b. (28) 


From these equations, the probability density 
functions in unnormalized form for electrons after they 
have passed through the tube or between the plates can 
be obtained (by classifying electrons as to radii) as 


PAR, r)tube= (1—1r/a)?P(R, 1), 
P.(R, ’) plates= (1—r/b)P(R, r), 


rga (29) 
rgb, (30) 


where it is assumed that the alternating electric field 
acts upon the electrons before they enter the system. 

The intergral of these functions from r=0 to r=a or 
b is then the ratio of currents which is desired. For 
R=0, the solution is not difficult and is expressed in 
terms of elementary integrals and the error integral. 
For R not zero, the general solution is difficult. The 
solution can be obtained in terms of an infinite series 
in R? by expanding Jo(rR/d) exp(—R?/2A) in the 
integrand and evaluating each coefficient by again 
making use of elementary integrals and the error 
integral. The result for the lower-order terms for the 
tube is 





T.(R, a) —exp(—o’) miErf(c) 
Hy CO, SO 


o o 


(-)[— ir f(a) ee | 
2r 2o a 


1/R°\*[x'Erf(c) 1 /R*\? 
+-( — ) [A expe }-(= ) 
8\ 2d 2a 48\2r 
mErf(c) 
x|[— —exp(—o*)+ $o* exp(—o? | 
£0 


+terms of order (R?/2d)* and higher, (31) 


o=a/(2d)t=a/{re?) a} (32) 


where 


is a normalized dimension. 
A similar derivation for the parallel plates yields 








I. A(R, 6) S ae) 
Pa 2y 
R*\ [a Erf(y) exp(—7’) 
7 CI wy ~©2 
iain +terms of order (R?/2d)? and higher, (33) 


y= b/ (2d) i= b/<r¢) hv’. (34) 


The value for R=0 for both tubes and plates is 
plotted as a function of the normalized dimensions in 
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Fig. 2. Similarly, the coefficient of —R?/2d is plotted 
in Fig. 3 for both tubes and plates. 

The asymptotic forms of (31) and (33) for both small 
and large normalized dimensions o and y can readily be 
obtained. 

Should the pitch of the electron helix be larger than 
1 (the length of the tube or the plates), some electrons 
will have only //p as much chance of being intercepted. 
Others have different probabilities of being intercepted. 
Unfortunately, the expressions become most complex if 
such a situation exists. A rough approximation can be 





Fic. 2. Field-free current transmission. 


obtained if an equivalent dimension (to o or y) is 
assumed such that 
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Fic. 3. First-order correction to current transmission. 


EQUIVALENT BEAM CONDUCTANCE TO 
TRANSVERSE ELECTRIC FIELDS 


If there exists an alternating electric field normal! to 
the electron beam and at the cyclotron resonance 
frequency wo (accounting for any Doppler shift in 
frequency which may be considerable in such devices as 
slow-wave structures with relatively high electron veloc- 
ities), the electrons acquire an average radius which is 
greater than that when no electric field is present. This 
added radius represents additional energy possessed by 
the electrons which must have been acquired from the 
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transverse electric field. With respect to the electric 
field applied to a structure through which an electron 
beam passes, a power loss component or conductance 
exists. 

The rotational energy of a single electron is }mu,’r’. 
That of a stream of electrons passing a given point is 


Pr= $mu?gI o(r") Avy (36) 


where g=6.29X 10" electrons per second per ampere of 
current flow, J» is the beam current, and the mean- 
squared value of r has been taken in order to account for 
a large number of electrons having various radii. 

But, from (9) or (25), 


(9?) w= (107) wt R®. (37) 


Thus, the power added to the beam by the transverse 
field is 
Pyo= $mw?gl oR?. (38) 


Substituting for R? from (24) and defining a conduct- 
ance Go as the ratio of Po to the mean-squared value of 
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the electric field E?/2, 


glo f ez\? /sin(w.2/22) \? 
Go= 2P,>/E°=— =) (~~~) . (39) 
m \2v (w.z/2v) 


The value of z can be taken as that when the electrons 
leave the structure of interest. For some values, Go0. 
For such values, the standing-wave pattern in the 
structure yields a minimum when the electrons leave; 
although the electrons had at one time absorbed energy, 
they returned it to the structure before passing entirely 
through. But note the maxima and minima are functions 
of the difference frequency w,. The ripples in the ampli- 
tude function of traveling-wave tubes may be partially 
describably by such a phenomenon. It can be stated that 
the conductance given by (39) can easily be as large or 
larger than the reciprocal of the impedance of a structure 
such as the helix of a traveling-wave tube depending 
upon the various operating conditions of beam velocity, 
magnetic field, and so forth. 
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The displacement is determined at the epicenter of a homogeneous isotropic infinitely long elastic slab 
containing a point source of pressure waves. The source is centrally located between the slab surfaces and is 


taken to have a step function time dependence. 


The formal solution for the Laplace transform of the displacement is obtained as an infinite integral. The 
integration and the inversion are simultaneously accomplished by an infinite series expansion of the integrand 
and transformation of variables for each term of the expansion. The resultant integrated series consists of 
terms having the mathematical form of reflected waves which diverge individually but combine to give a 


finite resultant. 


I. INTRODUCTION 


NTIL recent years, an important phase of the field 
of theoretical seismology remained largely neg- 
lected. Attention was directed principally toward 
steady-state problems, while the question of the tran- 
sient response to impulsive sources was mostly ignored 
until operational methods had been placed on a rigorous 
basis in the form of an extended theory of the Laplace 
transform. 
Considerable work with transform methods has been 
done by Japanese! and Russian? investigators. The most 
* Taken from part of a thesis submitted to the faculty of the 
Uniyersity of California at Los Angeles in partial fulfillment of the 
requirements for the Ph.D. degree in physics. 
'K. Sezawa and K. Kanai, Bull. Earthquake Research Inst., 
Tokyo Univ. 19, Part 2, 151-161 (1941). 


2S. Sobolev, Acad. Sci. URSS, Publ. Inst. Seis. No. 18, 1-41 
(1932), 


In view of the fact that the expansion of the integrand is not valid at the upper limit of integration, a 
justification of the method and of the results is given. , 


complete contribution, however, was made by L. 
Cagniard’ who investigated displacements in a system 
consisting of two different homogeneous isotropic half- 
spaces separated by a plane surface of contact, with a 
point source having a step function time dependence 
imbedded in one of the media. Cagniard only obtained 
formal results, and it remained for Pinney,‘ using 
different methods, to obtain numerical solutions for a 
special case of Cagniard’s problem where one of the 
half-spaces is vacuum. 

Effort may now be usefully concentrated on investiga- 
tions of layered media which form a more realistic model 
of the earth than a half-space. The simplest layered 


3L. Cagniard, Reflexion et Refraction des Ondes Seismiques 
Progressives (Gauthier-Villars, Paris, 1939). 

4E. Pinney, J. Math. and Phys. 30, 1-10 (1951), and private 
communication, 
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EPICENTRAL 


medium is an infinite slab, a solid of given thickness 
bounded on both surfaces by infinite planes which 
separate it from vacuum. The present work considers 
the motion resulting from a step function point source of 
pressure waves at the epicenter of the slab only, since 
the general problem of the displacement anywhere on 
the surface is considerably more complicated. 


II. SOLUTIONS OF THE WAVE EQUATIONS 


Consider a point source of longitudinal waves having 
a step function time dependence located midway be- 
tween the surfaces of a homogeneous isotropic infinite 
slab characterized by the Lamé constants A, yu, and the 
density, 6. The surfaces separate the slab from vacuum. 
We ask for the displacement as a function of time of the 
epicenter (the surface point directly above the source). 
The geometry is shown in Fig. 1. 

The equation of motion of a point in a homogeneous 
isotropic elastic medium is 


(A+) VV -st+uV?s=5(0's/d?), (1) 


where s is the vector displacement of the point from 
equilibrium and the other quantities are defined above. 
It is convenient to express s in terms of a scalar potential 
@ and a vector potential A by defining 


s=Vo+VxXA. (2) 


A proper choice of gauge permits one to set V-A=0. 
Substituting Eq. (2) into (1), using the divergence 
condition and requiring that ¢ satisfy the scalar wave 
equation, one arrives at the following equations for ¢ 
and A: 

1 0% 


V2 ae 
1 @A 
Vr oe 


DY 





(3) 








vVA= 


where V ;?= (A+2y)/6, and V7*=y/6. The subscripts L 
and T denote the well-known fact that the scalar wave 
is to be identified with a longitudinal or pressure dis- 
turbance while the vector wave is to be identified with a 
transverse or shear disturbance. These equations must 
be satisfied subject to the boundary conditions, namely, 
that the normal and shear stress vanish on the surfaces 
of the slab. 

Taking the Laplace transform of the scalar wave 
equation gives 


9° 


V*(o)= =), 


where (#) is the Laplace transform of ¢ and is the 
transform variable, under the conditions that ¢:~0 
=0=¢' 0. 

Because of the azimuthal symmetry of the problem, 
cylindrical coordinates are a convenient choice. The 
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Fic. 1. Infinite elastic slab. The plus and minus signs denote 
positions of images. 


displacement then has no @ component, while A has a 
6 component only. With the origin at the source, the 
general solution to Eqs. (3) subject to conditions of 
symmetry is 


(¢)= f C(m) coshK 12Jo(mp)dm, (4) 
where ‘ 4 
Ki=m+p/ViR (5) 


An exactly similar procedure leads to the general 
solution of the transformed vector wave equation 


n= f B(m) sinhK 72J ,(mp)dm, (6) 


where 
Kr=m'+ p?/ Vr. 


The functions C(m) and B(m) are to be determined by 
the boundary conditions. 
The Laplace transform of the potential of a spherically 


symmetric source is 
en PrlVL 


(o.)= N (p) (7) 


r 





where N (p) is determined by the time dependence of the 
source and is simply V/p in the case of a step function. 
An integral representation of Eq. (7) is given by® 


N p* mdm 
(b.)=— f “ 
pbYo Ki 


Thus the total expression for the scalar wave is 





e~KL?Jy(mp). (8) 


()= f C(m) coshK 12Jo(mp)dm+(.). (9) 


and the vector wave is given by Eq. (6). 


5A. Sommerfeld, Partial Differential Equations in Physics 
(Academic Press, Inc., New York, 1949), p. 242. 
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Ill. STATEMENT OF THE BOUNDARY CONDITIONS 


The generalized Hooke’s law for a homogeneous, 
isotropic medium may be written in a curvilinear 
coordinate system as® 


Tig= Nb ijl eat 2ye4;, (10) 


where ¢ is the strain tensor, 7 the stress tensor, and 6;; 
the Kronecker delta. Summations are to be performed 
over all repeated subscripts. 

The boundary conditions are given by the fact that no 
stress may be transmitted across the surfaces z= +D/2. 
In cylindrical coordinates the following conditions are 
required at z=+D/2 

T3=0, |‘ 7,,=0. (11) 
Equations (11) may be expressed in terms of the scalar 
and vector waves by means of Eqs. (10), (2), and ex- 
pressions relating the components of strain to the 
components of displacement. Making the necessary 
substitutions into Eq. (11), taking the Laplace trans- 
form, and using the transformed scalar wave equation 
for simplification, one obtains straightforwardly 





0°) 
ram bpXo)—2V24{ * (9) 
V7? 02” 
0fia 
— -— (gr) ||-0 
OzLp Op 


(12) 





ap) d{Ae) Ola 
Tzp= bh | 2 _ + | 
02? = Op 


x —(4)] =@. 
0z0p p Op 


Equations (12) indicate the complexity of the boundary 
conditions even for a case of simple geometry. A 
coupling between the scalar and vector waves is re- 
vealed by Eqs. (12). This undesirable feature severely 
restricts the geometrical arrangements for which solu- 
tions are feasible. 

It may be noted at this point that, although Eqs. (12) 
apply at both boundary surfaces and thus consist of 
four equations, Eqs. (6) and (9) involve only two 
functions which are to be determined by the boundary 
conditions. This implies an overdetermined system. 
However, the same symmetry considerations which 
permitted solutions of the wave equations to be written 
in the form (4) and (6) insure the fact that the same set 
of two equations results from application of the bound- 
ary conditions at either surface. 

It is now possible to substitute Eqs. (6) and (9) into 
(12) and solve the resultant set of simultaneous linear 
equations for the functions A (m) and B(m). However, a 


*T. S. Sokolnikoff, Mathematical Theory of Elasticity (McGraw- 
Hill Book Company, Inc., New York, 1946). 
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very helpful simplification occurs if one expresses the 
solution of the scalar wave equation in a slightly differ- 
ent form. The possibility exists of setting up the expres- 
sion for the scalar wave in terms of an infinite set of 
images as well as the source term and the integral term 
in Eq. (9) which may be interpreted as a perturbation 
caused by the boundary. This possibility is suggested 
more obviously in the case of a point source in a semi- 
infinite elastic medium; in this case there is but one 
image term, which may be readily identified.’ 


IV. THE SET OF IMAGES 


As indicated in the previous section, the scalar wave 
may be expressed as the sum of two terms, one repre- 
senting the source and an infinite set of images, and the 
other, analogous to the integral in (9), representing a 
perturbation caused by the presence of the boundaries. 
Thus, 


(¢)= f A(m) coshK 12J o(mp)dm+-(g,1). (13) 


Here (¢,7) denotes the contribution of the source and 
the infinite set of images. Comparison with Eq. (9) 
shows that the effect of mot extracting the images would 
manifest itself in a change of A(m) to C(m) and a 
corresponding change of (¢.7) to (¢,). 

Figure 1 shows schematically only the first two 
images on either side of the slab, although the sequence 
continues to infinity in both directions. 

Introducing the change of variable 


m= pu 


and letting a= (uw?+1/V,7)? and b= (w?+1/V7")? we 
have * 
Kr=pa and Kr=pb. 


The source term (8) then becomes 


pp? Nu 
(o.)= f ls o(mp)dm (z>0) (14a) 


°@ Nu 
(¢.)= f ria o(mp)dm (z<0), (14b) 


where the integrands have been written in a form mixing 
m and u for reasons of future convenience. Expressions 
representing the infinite sequence of images shown in 
Fig. 1 may now be written down. For z>0, we have 


_— e~Pa(D+2) 4. g—pa(2D+2) ba e~ Pa(sD+2) 4. vee, (15a) 
while for z<0, 


— ¢~ Pa(D—2) 4. ¢~pa(2D—2) _ ¢~pa(sD—z)_4_ wha (15b) 
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where each term in the series is an abbreviation for an 
integral of the form (14a) or (14b). The result is ob- 
tained by summing the geometric series given by the 
sum of Eqs. (15a), (15b), and the appropriate term of 


Eq. (14). 














D 
sinhpa( =+—) 
° Nu 2 
a= f oo Jo(mp)dm, z<0 (16a) 
0 pa paD 
cosh 
2 
D 
sinhpa(=—=) 
“Nu 2 
(ou)= f Jo(mp)dm, z>0. (16b) 
0 pa paD 
cosh—— 


V. APPLICATION OF THE BOUNDARY CONDITIONS 


The boundary conditions (12) must be satisfied at 
both surfaces z= +D/2. As has been pointed out, how- 
ever, this gives two duplicate pairs of equations so that 
it is sufficient to consider only the surface z= — D/2. 
Substituting Eqs. (6) and (13) into (12), using (16a) and 
simplifying the result, one arrives at the following pair of 
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simultaneous equations for A(m) and B(m). 
K,D KrD 























A(m)U cosh + B(m)2mK 7V 7* cosh : 0, 
(17) 
K,D KrD 
—A(m)2mK ,V 7? sinh — B(m)U sinh 
2 
2NumV 7? 
~ cosh(K ,D/2) 
where U is defined by 
U=p'+2m?V 7’. 
Thus, 
4Nu'bV 7*p* cosh(K rD/2) 
A (m)= 
D cosh(K ,D/2) (18) 
8 
2NUUuV 7*p* 
B(m)=-————, 
D 
where U,= U/p=1+2v?V 7 and 
KrD K,D 
D= — U,? sinh cosh 
K,D KrD 
+4m’?K ,K7V r* sinh cosh 





Substituting Eqs. (13), (16a) and (9b) into (2) and 
specializing to the epicenter p=0, z= — D/2, we obtain 


— NuU, sinh(pbD/2)du 








(sz) P 
p nt J —U,? sinh(pbD/2) cosh(paD/2)+4abV r* sinh(paD/2) cosh(pbD/2) 


(19) 


(s,)=0. 


If we had not specialized to the epicenter, the presence 
of Jo(pup) would introduce even more serious difficulties 
than those presented by Eq. (19). Equation (19) is the 
formal solution of the problem. The integration over u 
and the Laplace inversion remain to be performed. 


VI. EXPANSION OF THE INTEGRAND 


As already noted, Eq. (19) presents many difficulties. 
The variable of integration u occurs in the arguments of 
the hyperbolic functions (more precisely in a and b), and 
the determination of the roots of the denominator for 
the purpose of evaluating Eq. (19) as part of a contour 
integral is a formidable task. If the Laplace inversion is 
attempted prior to the integration over u, the difficulties 
are just as great, since the transform variable p also 
appears in the argument of the hyperbolic functions. 
However, one observes in Eq. (19) that the transform 
variable p occurs only in the arguments of the hyperbolic 
functions. This suggests the possibility of writing the 
hyperbolic functions in exponential form and in some 
way expanding the denominator into a series of negative 
exponentials. Since according to the translation theorem 








of the Laplace transform a negative exponential corre- 
sponds to a delay in time determined by the exponent, 
one intuitively expects a sequence of this sort to repre- 
sent the series of waves which are successively reflected 
from the bottom surface of the slab. 

Every wave incident upon a surface of discontinuity 
gives rise, in general, to both longitudinal and transverse 
reflected waves. Consequently, the sequence of ex- 
ponentials will be infinite and will contain terms corre- 
sponding to all possible combinations of longitudinal 
and transverse reflections. The method of successively 
reflected waves, successfully used in one-dimensional 
problems,’ will be applied to the present case of spherical 
waves. 

Equation (19) may be written as 


oy 


p 0 


e~ PeDudy 








’ 


h(paD/2 
Uden (1B) 
tanh (pbD/2) 


7H. S. Carslaw and J. C. Jaeger, Operational Methods in A pplied 
Mathematics (Clarendon Press, Oxford, 1941). 
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where R= 4u*abV 7*/U,?. By virtue of the definitions of 
a and 5, and the fact that V7*<V,’, it follows that 


tanh(paD/2) 
———-<1 foru<~«, p real. 
tanh(pbD/2) 
Also, 
tanh(paD/2) 
lim ——————__= 


one tanh (pbD/2) - 


It is readily seen that 


R<1 foru<« 
and ye 
lim R=1. 


We may therefore expand 


1 
— V <i, (21) 
where 
_tanh(paD/2) 
V = R—_——___.. (22) 
tanh(pbD/2) 
Also, 
1 
a 1— ¢~ P0P + ¢-2peD — a (23) 
1+¢- 72? 


Since Eqs. (21) and (23) are both absolutely and 
uniformly convergent, their product also possesses these 
properties. The reason for emphasizing this fact is that 
the justification of a subsequent rearrangement of the 
order of the terms requires absolute convergence, while 
an interchange of the order of summation and integra- 
tion will necessitate uniform convergence.* 

The restriction to real p may be questioned. It can be 
shown that if the Laplace transform of a function is 
known at the points p=n, n+1, n+2, ---%, where n 
is a finite integer, the function is uniquely determined ;° 
consequently, p may be confined to the positive real axis 
with no loss in generality. 

By expanding the ratio of hyperbolic tangents in Eq. 
(22) in terms of exponentials, it is possible to express 
Eq. (20) as a series of integrals 

(s2) a x 
—=2N>> fi (uje—?9 du, 
p i=l J 


where summation and integration have been inter- 
changed. It is to be noted that p appears only as a factor 
in the exponential, and nowhere else in the integral. 


(24) 


* The writer wishes to thank the referee for pointing out the 
incompleteness of the argument of absolute convergence as 
presented in this paper. The series expansion is actually a doubly 
infinite series while the theorems invoked here apply only to the 
usual singly infinite series. A rigorous convergence proof is being 
constructed since it is important to have a firm foundation for the 
unexpected results. The rigorous proof will be given at a later date. 
Meanwhile, the justification will have to be on physical grounds. 

* This can be shown with the help of D. V. Widder, The Laplace 
Transform (Princeton University Press, Princeton, 1941), pp. 

9-63. 
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This is a fortuitious occurrence and permits an explicit 
determination of the Laplace inversion. 
Consider the general term of the series 


n= f f (ue? du, (25) 
0 
Make the change of variable 

t= g;(u). (26) 


Then 


q(t)e-? dl, 


gi(®) 
I,= f 
gi(0) ° 


where q(t) is the result of substituting w in terms of / in 
Eq. (25). It turns out in every case that g;(#)=. 
Thus we have 


oa) 


he f q()HUt—g:(0) Je-P'di, 


where H (/—?’) is the unit step function. Since by defini- 
tion of the Laplace transform 


I= £(q(HE—g)})= f q(t)H[t—g:(0) Je“? “dt, 
0 


we have 
LT = q()HLt—g;(0) }. 


In this way one obtains the inversion of Eq. (24) by 
inspection. The above artifice, first used by Cagniard*® 
permits the utilization of the integration over u in Eq. 
(25) in such a way that two integrations, that over u 
and the inversion integral, are obviated. Each term in 
Eq. (24) may be treated by the same straightforward 
procedure, although the algebra is rather complicated. 

In making the change of variables Eq. (26), the lower 
limit of the integral Eq. (25) is changed from zero to a 
positive number which corresponds to an arrival time of 
one of the infinite number of waves successively reflected 
from the lower surface. That is, for /<g,;(0), 7;=0, while 
for ‘>g;(0), [;+0. This strongly suggests that each 
integral is the mathematical representation of one of the 
reflected waves. 

Each term of the series (24) will be designated ac- 
cording to the wave which has the same arrival time. 
For example, LZ denotes the longitudinal wave first 
reflected from the lower surface and so on. The angular 
brackets surrounding the designating letters denote the 
transform of the quantity. The first four terms of the 
series are 








(L) ra U »e~ paD/2 

—= -2v f ——udu, (27) 
a 0 Ao 

LT ° U7 
al a f Ot -sDiig-P ade 

P 0 Ae? 





x Use paD/2g—pbD 
+2N f -udu, (28) 
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Ao 
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(LL) -U,A 
raed 2N f . ete itudu, (29) 
0 ao 
(LLL) "0 A,* 
— =— av f : . eSreDudu, (30) 
P 0 Ag 


where the quantities in Eqs. (27) through (30) are 
expressed in terms of x= 1V ,? as follows: 


Ao= — (1+2x/3)?-+4x/9(14+x)!(3+2)}, 
Ay = (14+ 2x/3)?4+4x/9(1+x)4(3+2)}, 








227+ 64+ 3 
Ay’ = —4/3(1+28/3)+4/9] | 
(1+)#(3+-2)! 
2x°+ 6x+ 3 
a/=4/3(1+2s/3)+4/9] | 
(1+-x)#(3+<)! 


U,=1+4+22/3. 


These quantities depend upon the ratio Vz/V7r, and 
therefore upon Poissons’ ratio a, since 


,— (Vr/V 1)? 
¢= —_ -—— —.. 
1—(V7r/V 1)’ 


The above expressions for Ao, A,, Ao’, A,’, and U, hold 
for the special case c=0.25. Calculations for other 
values of o are underway. 

The transformations (26) may now be applied to Eqs. 
(27) through (30) and the Laplace inversion along with 
the corresponding arrival time determined for each 
integral in the manner described above. The resulting 
expressions must then be differentiated with respect to 
time, because of the factor 1/p on the left side of Eqs. 
(27) through (30). Although the presence of the step 
function in the inverted expression leads upon differ- 
entiation to a delta-function singularity, this is an 
artificial effect introduced by the idealization of the 
source as a step function. The delta function may thus 
be disregarded. The first four terms finally become 




















16N(7+6x (3-+5x-+ 2x7) Ao’ 
L=—— — (31) 
D2 | 6do 3A? 
16N ta. UA 
LL=—- (1+x |- 4. a 
9p? 3A Ag 
rs 2U pd Ao - U pO, , (32) 
Ao’ 2 Ac?(1+2x) 
16N 2A,2 2U,A,A,’ 
LLL= ———(1+)| conti ar 
25D2 3 Ag? Ag 
3U,AvA,? 1 U,A,? 
-—— +- |, 3) 
Aot 2 Ao? (1+) 
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Fic. 2. Displacement at the epicenter of the slab for Poisson’s ratio 
equal to 0.25. 


128N, 6 2A’y 
LT= — 
27TDP Age? Agta? 
1 By 
ain (1+.x)!(3+-2)!, (34) 
2 Ac’a® (1+x)!(3+-x)! 
a= (3+x)!+2(1+2)}, 
B= 2(3+-x)!+ (1+2)}, 


= 2x4+ 1123+ 182°+ 9x, 








where 


5 = 82°+ 3327+ 36x+-9. 


Expressions (31) through (34) are plotted in Fig. 2 as 
a function of a dimensionless time r= 2V ,t/D. Because 
of the difference in the various changes of variable (26) 
for the four terms (31) through (34), the relation be- 
tween 7 and x is different for each of the 4 cases, namely, 


T= (1+), x=r—1, (31a) 
r=3(1+2)!, x=7°/9—1, (32a) 
r=5(1+<)}, x= 72/25—1, (33a) 


r=(1+x)!4+2(3+4)!, x=1/18{107?—66 
—87(7?—6)}}. (34a) 


In all cases, of course, x>0. 

The first term (31) is just the result one ‘obtains for 
the problem of a point source in a semi-infinite elastic 
medium rather than in a slab. This provides a check on 
the result. The absolute values of the other terms (32), 
(33), and (34), however, increase without limit as time 
increases, although the terms themselves combine to 
give a well-behaved result. 

One very important point has been disregarded in the 
above discussion, namely, that the upper limit of each 
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integral in the series is infinite. The expansion (21) is 
therefore not valid at the upper limit of integration, thus 
casting doubt on the legitimacy of the procedure. The 
fact that the procedure may nonetheless be carried 
through to give correct results will be demonstrated in 
the next section. 


VII. JUSTIFICATION OF THE METHOD 


It can be shown that the integral before expansion, 
Eq. (20), leads to a finite displacement as +x. The 
establishment of this convergence is important in view 
of the divergence of the individual terms (32), (33), and 
(34) as +. It then only remains to prove that the 
results of Sec. 6 are correct even though the expansion of 
the integrand of Eq. (20) is not valid at the upper limit 
of integration. Write Eq. (20) as 


(s;) * f(u, ple??? "du 
— -{ — ' (35) 


p i—V(u, p) 


where V (u, p) is given by Eq. (22) and 


2Nu 
f(u, p)=— -, 
U,(1+¢-"2”) 


Now V-—>1 as u—>~ so that the expansion (21) breaks 
down at the upper limit. If the upper limit is changed 
from © to a finite value 2, Eq. (25) becomes 


(s,’) f f(u, poem paD/2qd4 
p 0 


“1—V(u, p) 
* f(u, p)H (Q—u)e—?*? "du 
-{ ——. (36) 
0 1—V(u, p) 


The expansion is now permissible everywhere so that the 
change of variable corresponding to Eq. (26) may be 
made for each term and the Laplace inversion performed 
by inspection. Equation (36) may now be regarded as 
the exact solution to a different physical problem, 
which, in the limit 2—+«, becomes identical with the 
original problem. To determine the other physical 
problem one must investigate the changes which occur 
in the original formulation of the problem as a result of 
the alteration made in the upper limit of the integral. 
The only change required occurs in the source term, 
Eq. (8a), since the free wave terms (4) and (6) could 
just as well involve an integral from zero to 2 as one 
from zero to infinity. The source of the new problem 
differs from the source oi the original problem by an 
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additive term 


mdm 





Jo(mp)eK ule", 


Sepa 


The exponential term causes the integral to become 
arbitrarily close to zero for sufficiently large 2. Thus, by 
taking Q large enough, the difference between the sources 
for the two problems may be made vanishingly small. 

It is now shown that the result is exact. Equation (36) 
is a function of p and Q. For a given p, Eq. (36) may be 
plotted as a function of 2, O0<2<Q,, where 2) >. Then 
the value of the function for 2<p is independent of the 
value of 2;. Since the sources of the two problems differ 
by a vanishingly small amount for Q, sufficiently large, 
the result is exact. 

Another method of justifying the expansion makes 
use of a convergence factor e~*", where «¢ is a positive 
number small enough so that e~*“ has no influence 
except as u—. One then writes Eq. (35) as 


(s) f f(u, pe??? du 
0 


pe Vine™ 


As u—, the convergence factor insures the fact that 
V’=Ve-*<1, thus making an expansion of 1/1—V’ 
valid over the entire range of integration including its 
end points. One must verify that the introduction of 
e~* does not alter the value of the integrand at the 
point at which difficulty occurs. This condition is 
fulfilled, for f(u, p) behaves as (1/x) for large u, so that 


lim f(u, p)=0. 


The introduction of the convergence factor does not 
change this result and the limit is approached in the 
same way. If now the procedure leading to Eqs. (31) 
through (34) is retraced with the convergence factor 
included in the definition of R, everything proceeds as 
before so that in the limit e—0, the result agrees with 
that previously obtained. 
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Spatially Alternating Magnetic Fields for 
Focusing Low-Voltage Electron Beams 
; J. R. PIERCE 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received June 10, 1953) 


HEN Livingston, Courant, and Snyder! of the Brookhaven 
National Laboratory published their paper on the 
“Strong Focusing Effect,” A. M. Clogston and R. W. Sears of 
these Laboratories suggested that the principle of alternating 
field focusing was quite general and should equally well apply to 
low-velocity electron beams in the presence of space charge. 
Analysis and experimental work carried out through the joint 
efforts of several people have indicated that while systems such 
as those described! might indeed be used to focus low-voltage 
electron beams, axially symmetrical periodic magnetic fields, 
which are everywhere converging, may be more advantageous.” 
The equations for electron motion in such periodic axially sym- 
metrical fields have been solved using the differential analyzer at 
the Bell Laboratories. The solutions confirm that a dense electron 
beam can be stable in such fields. In such fields, stable flow occurs 
when the rms value of the field is nearly equal to the uniform 
“Brillouin” field which is associated with conventional electron 
flow. The use of periodic axially symmetrical magnetic fields has 
been found to have hitherto unrecognized advantages. If elec- 
tromagnets are used, a somewhat higher mean-square field can be 
attained with a given number of ampere turns by using a periodic 
field than by a uniform field, but the practical advantage may not 
be great. However, when permanent magnets are used the ad- 
vantage of a periodic field in which the direction of the axial field 
reverses periodically, so that the average axial field is zero, is very 
marked, as one can see from the following argument: 

Consider the work done in assembling a series of short perma- 
nent magnets. When they are assembled alternately N—S, S—N, 
N-—S, work must be done on the system to overcome their mutual 
repulsion, whereas if they are assembled N—S, N—S, N—S, work 
is done by the system on the mutual attraction of the magnets. 
Thus, in the former case of an alternating field, energy is added 
to the field by assembling the magnets, and this leads to a higher 
field intensity for a given set of magnets. Comparing alternating 
versus unidirection fields in another way, alternating fields die off 
at a much faster rate in the transverse direction than do uni- 
directional fields, and this means that for alternating fields there 
is less magnetic stored energy away from the axis. Thus, one can 
produce a given mean-square magnetic field with a much smaller 
magnet, and at the same time reduce the stray field external to the 
structure. As an illustration of this weight-saving feature, we 
have in the past focused an electron beam 6 in. in length and 
0.080 in. in diameter having a current of 20 ma at 1700 volts, 
using a uniform field magnet which weighed 38 pounds. The same 
beam was focused using a series of ring magnets which produced 
a periodic field of the same rms value, with a magnet weight of 
1 pound 5 ounces. This alternating field was down to 2 percent 
of its maximum value 4 in. from the magnets, compared with 
15 in. for the magnets giving a uniform field. 

A feature of periodic focusing which was brought out in the 
experimental work is the existence of “stop bands.” When the 
current transmitted through the tube is plotted versus magnetic 
field, one obtains a curve which begins at zero and reaches a 
maximum at an optimum value of magnetic field somewhat above 
the Brillouin value. However, as the magnetic field is increased 
further the transmitted current begins to decrease until at a 
critical value of the magnetic field the current drops suddenly to 
zero. If the magnetic field is increased still further, the trans- 
mitted current will again rise to its maximum value in a second 
“pass band.” 


VOLUME 24, NUMBER 9 


SEPTEMBER, 1953 


As the magnetic field is increased above the optimum value, 
the beam radius varies along the beam length with a period 
related to the Larmor frequency associated with the rms value 
of the magnetic field. When the period of the radial variations 
approaches the period of the magnet structure, the resonance 
causes the amplitude of the radial variations to increase without 
limit, resulting in zero collector current at the “stop band.” 

1 Livingston, Courant, and Snyder, Phys. Rev. 88, —_ — (1952). 

2 Periodic electric focusing has been used, notably - Hahn and 
G. F. Metcalf, Proc. Inst. Radio Engrs. 27, 106-116 (1999). All axially 


symmetrical electric lenses have succeeding regions of convergence and 
divergence. 


3J. R. Pierce, Theory and Design of Electron Beams (D. Van Nostrand 
Company, Inc., New York), 1949, Chapter IX. 





Mach Reflexion of Shocks at Arbitrary Incidence* 


H. F. LupLorF AND M. B. FRIEDMAN 


Guggenheim School of Aeronautics, New York University, 
New York, New York 


(Received April 30, 1953)t 


LTHOUGH the problem of Mach reflexion at glancing in- 

cidence may be considered as solved by linearized theories 
developed by Bargman, Lighthill and by Ting and Ludloff, the 
Mach reflection of shocks from finite corners (see Fig. 1) leads to 
a difficult nonlinear boundary value problem which may be 
stated, in conical coordinates = x/t, n= y/t, as follows: 


(a) Differential equations 
Conservation of mass: 


(oU) + (eV) y+2p=0, (1) 
Conservation of momentum: 
U-U;+V-U,+U=-—p:/p, (2) 
U-VetV-VatV=—pa/p, (3) 
Conservation of energy: 
U-S +V-S,=0. (4) 


Here U=u—t, V=v—n are ecomponents of vector Q and x, », 
are the fluid velocities at an point &, 7 
From Eq. (4) it follows that the “streamlines” 


V/U=(dn/dé)s. (S) 


are isentrops. After substituting the entropy S in terms of p and 
p, the above system represents four equations for the four un- 
known dependent variables U, V, p and p. Of the four character- 
istics, two are a real double root, namely the isentrops, the other 
two are imaginary. 

(b) Boundary Conditions. The location of the reflected and 
Mach shocks and that of the slipstream are not known a priori. 
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At these boundaries of unknown location, the four conservation 
laws must be fulfilled. This yields four conditions on the shocks 
and two conditions on the slipstream, the other two being auto- 
matically fulfilled. On the symmetry-line and on the wall only one 
condition is to be imposed, namely, the usual requirement of 
tangential flow velocity. To solve the problem, a shock and slip- 
stream configuration has to be assumed. The problem would be 
overdetermined, if the fulfillment of all four conservation laws 
would be required at the selected boundary. Consequently, one 
boundary condition has to be dropped temporarily; it will serve 
later on as a check for the assumed boundary form. Taking the 
preceding considerations into account, there must be three condi- 
tions on the shocks, one on the wall and one on the slipstream. 

To carry out a numerical solution of this nonlinear system, 
the afore mentioned érue boundary conditions have to be supple- 
mented by so-called dependent conditions, which are an expression 
of the validity of the differential equations at the boundary. 

Hence, on the reflected and Mach shocks, the three true boundary 
conditions may be written: 


(qn) B= Ao, i(é, , &, PO, 1, Po, go, ), 
(qr) b= Bo, 1 (E, 1, Gy Po, 1, po, Jo, 1); (6) 
(o) p= Co,1(E, 0, a, 0,1, Po, Yo,1), 


where B=boundary, 0=in front of incident shock, 1=behind 
incident shock, and the quantities on the right are known. 

A linear combination of the momentum equations yields the 
following one dependent boundary condition for the boundary 
value pz: 


(2 = —p-costa-{ [(u—8)+ (0-1) ten] 
On/ B 


a a 
x [2 tee] +000 —2)-tga— (0-n)] (7) 


3 | 
x — . — , 
on 


where s is parallel, m perpendicular to the bil Since, in 
difference form, (0p/8n)s=(psa—pi)/An, pea may be expressed 
by (7) in terms of the pressure in the interior pj and determin- 
able and known quantities. 

On wall and slipstream, the one true boundary condition is 


r 


7 = tang@(t, ») = v(2),:0- angle of boundary, with ¢—axis, (8) 


because for both boundaries Q,=0, by definition. This proves 
that wall and slipstream are isentrops. 
The three dependent conditions are, at the wall, 


(24). 
On 
For the slipstream, the three analogous conditions are slightly 
more complicated. 

The preceding formulation of the problem is sufficient to carry 
through a numerical difference scheme (to be described elsewhere), 
if a plausible boundary configuration is assumed. The isentrops 
shown in the diagram have been computed by using the experi- 
mental isopycnics. By this procedure, Eqs. (1) to (4) may be 
redyced to two equations for U and V, by eliminating p from (2) 
and (3) and considering the p field as known. The result of the 


computations confirms the following general properties derived 
analytically. 


0; (2) =-ou- (Wt 80sec, and p/p¥=a;. (9) 


(1) By (8), the slipstream is an isentrop; more exactly two 
isentrops because of different values for ¢ on either side. The 
symmetry-line and wall section NOS represent another isentrop, 
which meets the slipstream at S. The value of o on all three 
isentrops can be seen to differ due to different strengths of the 
shocks at NV, T, and 7’. Outside the disturbed region NOST, the 
streamlines Q are rays converging toward C. In the linearized 
case of a shallow corner e, in which the disturbance is of O(e), 
these rays continue radially all the way through. For large corners 
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the radial character of the isentrops will be disturbed. Since the 
resulting curves can not turn around and continue outwardly, 
they have to meet all at the intersection point of slipstream and 
wall. In other words, at S, there is a directional singularity of 
the entropy. 

(2) The “ray behavior” of the isentrops in this vicinity may 
be written as V/U=(—mno)/(—£o). If this is substituted into 
the momentum equations, it follows that V/U=-— (dt/dn) pc, 

e., the isobars are circles about this point, of the form: p= po 
+ pi-r’, so that (0p/dr),.o=0. This means that the intersection 
of slipstream and wall should occur at a minimum of the pressure 
distribution of the wall; this feature is confirmed by many of 
Bleakney’s interferograms. Furthermore note that Q=0 for any 
isentrop at S$; otherwise, there would be a Q, component perpen- 
dicular to the wall. Hence the Q values along any isentrop increase 
from 0 to approximately 0.9. 

(3) The vicinity of the singular point S has been investigated 
analytically, by resolving the four dependent variables into radial 
and tangential components and expanding them in terms of 
polar coordinates. In this way a recursion formula between the 
various coefficients is obtained. While the pressure field is seen 
to be regular near S, the density field can be shown to have a 
directional singularity, represented by 


Uy 

bo i | iO) 

a (0) "Po 
This means that several isopycnics should originate at S. This 
is not visible in the experimental diagram, because the variation 
of o(@) is extremely small, so that the flow inside TSON is almost 
irrotational here. However, in other of Bleakney’s interferograms, 
where o(6) varies widely, the “ray behavior’ of the isopycnics 
can be clearly discerned. 

* Investigation supported by Mechanics Branch of the U. S. Office of 

Naval Research and Applied Mathematics Division of the Naval Ordinance 


Laboratory. 
+ Received in Editorial Office on May 11, 1953. 





Effect on Distribution of Lattice Defects within 
Crystals of Linear Expansion and X-Ray 
Lattice Constant* 


P. H. MILLER, Jr., AND B. R. RUSSELL 


Department of Physics, University of Pennsylvania, 
Philadelphia, Pennsylvania 


(Received June 24, 1953) 


ONCERNING the difference between the change in x-ray 
lattice constant and in linear dimensions produced by 
lattice defects diseussed in our previous article! it seems clear that 
an error was made in one of the original calculations for single 
defects located near the surface which led us to draw an incorrect 
conclusion in the case of randomly distributed defects. For the 
case of randomly distributed Frenkel defects the relative changes 
in x-ray lattice constant and in linear dimensions are virtually 
the same. Detailed calculations taking into account the total 
distortion produced by 10 random defects in an idealized crystal 
of 729 atoms have been carried out with a card program calculator 
and indicate a difference in the two relative expansions of only 
10 or 20 percent on the average. Thus an appreciable difference 
is to be expected only if Schottky defects occur. 

The only cases in which Frenkel defects might give rise to an 
x-ray expansion differing from the macroscopic linear expansion 
are those for which the distribution of defects is spatially non- 
uniform within the crystal. Thus, when the crystals are small so 
that the x-rays penetrate them quite completely and at the same 
time due to incomplete diffusion of the defects to or from the 
surface there is a larger concentration of defects near the centers 
of the crystals, then the x-ray expansion may be as much as a fac- 
tor of two larger than that calculated from density changes. Thus, 
while the x-ray expansion may be appreciably larger in this 
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special case, it is not generally true that it would be larger. Indeed, 
the detailed calculations show that for the opposite case (larger 
concentration of defects near the surfaces) the x-ray expansion 
may be slightly smaller. In experiments with large crystals it must 
be remembered that the x-ray measurements depend on the 
concentration of defects near the reflecting surface on account 
of the slight penetration of the x-rays while the macroscopic ex- 
pansion measurements involve the average concentration through- 
out the crystal; therefore, comparisons of the two expansions are 
quite meaningless unless the experimental conditions are such 
that the spatial distribution of defects within the crystal may be 
considered as known. 

The authors are indebted to J. D. Eshelby whose work prompted 
us to make these further calculations and to locate our original 
error. We wish also to acknowledge the assistance of Lester 
Spandorfer and Betty Schoff of the University of Pennsylvania 
Computing Center. 


7 * This work was supported by Contract AF 18(600)-561 with the Air 
orce. 
1P. H. Miller, Jr., and B. R. Russell, J. Appl. Phys. 23, 1163 (1952). 





Geometrical and Apparent X-Ray Expansions of 
a Crystal Containing Lattice Defects* 
J. D. EsHELBy 


Department of Physics, University of Illinois, Urbana, Illinois 
(Received June 24, 1953) 


HE results reported by Miller and Russell! may be illustrated 
by a direct calculation for a spherical crystal. Using the 
notation of their previous paper* the displacement caused by a 
point imperfection is Ar= A (a/r)*r, and the geometrical volume 
change it produces is AVg= f Ar-ndS = 4a°A, being proportional 
to the solid angle subtended by the surface of the crystal at the 
imperfection. The relative expansion as determined by x-rays 
is equal to the relative contraction of the reciprocal lattice, 
— [Ah (100) +Ah2(010) +4h;(001) ]. This may be evaluated with 
the help of reference 2, Appendix 1, if we allow ourselves to replace 
sums like 2L;* and TAL,L; by a? f2x*dv and a? f (Ar),xdv. The 
integrals are of the type occurring in potential theory. For an 
imperfection with position vector & relative to the center of a 
spherical crystal of radius R we easily find the following expression 
for the apparent volume change as determined by x-rays: 


AVx=10rAa*(1—#/R?). (1) 


When §=0, AVx =2-5AVeasin reference 2, but when §>4+/(3/5)R, 
AVx<AVg. If there are a large number of defects scattered 
randomly through the sphere, the mean AV x per defect will be 
given by replacing # in (1) by its mean value over the sphere, 
namely, 3R?/5. Thus the mean AV x is equal to AV g, and the total 
geometrical and x-ray expansions are equal. 

We have neglected the fact that the displacement Ar= A (a/r)*r 
leads to nonvanishing stresses at the surface of the crystal, and 
so cannot be correct. It happens that for the problem above the 
necessary additional “‘image terms” affect AVg and AV x equally. 
The relation AVg=AVx can in fact be established for a body of 
arbitrary shape uniformly filled with point defects, but only if 
the image terms are included. These terms make an important 
contribution. In fact, 


3(1—¢) 

1+oe 
times the number of imperfections. The factor involving ¢ 
(Poisson’s ratio) is about 1.5 for metals and 1.8 for alkali halides. 
For AVg the result (2) has been given by Seitz.’ 

We hope to publish a more detailed account later. 

* Work supported by the U. S. Office of Naval Research. 

!P. H. Miller, Jr., and B. R. Russell, J. Appl. Phys. 24, 1248 (1953). 


2P. H. Miller, Jr., and B. R. Russell, J. Appl. Phys. 23, 1163 (1952). 
3 Frederick Seitz, Revs. Modern Phys. 18, 384 (1946). 


AVe=AVx=4na'A- (2) 


Combustion Rate of Artificial Graphites 
from 700°C to 2000°C in Air 


JUN OKADA AND TATSUO IKEGAWA ~ 


Technical Research Laboratory, Tokai Electrode 
Manufacturing Company, Fujisawa, Japan 
(Received May 18, 1953) 


HE combustion rate of artificial graphites, which are self- 
heated from 700°C up to 2000°C in 1-atmos air of room 
temperature, were measured. 

The cylindrical specimens of artificial graphites, which have 
10 mm in diameter and 100 mm in length, were held horizontally 
between two artificial graphite electrodes and heated up to 
2000°C in 1-atmos air by passing the electric current through the 
specimen and the electrodes. Heat was produced uniformly along 
the specimen by the resistance of the specimen itself, and also 
at both ends of the specimen where contact resistance pre- 
vailed. The temperature distribution along the specimen was 
comparatively uniform except for the parts of 2 cm length from 
both ends of the specimen. After the temperature of the specimen 
had been increased rapidly up to the desired temperature, it was 
kept at this temperature for a time of 5-15 minutes. The tempera- 
tures were directly measured along the specimen by an optical py- 
rometer and the average temperature of the part where the com- 
bustion rate should be measured [i.¢., except for the sections of 
2 cm in length from both ends of the specimen] was determined. 
The specimens were placed in an extensive air space, so the air 
about the specimen flowed by convection. After cooling the speci- 
men, the ashes were cleaned off, the sections of 2 cm length from 
both ends were cut off and the weight of the remaining 
specimen was measured. Initial weight of that part was deter- 
mined in proportion to the length from the weight of the initial 
total specimen. 

The combustion rate, which was expressed by the weight loss 
per unit apparent surface area and unit time, was calculated from 
the measured weight loss percent by the following equation in this 
case of cylindrical specimens: 


' weight loss percent/100= 2kt/ropo, — (kt/ropo)?, 


where & is the combustion rate gram/cm/sec, ro is the initial 
radius of the specimen in cm, po is the apparent density of the 
specimen in gram/cm*, and ¢ is the combustion time in sec. 
Typical curves among the many similar curves measured for 
several grades of artificial graphites are indicated in Fig. 1. 
Generally, the combustion rate of carbon is controlled by the 
chemical activity and diffusion velocity. Recently, A.C. Riddiford! 
reported that the equation for the rate of heterogeneous reaction as 
a function of the temperature, (which is based on the assumption 
that the measured rate of the reaction depends on the rate of the 
chemical reaction and the rate of diffusion of the reactant) agrees 
with the earlier results? measured by Tu, Davis, and Hottel for the 
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combustion rate of a carbon sphere in air stream up to 1450°C. 
Results measured under our conditions agree with Riddiford’s 
equation to about 1200°C, but do not agree with it from 1200°C 
to 2000°C. 

This deviation from Riddiford’s equation (DE indicated in 
Fig. 1) cannot be explained by the fact that the air velocity about 
the specimen increases somewhat by convection, because, if it 
depends on this fact, the curves should continuously increase 
without a step DE-EF (indicated in Fig. 1). It also cannot be 
explained by a turbulent flow. 

Recently, measurements of the combustion rate for several 
kinds of carbon powders up to 1200°C were reported by H. 
Honda.’ According to his reports, the similarity to our results 
was found for charcoal at lower temperatures, and similar omens 
were indicated for the other carbons at about 1200°C. H. Honda 
had described for his results that the transition from “the trans- 
port” to “the chemical” control occurs again at the middle 
temperature range. His explanation, however, seems to be im- 
probable, for the transport control should always act strongly at 
higher temperatures. 

Although the same number of the reactant gas molecules are 
transported to the surface of the graphite specimen under the 
same transport control, if a reaction of a different type occurs, the 
number of carbon atoms removed from the surface should be 
changed. The transition of the type of reaction with increasingly 
higher temperatures (1200°C-1600°C) was indicated by L. 
Meyer,‘ and E. Wicke,' although these should be discussed further. 
In Riddiford’s equation, only the increase of the rate of 
chemical reaction was considered, but the type of reaction was 
not considered. 

Therefore, it may be predicted that the deviation from 
Riddiford’s equation depends on the fact that the transition of 
the type of reaction from one to another occurs under the condi- 
tion of transport control. It is interesting that the slope of CD is 
approximately equal to that of EF in Fig. 1. This fact indicates 
that the rate of combustion follows Riddiford’s equation in the 
range of the uniform type reaction. 

Further investigation is necessary to confirm our prediction, 
however the above mentioned results are industrially useful. 

1A. C. Riddiford, J. Phys. Chem. 56, 745 (1952). 

2 Tu, Davis, and Hottel, Ind. Eng. Chem. 26, 749 (1934). 

+H. Honda, J. Fuel Soc. Japan 30, 231 (1951). 


4L. Meyer, Z. Elektrochem. 17, 385 (1932). 
5 E. Wicke, Z. Elektrochem. 56, 414-20 (1952). 





A Simplified Calculation for 
Dolph-Tchebycheff Arrays 


G. J. vAN DER MAAS 


Division of Radio and Electrical Engineering, 
National Research Council, Ottawa, Canada 


(Received April 13, 1953) 


HE methods given by Dolph’? and by Barbiere® for finding 
the current distribution in an equispaced broadside array 
require a great deal of calculation with numbers having many 
significant figures, even though in the final result only engineering 
accuracy may be required. The amount of computational labor 
becomes prohibitive when the number of radiators exceeds about 
twenty-four. The main difficulty in using Barbiere’s series to 
calculate the currents in individual elements arises from the fact 
that the terms in the series are large and alternate in sign. Bar- 
biere’s series is given in terms of powers of a quantity Zo, which in 
terms of the side-lobe ratio r and the number of radiators N is 
given by: 
T n-1 (20) =r, (1) 


where T'y_; (20) is the Tchebycheff polynomial of degree (V—1). 
In most practical arrays the value of 29 differs very little from 
unity, especially when WN is large. This is another reason for the 
difficulties encountered when the number of radiators is large. 
From the differential equation for the currents in the radiators 
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the writer has derived a series which is more suitable for numerical 
calculation than that given by Barbiere, because it is not alter- 
nating and written in terms of powers of a variable a, constrained 
to the interval 0<a< 1, while in the practical case where N becomes 
large, a becomes very small. 

If we number the W radiators from left to right 1, 2, --- K, 

- N, this series for the relative current in the Kth radiator *, 
is given by 








N- ~ ee K- 
1IK= ~ 4 - “ [ oe for K+1and K+N; | 
N-—K ,-o L s+1 $ - (2) 
1$=1 for K=1 and K= N. 
The variable a is og by 
2 4)4 
aot ai tanh [OE -1) nj). (3) 


The series terminates for s=N—K-—1 if K >(N+1)/2 and for 
s=K-—2 if K $(N+1)/2. For long arrays and for practical side- 
lobe levels a1. The special case a=1 gives the binomial dis- 


tribution 
N- | 
K-11} 


For large N and small @ the current distribution approaches a 
limiting function L(£) defined by: 


IX= 





aa #)*) .; 
(j= | 
L(&) — Bi, (0) for |é| +1, 
(4) 
sont gees 


In this formula, = (2K —-N—1)/N—1, »=In[r+ (r?—1)4], and 
N=number of radiators. J,;(v)=j~'Ji(jv) is a modified Bessel 
function of first order. For practical sidelobe levels (10<r< 100) 
the Eq. (4) isa good approximation even for arrays with as few as 
20 radiators. 

It is clear from the calculations that the two end radiators 
play a very important role in the regulation of sidelobe levels 
and that they must be adjusted very accurately. A complete 
report of our investigations will be published soon. 

1C. L. Dolph, Proc. Inst. Radio Engrs. 34, 335 (1946). 


2H. J. Riblet and C. L. Dolph, Proc. Inst. Radio Engrs. 35, 489 (1947). 
3D. Barbiere, Proc. Inst. Radio Engrs. 40, 78 (1952). 





Some Relations between the Modulus of Rigidity 
and the Surface and Sublimation Energies 
; G. C. Kuczynsk1 


Metallurgy Department, University of Notre Dame, Notre Dame, Indiana 
(Received May 13, 1953) 


HE surface energy of a solid is defined as the energy re- 
quired to enlarge the surface of a solid by one square centi- 
meter under isothermal conditions. Such an enlargement can be 
accomplished by shearing a crystal along a certain crystallographic 
plane. If the energy of a unit shear (such as a single edge dis- 
location) is denoted by E, the surface energy by y, and the number 
of units shears required to produce two surfaces, by n, then 


nE/2=2y, (1) 


_ E=G#/2, (2) 
where G is the modulus of rigidity and 6 the interatomic distance 
(Buerger’s vector, if the operation is contemplated as motion of 
dislocations). Equations (1) and (2) give 

Gb /y=8. (3) 


For actual metals this quotient seems to remain close to the 
theoretical value 8, as can be seen from Table I. The discrepancies 
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TABLE I. 
ergs* ynes> Gé 
Metal Vom? cm? (cm) Y 
Cu 1120 4.24 X10" 2.55 X1078 9.65 
Ag 909 2.80 2.88 9.90 
Au 1120 2.80 2.88 7.20 
Pt 1820 6.40 2.77 9.70 
Sn 538 1.67 2.80 8.80 
Zn 772 2.90 2.66 10.00 
Cd 546 2.00 3.00 11.00 











® The values of y for molten metals close to the melting points, taken 
from Smithells, Metals Reference Book, p. 416. 
b Smithells, Metals Reference Book, p. 414. 


can be explained by the fact that the surface energies of molten 
metals are always lower than those for solid ones. The values of 
for solid copper,’ silver,? and gold? are available and they are 1370, 
1140, and 1017 ergs/cm?, respectively. The quotients Gé/y com- 
puted on this basis are 7.90 for copper, 7.10 for silver, and 7.95 
for gold. 

Equation (3) can be used further to obtain the relationship be- 
tween the modulus of rigidity G and energy of sublimation L. 
From the definition of surface energy 


of2=9} L 

TZ /N# 

where N is Avogadro’s number, Z the number of nearest neighbors 

in the bulk material, and a the number of nearest neighbors on 

the surface. This equation together with Eq. (3) yields 
Lz 
GVo 8(Z—a)’ 

where Vo is the atomic volume. 

The figures in Table II seem to indicate that, for face-centered 


























TABLE II. 
gdynes kg cal L 
Metal cm? L mole FVo(cc) GVo 
Cu 4.24 X10" 81.7 7.1 1.13 
Ag 2.80 69.4 10.0 1.04 
Au 2.80 83.0 10.0 1.24 
Al 2.70 67.6 10.0 1.04 
Pt 6.40 125.0 9.0 0.91 
Pd 5.00 110.0 9.3 0.99 
Ni 7.00 98.1 6.7 0.89 
Sn* 1.67 68.0 16.3 1.04 
® Body-centered tetragonal. 
cubic metals, 
G=L/Vo, 


and that the number of nearest neighbors of the atoms on the 
surface of these metals is about 10. 


oo Shaler, and Wulff, Trans. Am. Inst. Mining Met. Engrs. 185, 186 
aor Udin, and Wulff, Trans. Am. Inst. Mining Met. Engrs. 191, 1206 

3 Buttner, Udin, and Wulff, Trans. Am. Inst. Mining Met. Engrs. 191, 
1209 (1951). 





X-Ray Measurements of Radiation Damage in 
Black Phosphorus* 


D. L. CHIPMAN AND B. E. WARREN, Massachusetts Institute 
of Technology, Cambridge, Massachusetts 
AND 
G. J. Drenes, Brookhaven National Laboratory, 
Upton, Long Island, New York 
(Received May 28, 1953) 


RTHORHOMBIC black phosphorus has a layer structure,! 

the layers being perpendicular to the c axis. Interest was 
centered on the broadening of the (00/) diffraction peaks, and any 
possible change in the c axis length. To increase the diffracted in- 


tensity in the (00) reflections, the samples were prepared with a 
high degree of preferred orientation, by taking advantage of the 
layer structure of the material. The samples were irradiated in 
the Brookhaven reactor for one month at a temperature of about 
50°C. 

X-ray measurements show a definite but small broadening of the 
(001) peaks. Two sets of measurements of the ¢ spacing were made 
with CuKa radiation; the first using the peak positioris of (006) 
and (0010) damaged and undamaged, and the second using (002), 
(004), (006), (008), and (0010). In both cases the percentage 
change (Ac)/(c)X100 computed from the different orders was 
plotted against the function 


29) 
a{ cod, come 


sind 9 J’ 

and an extrapolation made to zero value of this function. Both 
sets of measurements gave an expansion (Ac) /(c) X 100=0.03 per- 
cent +0.02 percent. 

These preliminary results are of interest because at this, or 
even at considerably higher, level of pile irradiation close-packed 
metallic crystals do not exhibit any observable line broadening or 
lattice parameter change? Wittels* observed recently, however, 
strong anisotropic expansion in the a direction of a quartz upon 
neutron bombardment. It is tempting to speculate that displaced 
atoms trapped in open spaces in the black phosphorus and quartz 
crystals are responsible for the observed effects. The ¢ direction 
in black phosphorus is expected to be elastically soft so that 
relatively small disturbances between the planes may lead to 
rather large strains in the ¢ direction. 

In addition to the foregoing effects, there was produced, ap- 
parently by the irradiation, a large number of extra lines not 
belonging to the pattern of black phosphorus, and not seen in the 
pattern of the undamaged material. Agreement of several of the 
stronger extra lines with lines of one or another of the forms of red 
phosphorus‘ suggested that under irradiation black phosphorus 
was reverting to its more stable form. However, some of the ob- 
served lines could not be correlated, and some of the expected 
strong lines of red phosphorus were not observed. It is definite 
that the material is changing under irradiation, but the nature 
of the change is uncertain. In addition it was noticed that the 
irradiated sample was stronger and harder and showed less 
tendency to absorb water from the air. We are indebted to 
Professor P. W. Bridgman for the black phosphorus used in these 
studies. 

* Research apenmntet by the U. S. Atomic Energy Commission. 

1 Hultgren, Gingrich, and Warren, J. Chem. Phys. 3, 351 (1935). 

2 B. E. Warren, U. S. Atomic Energy Commission Document N YO-3731, 
NYO-3732 (1952). 


3M. Wittels, Phys. Rev. 89, 657 (1953). 
4 Roth, DeWitt, and Smith, J. Am. Chem. Soc. 69, 2881 (1947). 





Test for Zeros in the Unit Circle 
Louts WEINBERG 


Hughes Research and Development Laboratories, Culver City, California 
(Received June 10, 1953) 


HE use of transfer functions for digital computers is coming 
more and more into use, and just as in the case of analog 
systems the problem of stability is of prime importance. For 
some unfathomable reason the stability test for determining 
whether a polynomial is of Hurwitz character, that is, has all its 
roots in the left half-plane, is most often presented to nonmathe- 
maticians in the determinant form. The writer has observed that 
many engineers experience difficulty in setting up the determin- 
ants and finally in desperation send the problem to the computing 
room. There a heinous crime is committed: in order to determine 
whether the system is stable, the roots are found! If the poly- 
nomial has roots in the right half-plane, a physical parameter and 
consequently a coefficient may be changed and the problem re- 
turned by the engineer to the computing room. When sampled- 
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data systems are encountered this folly becomes even more 
prevalent. 

In this note no new procedures for determining stability are 
advanced. An attempt is made merely to demonstrate a simple 
direct procedure for determining the stability of a physical system, 
particularly a sampled-data system. This method, in addition 
to more complicated tests, appears in the literature, but it seems 
that the simple method is not so widely used as it should be. Only 
the main outlines will be presented here, the details being avail- 
able in the references. 

It is well known that the relation between the output and input 
of any physical system (linear, time-invariant, and possessing 
lumped parameters) may be expressed by the rational function, 


01s) _ p(s) 
I(s)  q(s)’ 


where O(s) and /(s) are, respectively, the Laplace transforms of the 
output and input, while » and g are real polynomials in s. For 
stability of the system it is necessary and sufficient that the 
zeros of q(s) lie in the left half-plane. 

For sampled-data systems the program transfer function may 
be represented by 


H(s)= (1) 


O(e?*) _ g(e**) 
I(e-7*) h(e-T*)’ 


where g and / are real polynomials in ¢~7*, s is the complex fre- 
quency variable, and T is the sampling period. For stability it is, 
of course, again necessary that the denominator / have all its 
$ roots in the left half-plane. If the substitution z=e¢~7* is made, 
the transfer function then becomes the rational function in z, 


K (z) =g(2)/h(z). (3) 


Since the above substitution maps every point in the right half- 
plane of s into the interior of the unit circle of z, the condition for 
stability in terms of the polynomial in z now becomes: h(z) must 
have no zeros in the unit circle. The test for this condition, as will be 
explained subsequently, is made to depend on the simple Hurwitz 
test. 

Explanation of the method.—In Eq. 1 it is desired to test the 
denominator g(s) for Hurwitz character. The procedure’ is simple. 
It consists of forming a continued fraction. If the degree of g is 
even, we form the fraction m/n, where m and n are the even and 
odd parts of g respectively. If it is odd, the reciprocal n/m is 
formed. One step in a long division process is then carried out. 
After the fractional remainder has been inverted, the step in divi- 
sion is repeated. This process is continued until r quotients are 
obtained, where r is the degree of g. If any coefficient of the r 
quotients is negative, the polynomial has roots in the right half- 
plane; the number of such roots is equal to the number of negative 
quotients. For example, using the fourth-degree polynomial, s*+-s* 
+3s*+-s+1, we obtain 


K(e**)= 





(2) 











s 
s +s s*+ 38° +1 
s*+s* s/2 
a +1 .° +s 
. s°+s/2 4s . (4 
3/2 | 257 +1 

2s? 3/2 

1 |s/2 

s/2 


Since all the quotients have positive coefficients, the roots are all 
in the left half-plane. If the procedure had been carried out for the 
general fourth-degree polynomial, 


4 
2 crs’, 


r=l 
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the necessary and sufficient conditions for stability would have 
been obtained as 


co>0, c,>0, C2>0, c3>0, cy>0 
C2C3—€104>0 (5) 
C1C2€3 — C474 — Coez? >0. 


Now for the case of the digital computer program, since we 
would like to apply this simple Hurwitz test, a substitution is 
needed that will map all points in the interior of the unit circle 
of z into the right half-plane of a new variable x. Such a sub- 
stitution? is 


z= (1—x)/(1+2). (6) 


It is straightforward and almost trivially simple to substitute 
this in the h(z) of Eq.’(3). It now becomes clear: if the numerator of 
the new function obtained from the substitution has no zeros in the 
right half-plane, then h(z) has no zeros in the unit circle and K repre- 
sents a stable program. Thus substitution in the general fourth- 
degree polynomial yields 

4 4 1 —x\" 

h(z)= Z ap"= Z ofi=2), (7) 

pe r=1 1+<. 
and clearing of fractions gives the polynomial to be tested for 
Hurwitz character, 


f(x)= > a,(1—x)"(1+x)*'= z b-x", (8) 
r=1 r= 

where 
bo=ao+a1+42+43+44 
b, = 4a9+2a; —2a;— 4a, 
b2= 6a9— 2a2+6a4 (9) 
b3;= 4a9— 2a,;+2a;—4a, 
bs=a9—41+42—a34+-44. 


But Eq. 5 gives the Hurwitz conditions on the general fourth- 
degree polynomial so that the test can now be made on the 
b coefficients almost by inspection. 

It should be clear that the fourth-degree polynomial has only 
been used for illustrative purposes. A polynomial of any degree 
may be tested similarly. 

The user of the procedure for sampled-data systems may often 
desire to apply some quick checks on /(z) before he substitutes 
the new variable. For example, the following theorem® is fre- 
quently useful: 

If 0<a,<a,—1<-+--+-<ao, then h(z) has no roots in or on the 
unit circle. 

Similar theorems are given in the reference cited. 

It has been demonstrated that a computationally simple and 
useful test for the stability of a pulsed-data system is given by a 
bilinear transformation and the continued-fraction form of the 
Hurwitz test. k& 

1E. A. Guillemin, The Mathematics of Circuit Analysis (John Wiley and 
Sons, Inc., New York, 1949), pp. 401 ff. 

2M. Marden, The Geometry of the Zeros of a Polynomial in a Complex 


Variable (American Mathematical Society, New York, 1949), pp. 148 ff. 
3 See reference 2, p. 151, example 4. 





Response of Undamped Systems to Noise 


D. B. DuNCAN 


Electro-Mechanical Engineering Department, North American 
Aviation, Inc., Downey, California 


(Received April 24, 1953) 


T is well known that the steady-state mean-square response 
of a stable linear system to a random input is given by the 
integral over-all frequencies of the product of the spectral density 
and the square of the absolute value of the transfer function. 
There are occasions, however, when the physical system under 
consideration is most reasonably approximated by a transfer 
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function without damping. In this case the output will usually 
increase with the square root of time and the standard methods 
cannot be used. The conditions under which the rms response will 
be proportional to the square root of time are developed and a 
simple expression for the constant of proportionality is derived. 

We shall consider the case of a linear system excited by a random 
variable of known autocorrelation function satisfying the usual 
conditions which permit interchanging the limiting processes 
of integration and ensemble averaging.? We shall use the following 
notation : 


f()—input to system; 
¢(t)—autocorrelation function of f(t); 
#(jw)—spectral density of the input, equal to the Fourier 

transform of ¢(?); 

©@(s)—Laplace transform of a function equal to ¢(¢) for t>0 
and equal to zero for t<0; 

w(t)—weighting function of system; 

w(s)—transfer function of system, equal to Laplace transform 
of w(t); 

x(¢)—output of system; and 

(x2(t) )ay—ensemble average of x*(¢). 


From the convolution integral, the output is given by 
r=" w(u)f(t—u)du. (1) 


Squaring this expression, carrying out an averaging process over 
the ensemble, and using the definition of the autocorrelation func- 
tion, we obtain an expression for the mean-square response 


(2(0)) y= f ' f. * (se)20(0)g(s—0) dado. (2) 


This equation gives a completely general solution to the problem 
of determining the mean-square response. However, for high- 
order systems which are frequently encountered it is very laborious 
to apply. What would be desirable is an expression comparable 
to the one used for obtaining steady-state values for stable 
systems which can be used to obtain the dominant term for the 
response of conditionally stable systems. 

Because ¢(#) is an even function, it can be shown that Eq. (2) 
can be written 


(2m =2,f- wo(u) f" w(v)\o(u—v)dodu. (3) 


Taking the Laplace transform of this equation, we obtain 
1 in 
LL w= J. WOW (s— pO (pap. (4) 


This particular expression is probably a more useful form for ob- 
taining the general transient solution than either Eqs. (2) or (3). 

If the system is stable, we can use the final limit theorem of 
Laplace transform theory to obtain the standard form 


lim (2*() w= 5— f~ |W (je) [*®( jd. (5) 


For conditionally stable systems this result does not apply. 
However, we can obtain an expression for the term which domi- 
nates where ¢ is large. Let us restrict ourselves to the case where 
there are only first-order poles on the imaginary axis. The gener- 
alization to higher-order poles on this axis can be made with only 
algebraic modifications. We can then write W() in the form 

Ko Ld [ K, K,° 

ahs Pp sl = D— dn P+Ide 
where G() is a function which has poles only in the left half-plane, 
An is a characteristic angular frequency, Ko is the residue of W(p) 
at the origin (if the origin is a singular point), K,, is the residue 
at p=jXn, and K,"* is its complex conjugate. We can substitute 
this form into Eq. (4) and write out the expression for the Laplace 
transform of the mean-square output as the infegral of a double 
sum. By considering the terms individually, it can be shown 
that almost all of the integrals approach constant values as s 





]+ew, (6) 
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approaches zero. These terms will contribute constant errors at 
large ¢. The only terms whose integrals do not have this property 
are those in the double sum for which »=m and the K,.? term. 
From these integrals we obtain terms with s in the denominator. 
We can therefore write the equation in the form 


LL (a? wd =2[ 4 K,*®(0) 


N 
n=1 

where C is a constant whose value has not been determined 
explicitly and the remaining terms are of order s. These terms will 
transform into functions that do not increase with time and which 
may be neglected for values of ¢ that are sufficiently large. As in 
the case of Eq. (5), we can identify [@(jA,) +O(— jax) ] as the 
spectral density or the Fourier transform of ¢(#), We therefore 
obtain, for large #, 


j 
(22) n= 2e| AK b(0)+ > K.K.*®() |. (8) 
n=l 


It is seen that in the case of conditionally stable systems with 
isolated singularities on the imaginary axis that there is a term 
in the rms error which increases as the square root of time which 
will be the dominant term for large values of time and that the 
coefficient of this term can be simply calculated from the spectral 
density of the input and the transfer function of the system. 

The following simple examples illustrate the usefulness of the 
method : 


(1) Simple Integrator. The transfer function W(p) is (1/p) 
which, when expanded in the form of Eq. (6), gives Ko=1. Sub- 
stituting in Eq. (8), we obtain 


(x?) =@(O)E. 


(2) Simple Harmonic Oscillator. The transfer function W(p) is 
(p?+<a?)—, where a is the angular frequency. When expanded in 
the form of Eq. (6), this gives \:=a, K,=(1/2aj). Substituting 
in Eq. (8), we obtain 


(x*)ay= 4a-*P(ja)t. 
(3) Brownian Motion. The equation relating displacement and 
force is 
x 


' @x d 
mat orna7 = f(t) ’ 


where m is the mass of the particle, a is the radius of the particle, 
nis the coefficient of viscosity, x is the displacement of the particle, 
and f is the force acting. The transfer function between force and 
displacement therefore is (mp*?+6xnap)~. There is a single pole 
on the imaginary axis at the origin with a residue of (62na)~. 
Comparing the time constant of this system and the average 
time between molecular collisions, it can be shown that the force 
can be approximated by white noise. The amplitude of the spec- 
tral density can be obtained by calculating the ensemble average 
of the velocity squared by standard methods and requiring that 


ind se) nT, 
where k is Boltzmann’s constant and T is absolute temperature. 
We therefore find that 
(jw) = 12enakT. 

Substituting into Eq. (8), we obtain 

#(0)t ee ‘ 
36n*y%a? ~=32na’ 
which is the standard expression for Brownian motion. 


(2?) ay = 


1 James, Nichols, and Phillips, Theory of Servomechanisms (McGraw-Hill 
Book Company, Inc., New York, 1947) p. 313. 

2N. Wiener, Extrapolation, Interpolation and Smoothing of Stationary 
Time Series (The Technology Press and John Wiley and Sons, Inc., New 
York, 1949) p. 15. 
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Announcements 








Dr. Conrad Longmire and Dr. Albert S. Eisenstein will be 
visiting professors of physics at Cornell. Dr. Longmire will do 
research in Cornell's Laboratory of Nuclear Studies and will 
teach a graduate course in theoretical physics in the Depart- 
ment of Physics. Dr. Eisenstein will teach in the advanced 
laboratory in the Department of Physics and do research in 
solid state physics. 


Dr. Norman Rostoker, former research physicist at Carnegie 
Institute of Technology, is now a full physicist at Armour 
Research Foundation of Illinois Institute of Technology. Dr. 
Rostoker is from Toronto, Canada. 


Fred T. Harris, Joseph M. Kirshner, and Edward G. 
Spencer have joined the staff of the National Bureau of 
Standards. Mr. Harris will engage in research and development 


of proximity fuzes and Mr. Kirshner in investigations of the 
theoretical aspects of guided missile fusing. Mr. Spencer, a 
specialist in microwave spectroscopy and magnetic resonance, 
is staff member of the Ordnance Electronics Division of NBS. 


New officers elected by the Operations Research Society 
of America during its 1953 meeting were Dr. Robert Rinehart 
of the Case Institute of Technology, President, and Dr. 
Jacinto Steinhardt, Director of the Navy's Operations Evalua- 
tion Group, Vice-President. 


Edward J. Albert of Thwing-Albert Instrument Company, 
Philadelphia, was elected President of the Scientific Apparatus 
Makers Association at the group's annual meeting held at 
The Greenbrier, White Sulphur Springs, West Virginia. 





